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NPEAMCIIOBME ANA YYMTENA

[aHHbiM yuebHUK aapecoBaH He CneuManM3MpoBaHHbIM Ma-
TEMAaTUYECKUM LIKONAaM WM KNaccam ¢ cobCTBEHHbIMM aBTOpP-
CKUMK Nporpammamm, a obbiuHbim Knaccam B obuieobpaso-
BaTenbHbIX LLKONAaX, €CnM B TaKMX KNaccax ecTb BO3MOMHOCTb
(u »xenanue) uay4arb Kypc anre6pu! Ha 6onee BbICOKOM
YPOBHE@ No CpaBHEHHIO C MaccoeoM wkonok. Mpu 3tom
cnefyeTt yyecTb, YTO, Ha Hall B3rnsg, YYeHWKu 7-ro knacca
B 6ONbLWMHCTBE CBOEM elle He Onpefentncb CO CBOMMM BO3-
MOMHOCTSMMU U MHTEPECAaMM, NOITOMY NEPeBOAUTb MX Cpasy
Ha NOBbILWEHHbIN YPOBEHb MAaTemaTH4ecKon NOAroTOBKM BPAA,
nn uenecoobpa3sHo. MMeHHO NO3TOMY AaHHbIM y4ebHHK B
3HauMTenbHOW mepe (M NO CTPYKType, M NO COoAepMaHuio, Aa
M NO CTUMIO) COOTBETCTBYET Halwemy y4ebHuKy ans maccosom
wkonb! (peub uaet o kuure A. I'. Mopakosuua «Anrebpa—7».
Yactb 1. YuebHuk. MHemosuna, 2007—2009). Ornnume e,
BO-NEpPBbIX, 3aKMIO4AETCA B TOM, YTO B OAHOMMEHHbIX Naparpa-
ax CAMLIKOM NPOCTbIE NPUMEPbI M PACCYIACHUS 3aMEHEHbI
Ha 6onee cnoXHble U MHTEpecHble; BO-BTOPbLIX, aobaeneH
naparpag O pelieHWH TEeKCTOBbIX 33Aa4 Ha COCTABNEHWe Nu-
HEeMHbIX YPaBHEHWIH C OAHOM NePEeMEHHON; B-TPETbMX, B KOHeL,
yuebHuKa nepeHeceHa rnaBa O NUHeNHHbIX CUCTEMAX, NOCKONb-
Ky B COAEpalmxca B HeW AOCTAaTOMHO CNOXHbIX Npumepax
aKTUBHO MCNONb3yeTCs BeCb NPealecTByoWMH maTepuan
Kypca anrebpbl gns 7-ro knacca.

Ha ypokax maremaruku yuutenb Bcerpa covetaer obbi-
AEHHbIM A3biK (A3bIK OBWieHUs, A3bIK NMTEPAaTYPHOro NOBecT-
BOBaHUA) C NPEAMETHbIM A3bIKOM — CTPOFMM, CYXMM, NaKo-
HUYHBIM, CTPOALMMCA NO NPUHATBIM B MAaTEMAaTHKE 3aKOHaM.
Tak HanucaH u 3TOT yuyebHuK, npepcTasnsatowmi cobon KHUry
He AN 3ay4MBaHWA, @ ANA U3YHEHWA, T. €. ANA YTEHWA M no-
HUMAHUA.

Onupascs Ha yuebHuK, yuuTenb npekpacHo pasbepercs
B TOM, YTO HGAO PACCKA3aTh YHALMMCA Ha ypoKe, uTO npeano-
MMTb MM 3aNOMHMTb, @ YTO NPOCTO NPOYMTaTb AOMaA (M, BO3-
MOXHO, obCcyaMTb B Knacce Ha cCneaylowem YpoKe B XKaHpe
6ecepnp!).



Bcloay, rae BO3MOXHO, aBTOpblI CTapanucb CneaoBaTh
uaesm npobnemuoro obyyenus. MNMpobnema (no 6onbomy
CyeTy) — 3TO TO, YTO Mbl CErOfiHA PELLMTL HE MOXKEM M 3aBTpa
He PeLUMM; 3TO TO, YTO MyYaeT Hac NPOAOMKUTENBHOE BPEMS;
3TO TO, K peLUeHUIO 4Yero Mbl NocteneHHo npubnuiaemcs,
owyuwas 3To npubnukeHue; 31O TO, HaKoHel, 4TO, Byayum
pelweHo, AaeT 3MOLMOHaNbHbIM 3apsfa, NPUHOCHMT PapgoCTb.
UmeHHo Takoe (He nokanbHoe, a rmobanbHoe) NOHMMaHHe
npobnemHoro obyyeHus pykoesoauno astopamu B pabore
Hap, yyebHukom. MpumepoB MOXHO NPMBECTU OUEHb MHOTO,
BHMMAaTErbHbIH YuTaTens (NpeXae BCEro, KOHeYHO, yuuTenb
MaTeMaTtuKm) Bce YBUAMT WU NOUMET.

Jluwe npocrteiwme NOHATUA RAIOTCA Cpa3y B roTOBOM
BMAE, OCTanbHble e BBOAATCS NOCTENEHHO, C YTOUHEHWUAMM M
KOPPEKTUPOBKON, a HEKoTopbie BoobLLe OCTAlOTC Ha MHTY-
MTUBHOM YPOBHE BOCNPMATUA A0 TeX NOP, NOKA He HaCTynuT
6naronpuaTHLIN MOMEHT ANA UX TOuHOro onpeaeneHus. K unc-
Ny TaKWX MOHATMH OTHOCMHTCA, Hanpumep, NOHATHE PYHKLMK.
B 3tom y4ebHuke cTpororo onpepeneHus yHKLUMM HET, OHO
6ynet BBeaeHo nuwb B Kypce anrebpsl 9-ro knacca.

MpoponeHuem AaHHOM KHUrM ABNAOTCA y4ebHuKM an-
rebpbl ans 8-ro u 9-ro knaccoe Tex ke aBropos. B npuno-
»eHuH NpUBEAEHO NPMMEPHOE NNaHMpoBaHWe y4ebHoro mare-
pHana u3 pacyeta 5 4 B Hegento.

ABTOPSBI

(l] — oKoHuaHue pelueHun npumepa (NPW OTCYTCTBUM py6-
PHKH «OTBET»).



rNABA

MATEMATHMYECKMA A3bIK.
MATEMATHYECKASL MOAEJIb

§ 1. Yncnosbie n anrebpanyeckme BbipaXKeHns
" § 2. Yro Takoe maremaTtnyeckmsi A3bIK
I § 3. Yro rakoe maremarnyeckas mogens
§ 4. J/lunesiHoe ypasHeHue ¢ O[HON NepemeHHOMH
§ 5. 3agaumn Ha cocTaBneHue NMHEHHbIX ypaBHEeHMH
C OAHO¥ NepemMeHHOH
§ 6. KoopanHatHas npsamas

§ 1. YUCNOBBIE U ANTEEPAMYECKME
BbIPAXXEHUA

B muagmnx kjaccax BBl YUHJIKUCH OIIEPUPOBATH C LEJIBIMU
U JPOOHBEIMH YMCJIAMH, PEllIajii ypaBHEHUS, SHAKOMUJIUCH C IeOMeT-
PHYECKUMHU QUTYypaMH, C KOODAMHATHONR HpAMOM M KOOPAMHATHOMN
ILJIOCKOCTBIO. Bce 3TO cocTaBisalo copepKaHUe OZHOTO IIIKOJbLHOTrO
npeamera «MaremMaTuka». B nelicTBUTEJIbHOCTH TaKas BayKHad
obJjlacTh HayKH, KAK MaTeMaTHKa, MOApAa3fejieTcd Ha OIPOMHOe
YHCJIO CAMOCTOATENbHBIX AUCIUILJIUH: ajaredbpy, reoMeTpUIio, TEOPHUIO
BEPOATHOCTE#, MaTeMaTHYeCKUil aHaJIN3, MAaTEeMaATHUYECKYIO JIOTHKY,
MaTeMaTHYeCKYI0 CTATUCTHKY, TEODHIO UI'D U T. A. ¥ KaXA0i AMCIUI-
JIMHBI — CBOY OO'BEKTHI U3YUYEHUSA, CBOM METOALI MO3HAHUA peaibHOMH
NeMCTBUTEJIbHOCTH.

Aurebpa, K U3yYEHUIO KOTOPOIl MBI IPDUCTYIIa€M, JAaeT YEJIOBEKY
BO3MOKHOCTh HE€ TOJIBKO BBHINOJHATL PAa3JIMUYHBIE BHIYKUCJIEHHUS, HO U
VUYHUT ero JejaTh 3TO KaK MOXXHO ObICTpee, palluOHaJIbHee. UeJlOBeK,
BJIafeloOUil anre6panyeCKUMMU METOLAMU, UMEEeT IPEeUMYIeCTBO
nnepeg TeMH, KTO He BJIaJeeT 3TUMH MeTOJaMH: OH ObICTpee CUMUTAEeT,
yCIIeIHee OpUEeHTUPYETCA B dKM3HEHHBIX CUTYaIlUAX, YeTye IPUHUMA-
€T pellleHusd, Jydie MpICIUT. Haima 3ajaua — moMoub BaM OBJIAJIETh
anrebpanyeCKMMH METOJaMH, Ballla 3afilaya — He IIPOTUBUTLCA 00yue-
HUIO, C TOTOBHOCTHIO CJIEJOBATh 3a HAMH, IIpE0JoJIeBasi BO3SHUKAIOI e
TPYAHOCTH.



1 . u MATEMATUYECKUA 23blK. MATEMATUYECKAS MOLESb

Ha camomM fese, B MJIAAIINX KJIaccaX BaM y2Ke MPUOTKPLIIN OKHO
B BoJIIIeOHBINA MUp aiareGpnl, BeAb ajrebpa B IEPBYIO OUepeab U3ydaeT
4YHNCJIOBbIE U ajirebpanyecKue BBIDAYKEHUSA.

HanoMHHM, YTO YUCNOBbLM 8bipAdeHUeM HA3BIBAIOT BCAKYIO
3aIKUCh, COCTABJIEHHYIO U3 YKUCeJ ¥ 3HAKOB apU(PMEeTUUYECKUX AeHCTBUH
(cocTaBieHHYI0, pa3yMeeTcs, CO CMbICJIOM, Hampumep: 3 + 5 - 7 —
YHCJI0BOE BEIPa)KeHWe, Toraa Kak 3 + : He YKMCJIOBOE BhIpa)keHue,
a 6eccMBICIeHHBIH Hab60op cuMBOJIOB). II0 HEKOTOPBIM HIPHUYMHAM
(o HuX MBI OyieM IOBOPUTH B AaJibHeNIlIeM) 4acTO BMECTO KOHKPeT-
HBIX YHCEJI YIOTPe6IAI0TCA OYKBHI (IIpeMMYIIeCTBEHHO U3 JIATUHCKOTO
andasuTa), TOrga MOoJIy4aeTcs anzebpauyeckoe 8blpaxceHue. ITU BbI-
paKeHUsd MOryT OBITH OYEeHb I'POMO3AKUMHU. Airebpa yUIUT yIpoIiaTh
UX, UCHIOJIb3ys pa3Hble IpaBUJa, 3aKOHBI, CBOMCTBa, (GOPMYJIHI.

IIpumep 1. HaiiTu 3HaueHHE YUCJIOBOTO BHIPAYKEHUSA

_ .[E_B)
(2,73 +4,81+3,27 - 2,81):| 5~ |5
25-37-0,4 .

Pemenue. Ceiiuac MBI BMeCTe C BAMH KO€-UTO BCIIOMHUM, U BBI
YBHINTE, KAK MHOrO ajrebpandyecKux (pakTOB Bl y)Ke 3HaeTe.

IIpesxne Bcero Hy»KHO BHIpaOOTATh IIJIAH OCYI[€CTBJIEHUS BBIYUC-
geuunii. [Ina ynob6eTBa BBeAeM cieayomue o603HayeHusa. Yucaureib
JaHHOrO ApOOHOro BhIpa)keHHA 0003HauuM OyKBOil A, a 3HaMeHa-
TeJb — OyKBO# B:

A=(2,73 + 4,81 + 3,27 - 2,81) : @ - %), B=25-37-0,4.

B BrIpaskenuu A o6ozHauumM genumoe O6ykBoit C, a mesmTenp —
6ykBoii D. Torga mjaH HalIUX AeiCTBUI OGyaeT BBHINJIAAETH TaK:

1) naiigem 3HaueHue ¢ BbIpaxkeHusd C;

2) HaiineM sHauenue d BbIpakeHus D;

3) pasnenus ¢ Ha d, HaliieM 3HaUeHUE @ BhIPAKEHHUSA A;

4) HaiineMm 3HayeHHe b BeIpaxkeHud B;

5) paspmenuB a Ha b, HalileM 3HaUeHUe 3aJaHHOI'O YHUCJIOBOI'O BHI-
pakeHus.

HUrak, niaaH BeIuMCJeHUM ecTh (4 HaJuuyue IJIaHA — IIOJIOBHMHA
ycnexal), IPUCTYIIMM K €ro peaju3aluu.

1) C = 2,73 + 4,81 + 3,27 — 2,81. KoHeuYHO, MOXXHO CUHMTATh
MOAPSAL WJIHW, KaK MHOTAA IOBOPAT, «B J00»: 2,73 + 4,81, zatem kK

6



1 . |I MATEMATUYECKUA A3blK. MATEMATHMHECKASt MOOEJb

aTOMYy uHcay npubaButh 3,27, 3aTeMm BhluecTh 2,81. Ho kpacusee
cIenaTh TaK, BCIIOMHUB IIePEeMeCTUTELHEIN U coOUueTaTebHbIA 3aKOHBI
CJIOMKEHHUS:

2,73 + 3,27) + (4,81 — 2,81) =6 + 2 = 8.
HUrak, c = 8.

2 14 .
2) D= 5 15 3aech HaM NMPHUAETCA BCIIOMHHUTDH, KaK AeHCTBO-
BaTh ¢ OOBIKHOBEHHBIMHU apo6saMu. CHauajia HaJO MPHUBECTH JPOOH K
obmeMy 3HaMeHaTe 0. HauMeHbIIUM OGLIMM KPATHBIM umcesa 5 1 15

ABJsEeTCA YUCJIO 15, oHo M OyzeTr obmuM 3HameHaredeM. Iida agpobu

2 noJjiygyaem 2_23_6 Janee Haxogum

15 TOYIRM H T E 3 T 15 A
2_14_6 14_6-14_ 8
5 15 15 15 15 15

HUrak, a = —15.

4) B = 25-37-0,4. OnATh-TaK® MOXKHO IIPOBOAUTH BHIUNCJIEHUS
«B JI06», T. e. BLIYUCIHUTL 2537, 3aTeM TO, UTO HMOJYYHUTCH, YMHO-
uUTh Ha 0,4. Ho pannoHaibHee BOCIIOJIb30BATLCA II€PEMECTUTEIbHBIM
M coueTaTeJIbHLIM 3aKOHAMHM YMHOMKEHHUA:

25-37-0,4=(25-0,4) -37=10-37 = 370.
HUrak, b = 370.
5) Ocrajyioch pa3fieJINTh YUCIUTEb @ Ha 3HaMeHaTeJdb b. Iloryuum
15

3
~370 = 7 (pasgesuay YUCINTENb U 3HaMeHaTe b Apodu Ha 5, T. e.

COKpaTHJIH APoOb).

OTBerT: —i.
74



1 . I| MATEMATUHECKMA 3bIK. MATEMATUYECKAS MODEb

A Temepsr BMecTe IPOaHAJU3NpPyeM, KaKHe CBeJeHHs U3 MaTe-
MaTHKM HAM [PHUILIOCH BCIIOMHUTH B IIPOLiECCe PeIlleHusA NpuMepa
(npuueM He IPOCTO BCIIOMHHUTbH, HO M MCIIOJIb30BAaTh).

1. Ilopanox apudMeTHUECKHUX AeiCTBHH.

2. IlepeMecTUTEJBHBII 3aKOH CJIOXKeHusA: a + b =50 + a.

3. IlepeMecTHTEJbHBIA 3aKOH YMHOXKeHUsA: ab = ba.

4. CoueraTeJbHBIA 3aKOH CJIOKEHUA:

at+b+c=@+b)+c=a+((b+o).

5. CoueraTesbHEIN 3aKOH YMHOXKeHUdA: abc = (ab)c = a(bc).

6. TlouaTusa oOLIKHOBEHHOM ApPOOH, HECATHUHOHN ApoOH, OTpHUIA-
TeJIbHOT'O YMCJIA.

7. ApudMeTHUEeCKHE ONepaIuy ¢ JECATUYHLIMHU APOGAMHU.

8. ApudmMeTHuyecKue onepanuu ¢ OGLIKHOBEHHBIMH APOOAMH.

9. OcHOBHOE CBOHCTBO OOBLIKHOBEHHOH ApOGH: % = % (3HaueHme
Apo0¥M He M3MEHUTCS, €CJH ee YUCIUTEeNb U 3HAMHATeIb OIHOBpe-
MEHHO YMHOXKHUTh Ha OHO M TO K€ YHNCJIO MJIX pas3fieJIUTh Ha OAHO U
TO K€ YHUCJO, OTJIMYHOE OT HYJIA). ITO CBOMCTBO IIO3BOJIMJIO HAM IIpe-

5
OZHOBPEMEHHO YMHOYKHJIM Ha OLHO U TO ke yucjo 3). OHO ke mo3Bo-

15 15
JILJIO HAM COKPaTUTh ApoOb 370 (uucanTeNb M 3HAMEHATEJb Ipodu 370

OJHOBDEMEHHO pas3fe/J MM Ha ONHO M TO JKe YMCJIO 5).

2 6 2
o6pasoBaTh Apo6b 7 K BHAY G (4ucauTesb U 3HAMEHATEJb APOOH —

10. IIpaBuna geficTBUI C MOJOMKUTEIBHEIMA U OTPUIATEIbHBIME
YUCJIaAMHU.

Bce aTo BBl 3HaeTe, HO Begb Bce 3T0 — ajrebpamueckue PaKThl.
Takum o6pa3oM, HEKOTOPOe 3HAKOMCTBO ¢ ajire6poii y Bac yske coCTo-
AJIOCh B MJIaAIIUX KJjaccax. OCHOBHas TPYAHOCThb, KAK BUJHO yXKe U3
npuMepa 1, 3akjaI04yaeTca B TOM, YTO TaKUX (PAKTOB JOBOJbHHO MHOIO,
npudyeM X HaAO He TOJBKO 3HATh, HO U YMETh HCIOJb30BaTh, KaK
TOBODAT, «B HYXXHOe BpeMA U B HY}KHOM MecTe». BoT aromy u GyaeM
YYHUTBCH.

W nocnexnHee, uTo6bl 3aKOHUNTHL o6GCcyxaenue npumepa 1. To
YHCJIO, KOTOPOe II0JIydaeTCs B De3yabTaTe YIPOI[eHHMN YUCJIOBOTrO

3
BhIpaXKeHHUs (B JaHHOM IIPUMeEpEe 3TO OBLILIO YHCJIIO K7 ), Ha3BEIBAIOT
3HAYeHUeM YUCTL0B02Z0 BbLPANCEHUSA.



1 . 'I MATEMATUYECKUA 93bIK. MATEMATUYECKAS MODESb

Ecsu naHO anre6paddyecKoe BHIDaXXeHHE, TO MOXXHO IOBOPHTH O
sHaUeHUL ]12e6PaUiecKoz0 6blPANCEHUA, HO TOJIBKO IPH KOHKPETHBIX
sHAUEHUAX BXOAAIMX B Hero 6yxs. Hanpumep, anrebpaudeckoe Bbipa-
senue a + bupu a =5, b = 7 umeer snauenune 12 (mockonbky a + b =
— 5+ 7=12); upu a = -16, b = —14 oro umeer 3Hauenne —30 (Tax Kax
a+b=-16 + (—14) = -16 — 14 = —30). Anre6panyecxoe BbIpaKeHHe

a®> - 3b npu @ = -2, b = 0,4 npuEMMaeT BUJ YHCJIOBOrO BhIDAXKEHHUA
(—2)2 — 8:0,4; ynpomas, moayuyaem 4 — 1,2 = 2,8 — 3T0 u ecTh 3Ha-
gyeHHe ajreOpanyecKoro Belpaxkenus a’ — 3b nmpu a = -2, b = 0,4.

ITockoJbKY GYKBaM, BXOAAIIMM B COCTaB ajredpamdyecKoro BhI-
paKeHHd, MOYKHO [IPUIaBaTh PasjMYHble YMCIOBLIE 3HAYEHHA (T. e.
MOYKHO MEHATHb 3HaueHus OYKB), 5TU OYKBhI HA3bIBAIOT NepeMeHHbLMU.

IIpumep 2. HailiTu 3HaueHHe anre6panyecKoro BhIpaKeHUS

a® + 2ab + b*

(@ +b)a-0b)
ectm:a)a=1,b=2;6)a=3,7,b=-1,7;8) a = % b= g
Peumienue.

a) Cobiogas NMopAAOK neiicTBHUil, MMOCJeN0BaTebHO HAXOAUM:
1) a®+2ab+b*=12+2-1-2+2=1+4+4=09;
22a+b=1+2=38;
3)a-b=1-2=-1;
4) (a+b)(a-b)=3-(-1)=-3;

a® + 2ab + b?

_o
D arna-n B

6) AHajoruuHO, COGJIIOAAS MTOPAKOK AEHCTBHUI, [IOCIE0BATEILHO
Haxoaum:
1) a® + 2ab + b= 3,72 + 2-3,7- (-1,7) + (-1,7)2 =
= 13,69 - 12,58 + 2,89 = 4;
2)a+b=38,7+(-1,7) = 2;
3)a-b=3,7-(-1,7) = 5,4;
4) @+b)(a-b)=2-5,4=10,8;

a®+2b+b> 4 _ 410 _ 40 _ 10

(@+b)a-b) 108 10,8-10 108 27




1 . MATEMATUYECKMA 13bIK. MATEMATUYECKAS MOLENb

ee—————eeeeeeeeemee et S—

40
(paszesnayu YUCIUTENb U 3HAMeHAaTeJb ApPo6u 108 Ha 4, T.e. COKpa-

TUAXA APOOH).
B) CHoBa, cobuofasa NOPANOK AEHCTBHII, IOCTIE[0BATEJILHO HAXO-
OUM:

25 25 25 25
3,3 _ 6
2) a+bd =g+—5-=g;
3)a-b-= %-g -0;
9 @+b)@-b=32-0=0
A Ha HYyav Jeaumbe Henv3sa! UTo 9T0 3HAUUT B AAHHOM ciydae (4 B
APYTUX aHAJOTMUYHBIX ciy4asx)? 3TO 3HAUWUT, YTO NPH a = %, b= %
3ajjaHHOe ajredpanyecKoe BEIpaKeHHe He UMeem CMbiCa. @

HUcnonp3yerca Takasd TEPDMHHOJIOTHUS: €CJH IIPH KOHKPETHHIX
3HaueHUAX OYKB (IepeMeHHBIX) ajireOpamyecKoe BbIpa)XKe€HHe NMeeT
YUCJIOBOE 3HAaYeHHe, TO YKadaHHbIe 3HAYEHUS IIepeMEeHHBIX Ha3bl-
BaIOT OONYCmMuUMbLMU,; €CJIH YKe IPU KOHKDETHBIX 3HaueHUAX OYyKB
(nepeMeHHBIX) ajredpanyecKoe BhIpa’KeHHe He MMEeT CMEICJa, TO
yKas3aHHbIe 3HAUEHUSA IIepeMEeHHBIX HasbIBaloT Hedonycmumbimu. Tak,
B npuMepe 2 3HaveHuaa=1ub=2,a=3,Tub=-1,7 — gonyctu-

3 3
Mble, TOTJla KaK 3HAUEHUA a = s ub= 5 HexonycTumsble (6osee

TOYHO, IE€pBEIe JBe IIaphbl 3HAYEeHHN — OOIYCTUMBIE, a TPeThsd Iapa
3HAYEeHUH — HeJonmycTUMAas).

Boobiye B mpuMepe 2 HeJOIyCTUMBIMU OYyAYT TaKNe 3HAUCHUA I1e-
PeMeHHBIX a, b, npu KoTopwIx aubo a + b =0, 1u6o a — b = 0. Hanpu-
Mmep, a="T7,b=-7Tnm a = 28,3, b = 28,3 — HeZONyCTUMEIE IIapPbI
3HaUeHHUI; B MepBOM cJjydae a + b = 0, a Bo BTopoM ciayuae a — b = 0.
B oboux ciayuyadax sHaMeHATeNb 3aJaHHOTO B 3TOM IIpUMepe BhIpaXKeHus
obpamiaeTcs B HyJib, & Ha HyJIb, IIOBTOPUM ellle pa3, NeJUTh HeJb3A.
Tenepsb, HaBepHOE, BBl X CAMHU CMOXKeTe IPUAYMATh KAK JOIIyCTUMBIE
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napbl 3Ha4YeHUH A IepeMeHHHIX @, b, Tak M HeJOIyCTHUMBbIe Iapbl
3HAueHUH 3TUX nepeMeHHLIX B npuMepe 2. ITonpobyiite!

3amevwanue 1. Ilpumep 2B) Ha caMOM Jejie MBI pellajy ILJIO-

x0 (HEKYJBbTYPHO), IIOCKOJBKY CHeJald PAJ JUIIHNX, HEHYXHBIX

3 3

pelunucaeHuit. Hajo 6b110 cpa3y 3aMeTHUTh, YTO IpU 4 = 3 U b= 5

3HaMeHaTeJ b oOpalllaeTcs B HYJIb, © OOBABUTH: BhIpa)KeHUEe He UMe-

et cmeiciaal Ho, kak rosopurcs, cpasdy 3amMedaeT TOT, KTO 3HAET, UTO
HaJI0 3aMeyaTh. ITOMY M y4YUT ajrebpa.

3amevwanue 2. Eciu 661 MBI ¢ BAMH pelIajyl IpuMep 2 mO3A-
Hee, TO chesayu ObI 9TO Jyyume. Mel 6b1 cMOTJIM IIpeoOpa3oBaTh BHI-

b
2 _p 2 TOTAa, COTacHTech, ro-

paszo mpoiie 6610 ObI ¥ BBIYUCIATH. A BOT II0YeMY BEDHO PaBEHCTBO
a®*+2ab+b> _a+bd

= , TIOKa MBI cKa3aTh He Mo)keM. Ha aToT Bompoc
(a + b)a -b) a-b>b
orBeTUM nosxpHee (B § 32).

paxeHHe K Oojiee IIPOCTOMY BHUAY

§ 2. 4TO TAKOE MATEMATHHYECKMA S13bIK

Ha maTeMaTH4eCcKOM sAA3bIKE MHOT'HME YTBEP:KICHUA BBHITJIA-
IAT sicHee U Npo3padyHee, 4eM Ha oObiuHOM. Hampumep, Ha 0OBLIYHOM
A3BIKe roBopAT: «OT ImepeMeHbl MECT cjaraeMbIX CyMMa He MeHsSeT-
cs». Ciaslllia 3T0, MATEMATHK NMHUIIET (UM MOBOPUT):

a+b=>b+a.

OH nepeBOAUT BBICKA3aHHOE YTBEPXKAEHHE Ha MaTeMaTUYECKUI
A3BIK, B KOTOPOM HCIIOJBL3YIOTCS pa3HbIe YMcJja, OYKBBI (IIepeMeH-
Hble), 3HAKU apudMeTHYEeCKUX JeiCTBUIl, MHbIe CUMBOJbI. 3alUCh
a+ b=>b+ a 3koHOMHA U yA0OHA IJA IPUMEHEHHUI.

Bossmem gpyroii npumep. Ha 06b14HOM A3bIKE TOBOPAT: « UTOOBI
CJIOKUTH ABe OOBIKHOBEHHBIE JPOOM ¢ OJMHAKOBBIMHM 3HaMeHAaTeJs-
MH, HYXHO CJIOXKHUTHh UX UYHCJIUTENU, a 3HAMEHATeJb OCTABUTHL 6e3
U3MeHeHUs». MaTeMaTHK OCYII[eCTBJISAET «CHUHXPOHHLIM IIEPEeBOL» Ha
CBOIl A3BIK:

1
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A BoT nmpumep obpaTHOro nepesosa. Ha maTemaTnueckom si3bIKe
3aIycaH pacIpeieJUTeJIbHbII 3aKOH:

a(b + c)=ab + ac.

OcyimecTBasAsa mepeBoJ Ha OOBIYHBINA A3BIK, IMOJYYUM IJIUHHOE
npenyokeHue: « YTobbl YMHOMKHUTH YHCJIO @ HA CyMMy 4ucea b u c,
MOYKHO YMCJIO @ YMHOKHUTH II0OYEPENHO HA KaXKJOoe cjaraeMoe M IIo-
JIy4eHHbIe IIPOU3BENECHUSA CIOIKUTH>.

Bo BcAKOM A3BIKE €CTh MHUCbMEHHAs U YCTHas pedb. Brlire Ml
TOBOPHUJIM O NMHCHBMEHHOMN peYd B MAaTEeMATHYECKOM s3bIKe. A yCTHasa
peYb — 3TO ymoTpebjeHMHe clelHaJbLHEIX TEPMUHOB («cJjiaraemoe»,
«ypaBHEHHE», «HEPABEHCTBO», «IpadHK», «KOOpDAHMHATAa» # T. IL.),
a TaKJKe pasjU4YHble MaTeEMaTUYEeCKHE YTBEDPKIAECHUS, BhIPAXKEHHBIE
CJIOBaMH.

YTo6nI OBJIAAETH HOBLIM SA3LIKOM, HEOOXOAMMO M3YYUTh €ro OyK-
BBI, CJIOTH, CJIOBA, IIPEeAJIOXKEeHUs, IIpaBUJia, 'paMMaTHKy. JTO He ca-
MoOe BeceJjioe 3aHfATHe, MHTepeCcHee cpa3y HayaTh YHUTATh M T'OBOPHUTE.
Ho Tak He 6pIBaeT, npuaeTca HaOpaThCA TEPIIEHUA U CHAYAJIA U3YUYUTh
OCHOBEI. B pe3ysbTaTe Takoro u3y4eHUsl Ballli IIPEeACTABJICHUA O Ma-
TEeMaTUYeCKOM S3BbIKE OYAYT MOCTENEHHO PACIIUPATHCS.

§ 3. YTO TAKOE MATEMATHMYECKAS MOAEND

IIpenacraBbTe cebe TaKyi CHUTyalHIO: B IIKOJE YETHIpE
ceabMBIX KJjacca. B 7TA yuarca 15 geBouexk u 13 MasbunKoB, B 7B —
12 nmeBouek u 12 manbuukKoB, B 7B — 9 neBouek u 18 ManbYMKOB,
B 7' — 20 meBouexk u 10 manbyukoB. Eciiy HaM HY)KHO OTBETUTH Ha
BOIIPOC, CKOJIbKO YYEHMKOB B Ka)XJJOM M3 CeJbMBIX KJIACCOB, TO HaM
4 pasa IPHUJETCA OCYLIECTBJIATHL ONHY U TY K€ OIEPAIHI0 CIOKEHUA:

BT7A 15 + 13 = 28 yu4eHUKOB;
B7B 12 + 12 = 24 yueHUKa;

B7B 9 + 18 = 27 y4eHUKOB;
B 7T 20 + 10 = 30 yueHUKOB.

Wcnonbays MaTeMaTH4eCKHii A3bIK, MOXKHO BCE 3TH YeTHIPE Pa3HbIe
cuTyanuu o0BeIMHUTH: B KJiacce YYaTCs @ AeBOYeK M b MaJbUMKOB,
3HA4YUT, BCEro y4eHUKoB a + b. TakoBa mamemamuuecxan modens
JaHHOH peasIbHOM cuTyaunuu. Anredpa, B YaCTHOCTH, 3aHUMAETCS TEM,
YTO ONUCHIBAET PA3JMYHbIE PeaIbHbIe CUTYallUy HAa MaTeMaTU4eCKOM
A3BIKE B BUJE MaTeMaTUYeCKUX MOJeJsel, a 3aTeM UMeeT JIeJi0 yKe He

12
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¢ PeIbHBIMHU CUTYyaluAMH, a C 3TUMH MOJAEJISAMH, UCIIO0JIb3ysA Pa3Hble
mpaBHJia, CBOICTBa, 3aKOHHI, BEIpaboTaHHEIE B ajarebpe.

B caenyromeit Tabauie npuBeseHLl pasiNYHbIE peajibHbIe CHUTY-
alMy ¥ UX MaTeMaTHYeCKHe MOJEJH; [P 3TOM @ — YHCJIO JEeBOYEK
B KJlacce, b — 4YHCI0 MaJIbYMKOB B TOM JKe KJacce.

Ne PeanpHas cutyauus MaremaTHUecKas MOZeab

1 |B kiacce AeBoOYeK M MaJIbLYUKOB a=b
mopoBHY (kak B 7B)

2 |HeBouek Ha 2 Goiablme, a-b
YyeM MaJIbYMKOB (KaK B 7A) wm a=2b
i  a- 2

3 |HeBouek Ha 9 MeHbIIe, b-a-=
4YeM MaJbYMKOB (Kak B 7B) wm b=a-+
wm a=2b

4 | eBouek B 2 pasa Gossmre,
4yeM MaJIbYUKOB (Kak B 7T) a

I
[\
53
=
=
=
S

It

5 |deBouek B 2 pa3a MeHbIIe,
4yeM MaJIbYUKOB (KakK B 7B)

L4
2
wm  b=2a

6 |Ecnau B maHHBIA KJIacc OPUAYT

elle OfHA JeBOYKA U TPH MaJb-
YHKa, TO eBOYeK ¥ MaJbUYUKOB
CTaHeT MOPOBHY (KakK B 7A) a+1=b+3

7 |Ecam u3 kiaacca yAAyT TPH Ae-
BOYKH, TO MAJILYUKOB CTAHET
B 3 pasa Oosbme (kax B 7B) b=3@a-3)

CocraBisaa 3Ty TaGMHIly, MBI IILJIM OT pPeaJlbHONH CHTYalluu K ee
MareMaTHdeckoit mogenu. Ho Hago ymMeTh ABHTraThLCA U B 00paTHOM
HaIpasJIeHWH, T. €. 110 3aJaHHOH MaTeMaTHYeCKOM MOJEJH ONNCHIBATh
CJI0BaMH peajibHyI0 cuTyanuio. Hanmpumep, 4To o3HadaeT (IpU TeX
sKe 0003HAUYEeHUSAX, YTO U B Halllei TabJHIle) Takasdg MaTeMaTHYeCKasd
Mogesb: a — 5 = b + 5? OHa o3HayaeT, YTO €cJH M3 KJjacca YHUAYT
5 IeBouYeK M IMPHUAYT 5 MATBYUKOB, TO JE€BOUYEK U MAJbUYMKOB B Kjacce
CTaHeT MOPOBHY (3Ta cUTyalusa umeeT MecTo B 7I' U3 paccMOTpPEHHOTO
npuMepa).

13
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HagBepHoe, y Bac BOSHHK BOIIPOC: a 3a4eM HY>XHa MaTeMaTHhye-
CKafA MoJeJib peajJibHOM CUTYaIli, YTO OHA HaM JaeT, KpoMe KpaTKOi
BBIpa3UTeNbHON 3anucu? UToOBI OTBETHTH HA 3TOT BOIPOC, PEIIMM
cJeAyIOUIyIO 3aKayuy.

IIpumep 1. B kiacce neBouek BABOE 0OJIbIIE, YEM MAJILYNKOB.
Ecau u3 aToro Kjacca yAAZYT TpHU AEBOYKH YU IIPUAYT TPHU MalbUMKa,
TO fAeBoueK OymeTr Ha 4 GoJbllle, 4eM MaNbUYUKOB. CKOJIBKO YUYEHUKOB
B JaHHOM KJacce?

Pemenue. Ilycts x — unciio MaIbYMKOB B KJjacce, Torga 2x —
ypcio AeBodek. Ecau yiayT Tpu geBOYKH, TO ocTaHeTcs (2x — 3) me-
BoueK. Ecou mpuayT Tpu MasbuuKa, To craHer (x + 3) manpunkoB. o
ycJIoBHIO feBodeK Gyzer Torna Ha 4 Gosbliie, 4yeM MaJILYMKOB; HA MarTe-
MaTHYEeCKOM A3BIKE 9TO 3amuChIBaeTcsa Tak: (2x — 3) — (x + 3) = 4.

9To ypaBHEHHMe — MaTeMaTH4YecKas MojeJjb 3afauu. Mcmonb3ys
U3BECTHBIE IIPABUJIa PEIIeHUS YPaBHEHUI, IOCJEA0BAaTEJbHO IIOJY-
qaeM:

2x — 3 — x — 3 = 4 (pacKpsLIX CKOOKHM);

x — 6 = 4 (mpuBesn NoKOOHBIE clIaTaeMEIe);
x=6+4;

x = 10.

Temepb MBI MOJKEM OTBETHTh Ha BOIpOC 3ajauyu. B KJacce
10 ManbYMKOB, a 3HauuUT, 20 geBoUeK (BbI MOMHHUTE, UX IO YCJIOBHIO
65110 B 2 pasa GoJible).

OTBeT: Bcero B Kiaacce 30 yueHUKOB.

HWHTEpecHO, 3aMETHUJIN JH BB, UTO B XOJ€E PEelIEHUA GBIIO YETKOe
paspesieHue paccy KAeHuit Ha Tpu sTana? JlaBaliTe IOCMOTPUM BMeCTe.

Ha nepBom sTame, BBeAs IepeMeHHYIO X M IlepeBeAsl TEKCT 3a-
Jayy Ha MaTeMaTHYeCKHHN A3BIK, MBI COCTABHJIM MaTEeMaTUYECKYIO
MoJesib — B BHJe ypaBHeHusa (2x — 3) — (x + 3) = 4.

Ha BTOpDOM 3Tamne, ucnosb3ys HaAIllKM 3HAHUA U3 Kypca MaTeMaTUKU
5—6-ro KiaccoB, Ml 3T0 ypaBHeHue pemuiu: X = 10. Ha aTom aTame
MBI He JyMaJId HY IIPO AEBOYEK, HU IIPO MaJIb4YMKOB, a 3aHUMAJNCh
«4UCTOI» MaTEeMaTHKOM, paboTajly TOJHbKO C MaTeMaTU4eCKON mMoze-
JIBIO.

Ha TpeTneM sTame MbI HCIOJH30BAIX NOJYYEHHOE DeIlleHUe, YTO-
6B1 OTBETUTHL Ha BOmpoc 3agauu. Ha 3TOM aTalle MBI CHOBA BEPHYJINCH
K JeBOYKaM, MaJbUMKaM X MHTEpPecyolleMy Hac KJaccy.

14
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IMoasexmem mTOTrHU. B Ipomecce pemeHusa 3afadul ObIJIM YETKO
BbIJeJIEHE] TPHU 3Tama.

IepBouiit aTan. Cocmasnernue mamemamuieckoii modeau.
Bropoii atan. Pa6oma ¢ mamemamuyeckoii Modenvio.

Tpetuit aran. Omeem Ha éonpoc 3adayu.

Bor Tak 06bIYHO IpUMEHsSIETCS MaTeMaTHKa K peajbHO’ AeHCTBH-
reabHOCTH. Ilocsie paccMOTPeHHOT0 IpMepa NOBTOPKUM BOIIPOC: HYXK-
Hbl JIX MaTeMaTU4YeCKHe MOJEJH M HAZO JHU yMeTh paboTaTh ¢ HUMHU?
Hysxuel! PazymeeTrca, ueM ciiokHee MOJelb, TeM Goiblne QaKToB,
IIPaBHJI, CBOMCTB IIPUXOAUTCA IIPUMEHATH Js paboTel ¢ Heil. ITH
¢axTel, IpaBUJa, CBOHCTBA HAJO M3Y4YUTh, YTO MBI U OyJeM ¢ BaMHu
IeJIaTh Ha NMPOTSYKEHUH BCEX JIET OCBOEHUA ajiredphel B IIKOJIE.

MaremaTuueckne Mofesu OBIBAIOT He TOJBKO ajirebpandyecKUMH
(B BHAE pPaBeHCTBa C IlepeMEHHBIMM Kak B TaOiuie Ha c. 13, uiau B
BHIe ypaBHeHUs, Kak Ob110 B nmpumepe 1). Ilyis 3HakoMcTBa elge ¢
ONHHM BHJOM MATE€MaTUYECKOM MOJeJX BO3bMEM 3aJauy U3 yueOHUKA
MaTeMaTHKHU A 6-ro Kiacca (crmenuajabHO OepeM 3afady, ¢ KOTOPOH
BBbI, MOXXET OBITh, BCTPEUYAJHCH).

IIpumep 2. IToctpouts rpaduk TemmnepaTyphsl BO3AYyXa, €CIU
HU3BECTHO, YTO TEMIEPATYPY U3MEPSJIU B TeUeHUE CYTOK U II0 Pe3yJib-
TaTaM M3MEPEHUSA COCTABUJH CJEAYIOIIyI0o Tabaumy:

Bpems cyTok, u 0| 2| 4] 6| 8| 10| 11| 14| 16| 18| 22| 24

Temmnepatypa, °C 5, 0| O0f-3|-4(-2| 0| 6| 8| 5| 3| 3

Pemenue. IlocTpouM npaMoyrojbHyIo cucteMy KoopauHar. Ilo
TOpHU30HTAJNLHON ocH (ocu abcmucc) 6yaeM OTKJAALIBATH 3HAYEHUS
BpeMeHH f, a II0 BEPTUKAJIBLHOH ocH (OCH OpAUHAT) — 3HAUYEHUS TEM-
nepatypsl T. IlocTpouM Ha KOOPAMHATHOM IIJIOCKOCTH TOYKH, KOOpP-
JUHATAMH KOTODHIX ABJSIOTCA COOTBETCTBYIOIINE YHCJIA U3 TaOIUIIBI.
Bcero nmonyuaerca 12 Touex (puc. 1). CoeanHuUB UX IJIaBHOM JMHHUEIH,
MOJIyYUM OAMH M3 BO3MOXKHBIX rpaduKOB TemnepaTypsl (puc. 2). (M

ITocTpoeHHbI# rpaduK ecTh MaTeMaTH4YeCKasdA MOJeJb, OMUCHI-
BaoIad 3aBHCUMOCTL TE€MIIEPATypPhl OT BpeMeHU. AHAJIU3UPYA ITOT
rpaduk, MOXKHO OIKCATH CJOBAMH, UTO IIPOMCXOJUJIO C TEMIIEPATY POt
BO3gqyxa B TeueHHe cyToK. Houbio ¢ 0 4 10 8 4 yTpa cTaHOBHUJIOCH BCE

15
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xosonHee (oT 5 °C B 0 u 5o —4 °C B 8 u yrpa). [IoTom, BUAUMO, BBITJIA-
HYJIO COJHBIIIKO ¥ CTAJIO TeIlieTh, Tak uTo B 11 4 TeMnepaTypa Gbiia
yKe He OTpHIATeNbHOM, a HyteBoii (0 °C). [fo 16 4 Temneno, npudyeM B
16 u 6n1s10 Teraee Becero (8 °C). A 3aTeM cTajlo TEMHETH, TEMIIEpaTypa
HavaJla IIOCTEIIeHHO CHMYKAThCA U MOHU3UJIach 40 3 °C B 22 4.

I'aapsa Ha rpadUK TeMIepaTypbl, MOXKHO NPHUGIMIKEHHO OIpefe-
JIUTh, KaKas TeMmIepatypa Obia HamMmeHbiieit (-4 °C B 8 u yTpa),
kakasa — Haubosabmeit (8 °C B 16 u), rage Temmeparypa MeHAJACH
6nicTpee, r'Je MeajieHHee, a rge BoobOie He MeHAJMach (OT 2 10 4 4
HOYbIO M OT 22 n0 24 u BeuepoMm). PaccMoTpeHHas MaTeMaTHYecKas
MoJieJib ABJAETCA IPUMEPOM rpadHUUecKoil MOAEIIH.

HUrak, HaM HYKHO YYUTHCHA ONUCHIBATH PEAJILHBIE CUTYAI[MU CJIO-
BaMH (clo8ecHasn modenv), anredpandecKku (arzebpauieckas modens),
rpadudecku (zpaguiecrkas modensv). BriBaloT eje zeomempuieckue
Mmolenu peaibHBIX CUTYallUii — OHM M3Yy4YalOTCA B Kypce reOMETPHUH.
BuopoueM, rpaduyecKkre MOJeJIM TaKKe MHOrJa Ha3bIBAIOT T€OMETPH-
YeCKMMH, 2 BMECTO TEDMUHA «ajiredpandyecKas MOAEJIb» YIOTPEOIAOT
TEPDMUH «aHAJIATUYECKAA MOJeJb». Bce 9T0 — BHABI MaTeMaTUYECKHUX
MozeJiei.

Yr0651 CBOGOAHO ONIEPUPOBATH JIOOBIMY BUJaMU MaTEMATUIECKUX
MopeJiedl, Hy’KHO HaYYUTHCA IIEPEXOJUTH OT OJHOM M3 HUX K JPYroi.
Tak, BbIlle, B mpuMepe 1, HaM yAaJjiocs IIEPEMTH OT CJIOBECHO Moje-
JH K aHaJUTHYecKoil. B mpumepe 2 yzanocs mepeiTH OT CIOBECHOM
(TouHee, TaGAUYHOI) MOLEAM K I'PadHUUECKOM, YTO MMO3BOJIMJIO BHOBb
BEPDHYTHCA K CJIOBECHOMY OIMCAHHIO DACCMATPHBAEMOMN CHUTyaluH,
HO y’ke Ha 0oJiee coaepikaTeJbHOM ypoBHe. ByaeM yuYuThCca 3THM
nepexonam.

§ 4. NMHEMHOE YPABHEHME
C OAHOM NEPEMEHHOHM

OgHUM K3 caMBbIX IIPOCTBIX U B TO K€ BpeMs O4YeHb BaK-
HBIX BHJIOB MaTeMaTHYeCKUX MOJeJieil peaJIbHbIX CUTyalluil ABJIAIOTCA
U3BECTHBIE BaM M3 Kypca MaTeMaTHUKHU 5—6-ro KjgaccoB JUHellHbLe
YpasHerusn ¢ 00HOU nepemernHoili. IlpuBeseM npuMepsl JMHEHHBIX
YPaBHeHMIt:

3x=12,5y-10=0,2a+7=0
U T. O
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Pewumv auneiiHoe ypaéHeHue — 3TO 3HAUUT HANTH Bce Te 3HaAUe-
HUSA [IePEMEHHOM, IIPHA KaXJAOM M3 KOTOPBLIX ypaBHEHHe oOpalllaeTca
B BEepHOE YHCJIOBOe paBeHCTBO. Kajk[oe TaKoe 3HaYeHUE IepeMeHHOM
Ha3bLIBaIOT KOpHEM ypaBHeHHMd. Tak, ypaBHeHHe 3x=12 nuMeeT KOpEeHb
x = 4, IOCKOJBKY 3 °4 = 12— BepHOe paBEeHCTBO, IIPHYEM APYTHX
KopHeli HeT; ypaBHeHue 5y — 10 = 0 umMeeT KOpeHb Yy = 2, IOCKOJBKY
5-2-10 =0 — BepHOe paBeHCTBO, IIpUYeM APYTUX KOPHEH HET; ypaB-
HeHue 2a + 7 = 0 uMmeeT KopeHb a = —3,5, MocKoJABKY 2 * (—3,5) +
+ 7 = 0 — BepHOe paBeHCTBO, IpHUYeM APYTUX KOpHe#i HeT. =~  °

Boo0Ouie anEeHHBIM ypaBHEHHMEM C OJHOH IepeMEeHHOM X Ha3bl-
BalOT ypaBHeHUe Buga ax + b = 0, rge a u b — sr0661€ yucaa (x03g-
¢duyuenmut). Ecau a = 0 u b= 0, 1. e. ypaBHeHue umeer Bug 0 - x +
+ 0 = 0, TO KOpHEM ypaBHEHHUS sABJsAETCA JI06oe yuciio (beckoHeUHOe
MHOKecTBO KopHeit). Eciu a = 0 u b # 0, T. e. ypaBHeHHE UMeeT BUJ
0:x+b=0, To HX OZHO YHUCJIO ITOMY YPABHEHHIO HE YIOBJIETBODSAET;
TOBOPAT, YTO YpPaBHEHNE HEe UMEeT KOpHei.

Paccmorpum HamboJiee 4acTo BCTpedaloluiica cjydai, Korjga
a#0. PaccyxnaeMm Tak:

1) ax + b = 0, 3HaunT, ax = —b (mockoaAbBKY (—b) + b = 0); baxTu-
YecKH cjiaraemoe b IepeHecJM U3 JIEBOM YacTH ypaBHEHUS B IIPABYIO
C IIPOTHBOIIOJIO}KHBIM 3HAKOM;

2) ax = —b, T.e. mpou3BeJeHHE YHCEJ @ M X PaBHO —b; HO TOTHA
MHOXKUTEJb X paBeH YaCTHOMY OT JeJieHUs IIpou3BeJleHus —b Ha BTO-
poit MHOXKHUTeJNb. 3HAUHUT, X = (—b) : a. BMecTo 3HaKa AeJIeHUA MOXKHO
HCIIOJIb30BaTh YEPTY Apo6HU:

x=—-—
a

A Kaxk 6bITb, €CJIM ypaBHEHHE 3amucaHO B OoJiee CJI0KHOM BHJIE,

HaIlpuMep
2x - 2=10 — x?

Paccyxgaem Tak. [IBa BhIpasKeHHUs PaBHBI TOTAa U TOJBKO TOTAA,

KOrja MX pasHOCTh DaBHa HYJIIO:

(2x-2)-(10-x)=0.
Bocnonb3dyeMca M3BECTHBIMH M3 Kypca MaTeMaTHKH 5—6-ro

KJIACCOB IIPABUJIAMHU PACKPBLITHA CKOGOK M IPUBEAEHHUA MOAOOHBIX
YWIEHOB:

2x -2 -10 + x = 0;
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3x —12 = 0;
3x = 12;
x=4.

Takue ypaBHEHHUS BBHI yiKe DelIail B Kypce MaTeMaTUKu 5—6-ro
kjaccoB. PaKTHUUECKH IIPU 9TOM HCIIOJb3yeTCs OINpefeieHHadA IIpo-
rpaMMa JeMCcTBUH, ompeAesieHHBIH MOPAJOK Xox0B. B mMaTemaTuke
B TAKHUX CJIydasix HCIOJb3YIOT TEPMHUH aazopumm. Ins JuHEHHOTrO
ypaBHeHHud Bufa ax + b = cx + d rie a # ¢, 3TOT aJITOPUTM BBITJIALAT
TaK:

1) nepeHecTH Bce 4JeHbl YPaBHEHHUs U3 IIPABOil YaCTH B JIEBYIO
¢ IIPOTHUBOIIOJIOKHBIMM 3HAKaMM;

2) npuBecTH B JIEBOHM 4YacTHU IOLOOHEIE cjlaraeMbie, B pe3yJbTaTe
yero MOJIYYUTCA ypaBHeHHe Bujaa kx + m = 0, rae k # 0;

3) mpeoOpa3oBaTh ypaBHEHHE K BUAY kKX = —m K 3amucaTh e€ro
m
KOPEHb X = %

VMeHHO Tak OBLJIO pelleHO ypaBHEHHEe, KOTOpOe IOJYUYHJOCH

B nmpeAbiayiieM naparpage B npumepe 1.
2 7 _5 1
IIpumep 1. Pemrurs ypaBHEHUE gy + 8 gy vy

Pemenue. IlepBuiii cioco6. Bocrosssyemes ajiropurmom:
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Bropoii cnocob. IIpex /e ueM NIPUMEHATH aJIrOPUTM, YMHOMXKHUM
obe yacTH ypaBHEHHUA Ha 24 — 3TO HaUMEHBIINM OOIIUil 3HAaMEeHATe b

uMerouuxcsa apobeit. IIpu aTom MEI oJIb3yeMcda TeM, 4TO ecau A = B,
To 24A = 24B u o6parHo. Ilosxyuum

2 7 5 1
Zy+l)=24[2y -1}
24(3“’ 8) 2[6"’ 4)’

(24-3);, +24-0 = (24-§)y ~24-1;
3 8 6 4
16y + 21 = 20y - 6.
A nmanee BoCIOJIB3yeMCSs aJITOPHTMOM:
16y + 21 — 20y + 6 = 0;
-4y + 27 = 0;
4y = 2T;

27 3
=, T.e. y = 6-—.
y 4 ey 4

OrBeT: Yy = 6%.

3z2-14 2z +1
IIpumep 2. Pemure ypaBHEHUE 25 = 22 .

Pemnren ne. Bocriosib30BaBIINCh OCHOBHBIM CBOMCTBOM IIPOIIOP-
nuu (mpomsBefeHNe KpailHUX YJE€HOB IIPOIOPIHAH PaBHO IIpOHU3BeJe-
HHIO CPeJHHX YJIEHOB), IOJYUUM

2(3z — 4) = 5(2z + 1).
HanbHeHuil X04 pellleHnus, HajeeMcs, y’Ke He TpeOyeT KOMMeH-

TapueB:
6z2—-8—-10z-5=0;
-4z — 13 = 0;
-4z = 13;
13 _ ol
z2= 1 T.E. 2= 34.

OrBerT: 2= —31.
4

YMeHUs cocTaBJATH MaTeMaTHYeCKHe MOJEJU U pelaTh JUHEH-
HbI€ YPaBHEHHUA C OJHOM IepeMeHHON MOYKHO UCIOJIb30BaTh U B UTPO-

BBIX cuTyanuax. [IpusegeM mpocToit mpumep.
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3azymaiiTe YUCIIO (I IPOCTOTHI BEIYUCIIEHU OHO3HAYHOE, XOTHA
3TO COBCEM He 00A3aTeJIbHO), YMHOMKbTE €ro Ha 2, K IOJyYeHHOMY
yucJly IpubGaBbTe 5, 3aTEM 9Ty CYMMY YMHOMKbTE Ha 3 ¥ U3 IIOJyYeH-
goro npousBefienus BoluTuTe 13. CKa)kuTe MHE, YTO MOJYYMJIOCH, U
d TYT MKe CKay, KaKoe YKCJIO 3aJyMaHO.

Hamnpumep, BbI 3ayMaJIi YUCJIO 7. BHIIONMHAA MOU YKa3aHMUsA, BbI
[ocJieJOBaTeJIbHO MOJy4aau Takue uuciaa: 14, 19, 57, 44. Yrol6sI oT-
rajgaTh 3ayMaHHOe YHCJO, A U3 Yucia 44 BHIYATAIO 2 U IIOJYYEHHYIO
pasHOCTh Jieno Ha 6; momyuaercs 42 : 6 = 7.

Bropoil sKCIIepMMeHT: BHI 3agyMayu 4ucjo 10. BeimosHAs Mon
yKas3aHHd, Bbl IOCJIef0BAaTeJIbHO NOJydyaun Takue yuciaa: 20, 25, 75,
62. YroOblI OTraiaTh 3afilyMaHHOE YKCJIO, A U3 yucja 62 BeiuuTaio 2 u
IOJIYYEHHYIO Pa3HOCTh Jejio Ha 6; mosygaerca 60 : 6 = 10.

Cekper doKyca oueHb IIPOCT. BbI 3afilyMaJii YMUCJIO X; BHIINOJIHAA
MOHM YKasaHudA, BB cocTaBmiau umcio 3(2x + 5) — 13, T. e. 6x + 2.
MHe ocTaJIoCh JIMIIb B yMe PEIlUuTh JHUHeiHoe ypaBHEeHHe: B IIePBOM
caydae 6x + 2 = 44 (moayuurcsa x = 7), a BO BTOpoM cJiaydae 6x + 2 =
= 62 (moaxyuurca x = 10).

§ 5. 3AZlAYM HA COCTABNEHME JIMHEMHbIX
YPABHEHMM C OQHOM NEPEMEHHOM

C TeopeTHUYeCKOIi TOUKM 3PEHMUS 3Ta TeMa He SABJIAETCH JJIA
Bac abcoyrroTHO HOBOIi. IIpuMep TEKCTOBOI 3aauu, IIPOIECC peIlleHnus
KOTODO# PHUBeJ K JUHEHHOMY YPaBHEHHIO C OJHOM IIePEeMEHHOIi, yiKe
Ob1n1 Beime (cM. npumep 1 B § 3). la u B Kypce MaTematunku 5—6-x
KJaccoB MOAOOHBIE 3a/ja4M BCTpevainch. TeM He MeHee MBI PacCMOT-
pUM B 3TOM Iaparpade ZOBOJIBHO MHOI'O pa3HOOODa3HBIX IPHUMEPOB,
MOCKOJIPKY YMEHHEe COCTABJIATh MATEMATHUYECKYIO MOJEJb II0 3aJaH-
HBIM yCJIOBUSIM M paboTaTh ¢ HEei — OJHO M3 BajKHEHIIMX B Kypce
anredpel.

IIpumep 1. Kynuam HeCKOJIBKO KHUAT M IBITAIOTCSA Pa3MECTUTH
UX Ha OJWHAKOBBIX ITOJIKAX B KHMKHOM mKady. CHavasa NocTaBUIA
o 20 KHUT Ha KXY MOJKY. B pesyibTare gBe IOJIKU OKa3aJIMCh
NIYCTHIMH, & OCTAJIbHbIE 3aNI0JTHEHHBIMH (10 20 KHUT). 3aTeM pelInIn
CTaBuUTh o 15 KHuUr Ha moJuky. IlombITKa OoKasajiachk yJauyHOM: Bce
TOJIKM 3amoJHUJIKCH (110 15 KHur Ha Kaxmoii). CKOJIBKO KHHUT OBLIO
KynsjeHo?
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IlepBeiit aTan. CocmaeénieHue mamemamuueckoii. modeau.

O6o3HaunM OYKBOM X YKUCJIO MOJIOK B KHMKHOM mmKady. Korga Ha
KaXX/AyI0 MOJIKY ITOCTaBuJIM 1o 20 KHUT, TO 3aII0JIHEHHLIMHM OKAa3aJINCh
(x — 2) monku. 3HAYNT, O0IIlee YMCIIO KYIJIEHHbIX KHUI' BhIpaXKaeTcs
¢opmyutoit 20(x — 2). Janee B 3asaue CKa3aHO, YTO KOT/a Ha KaXAYIO
MOJIKY MOCTAaBMJIHM MO 15 KHUr, TO BCe X IOJIOK OKAa3aJIKCh 3aIOJHEH-
HBIMHA. 3HAUUT, 00Illee YKUCJIO KYIJIEHHbIX KHUT BhIpa)kaeTcsa Gopmy-
aoii 15x. OcraeTca MpUPaBHATH ABa NMOJYYEHHBIX BHIDaXKeHHUA IJIA
ypcja KYyIJIEHHBIX KHUT:

20(x — 2) = 15x.

9To ypaBHeHHe — MaTeMaThdeckKas MOJeJib 3aJaydu.

Bropoii aran. Pa6oma ¢ cocmaénenHoll mamemamuieckoii mode-
JAbIO.

Pemaem ypaBHeHue:

20(x — 2) — 15x = 0;
20x — 40 — 15x = 0;
5x — 40 = 0;
b5x = 40;

x = 8.

Tperuit aran. Omeem Ha onpoc 3adayu.

MsI BBIACHWIIH, YTO B KHIYKHOM InKady 8 mosox. Bee kynjeHHbIe
KHUTH PasMECTHJIMCh Ha 3THX ITOJKaXxX mo 15 mTyk Ha Kaxpoi. 3HA-
yuT, Becero 6bI0 KymieHo 15 -8 = 120 xHur.

O TBeT: Bcero 6b110 KymieHo 120 KHwur.

BaXHO MOAYEpPKHYTh, YTO B IIKOJBHBIX 3afladax IIPUHATO HAea-
JIM3UPOBATh CUTYAIIMIO: CUYUTATH, YTO NYyTHHUK (II0€3Z, aBTOMOOMJIIb)
JIBHUIKETCA BCE BPEMs C IIOCTOAHHOM CKOPOCTHIO, UTO CKOPOCTh Te€YeHUs
PEKH BCerjia OflHA M Ta JKe, UTO MAaCTep, BBINIOJHAA 3aKas, paboTaer
¢ MOCTOSHHOM IPOMU3BOAUTENLHOCTHIO TPYAA U T. A. U T. II. YUTEM 3TO
B mpuMepax 2—6 — 3To Tak HasbIBaeMble 3aflaul Ha JBUIKeHUe.

IIpumep 2. IIyuxkrer A, B u C paclojIOXKeHbI Ha IlIocce Tak,
Kak IoKa3aHo Ha pucyHKe 3. Paccroauue mexay A u B paBHO 16 kM.
H3 B o HanpaBJIelimo K C BobImeJ memiexon. Yepes 2 4 mocje 3Toro
u3 A 1o HanpabJyieHuI0 K C BrleXaJl BeJIOCHUIIEJUCT, CKOPOCTh KOTOPOTO

C B 16xkm A

o
o~ @ ®

Puc. 3

22



1 . I| MATEMATUYECKMIA A3blK. MATEMATUYECKAS MOLENb

ga 6 KM/4 GosbIlle CKOpOCTH Hemiexona. Uepes 4 4 mocJjie CBOEro BHI-
e37a BeJIOCHIIENNCT JOTHAJ Iellexoxa B nyHKTe C. Yemy paBHO pac-
croarue ot B go C?

Pemenue. IlepBuiii aran. Cocmasnrenue mamemamuieckoil
modenu. ‘

IIycTh X KM/4 — CKOpPOCTH Ilelexofa, rorga (x + 6) km/4 — cko-
poCTh BEJIOCHIIEMCTA.

Paccrosanue ot A no C BeJoCHIIEAUCT Ipoexas 3a 4 4, 3HAUUT, 3TO
paccTodgHue Brlpaxaerca Gopmyioit 4(x + 6) km. itax, AC = 4(x + 6).

Paccrosnue oT B o C memexon mpoiresa 3a 6 4 (Begb A0 BhIe3za
BEJIOCHIIEINICTA OH yiKe ObLI B IyTH 2 Y), CJeA0BATEJIbHO, 3TO PACCTO-
AHMe BeIpa)kaercs ¢popmyJioit 6x km. Urak, BC = 6x.

A Tenepb o6paTuTe BHUMaHue Ha pucyHoK 3: AC — BC = AB, T. e.
AC — BC = 16. 9To — ocHOBa [AJA COCTaBJIEHHS MaTeMaTHYeCKOM
mopeau 3agaun. HamomuuMm, uto AC = 4(x + 6), BC = 6x; cienona-
TeJIbHO,

4(x + 6) — 6x = 16.
Bropoii sran. Pab6oma ¢ cocmasaennoii modenvio.
4x + 24 — 6x = 16;
24 — 2x = 16;
—2x = 16 — 24;
—2x = —8;
x =4,

Tperuii aran. Omeem Ha éonpoc 3adayu.

Mu1 monyumniu, uTo Xx=4, 3HAUUT, CKOPOCTh memrexona 4 km/4. Ho
HaM Hy»XHO HaliTH He 3TO, B 3ajaye TpebyeTcsa HaliTH pacCTOSHUE OT
B po C. M=sI ycranoBuim, uto BC = 6x; 3Hauut, BC = 64 = 24,

OrTBerT: paccrosnue oT B no C paBHO 24 KM.

IIpumep 3. Jlogxka mibLIa Mo TeYeHUIO peKu 3 4 12 muH, a
3aTeMm mpotuB TeueHud 1,5 u. HaiiTu cOGCTBEHHYIO CKODPOCTDH JIOAKH
(T.e. ckopocTh B cTOAuYel Boje), €CIM M3BECTHO, YTO CKODOCTh Tede-
HUA peKHu 2 KM/4, a BCero JIOAKOM mpoigeH 41 kM.

Pemenne. [lepsrlii aran. Cocmasdnenue mamemamuueckoii
Modenu.

IIycth x KM/4 — COGCTBEHHAsA CKOPOCTH JIOAKH, TOTA II0 TEUEHUIO
OHa IJILIBET CO CKOPOCThIO (X + 2) KM/4 (TeueHHe IIOMOTaeT), a IPOTUB
TeYeHUA — CO CKOPOCTBIO (X — 2) KM/4U (Te4eHUe IIPensATCTBYET).
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S ——— —

Ilo Teyenuio pexu soaxa mwibia 3 4 12 muH. IToCKOIBKY CKOPOCTH
BHIDA)KE€HA B KMJIOMETpax B 4ac, 3TO BpeMs HaJO 3alucaTh B 4acax.

1
HNmeem 12 MmuH = 80 4= o= 0,2 u. 3uauur, 3 u 12 mun = 3,2 4.
3a 3TO BpeMs CO CKOpPOCThIO (x + 2) KM/Y JIOAKOMH IpoiifleH myTh

3,2(x + 2) km.
IIpoTHuB TeueHUA JoaKa mibLiaa 1,5 4. 3a 3To BpeMs €O CKOPOCTHIO
(x — 2) kM/4 JogKoii mpoiigeH nyTs 1,5(x — 2) kM.
ITo ycnoBuio Bech ee nyTh paBeH 41 kM. Tak Kak OH COCTOUT U3
IIYTH 10 TEYEHHUIO U IIYTH IPOTUB TEYEHUA, TO IIOJIYyUYaeM
3,2(x + 2) + 1,5(x — 2) = 41.
ITo ypaBHEHHE — MaTeMaTudyecKas MOJEJb 3aJaduM.
Bropoii satan. Pa6oma ¢ mamemamuueckoil mooenvio.
3,2x + 6,4 + 1,5x — 3 = 41;
4,7x + 3,4 = 41;
4,7x = 41 - 3,4;

4,7x = 37,6;
37,6 B
x = T,’Z—’ T.e. x = 8.

Tperuit aran. Omeem Ha 8onpoc 3adaiu.

CuopamuBaeTrcsi, 4eMy paBHa cOGCTBEHHAas CKODOCTH JIOAKH, T. €.
yemy paBeH x? Ho oTBeT Ha 3TOT BOIpOC y’Ke MOJiyuyeH: x = 8.

OTBeT: cOOCTBEHHAA CKOPOCTD JIOAKH 8 KM/4.

IIpumep 4. TypHucT HIET OT AEePEBHHU K KeJEe3HOJOPOIKHOM
crannuu. Ilpoiiga 3a yac 3 KM, OH MOHAJ, UTO, IPOJOJIKAA ABUIKE-
HUE C 3TOi CKOPOCTHIO, OH OIIO3/AaeT Ha moe3s Ha 40 MHHYT, U IIOIIeN
co cKopocThio 4 KM/4. Ha cTaHIuI0 TYpHCT IIpHIeNa 3a 45 MUHYT IO
OTIIpaBJIEHUA Moe3fa. YemMy paBHO PacCTOAHHE OT JePEeBHHU [0 CTaH-
nuu?

Pemenue. llepBoiii atan. Cocmasnienue mamemamuueckoi
Mmooenu.

IIycTs x KM — paccTOsHHE OT AepeBHH Jo cTaHnuu. Haiigem pac-
YeTHOEe BpeMs [0 OTIIpaBJIeHuA noesja. Ecau Typucr 6yer Bech myTh

x

HATHA CO CKOPOCTBIO 3 RM/'-I, OH IIOTPATHUT E Y U OIIO3JaeT Ha Imoe3n
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2
HA g q. 3Ha‘-II/IT, pacyeTHOe BpeMdA A0 OTIIPABJIEHHUA II0€34a BbIpaiKa-

ercA GOPMYJIOH (g — %) q

Ha caMoM JeJjie TYPHCT ¢ YIOMSHYTOM BBIIlle CKOPOCTHIO IIEJI
1 gac, a ocraBmuecsa (x — 3) KM, OH IIIeJI CO CKOPOCThIO 4 KM/4, 3a-

o x -
TpaTUB Ha OCTAaBIIMHCA IIYTh

4, Ha cTaHuuu OH 2KJaJ OTIIpPaB-

3
JIeHUdA 11oe3na Z 9. 3Ha‘{HT, BpeMdA OO0 OTIIPpaBJIEHHUA I10e3ga MOXHO

BBIPA3UTh (POpMyJIOi (1 4X-3, %) q
2 -3, 3
B uTore mosiyuaeM ypaBHEHHe % 3" 1+ % 1 + T

Bropoii atan. Paboma ¢ cocmasnienroil modenvio.
YmMHOKUB 00€e yacTH ypaBHEeHHsA Ha 12, moay4yum:

12(%2-2)-19(1+ 222+ 3)

3 3 4 4
4x—-8=12+ 3(x — 3) + 9;
4x — 8 =12 + 3x;
x = 20.
Tpetuit atan. Omeem Ha 8onpoc 3adayu.
OH yske moJyueH, BeAb OYKBO X MBI KaK pa3 0003HAUMJIH TO,
0 4YeM CIIpallinBaeTCs B 3ajauve.

OTBeT: OT AepeBHU A0 cTraHmuu 20 KM.

IIpumep 5. CamoiseT mpoJieTes IEepPBYIO YaCTh MapIIpyTa CO
cKopocThio 450 KM/4, a BTOPYIO 4acTh, KoTopas Ha 300 KM MeHbIIIe
nepBoif, — co ckopocThio 600 xM/u. KakoBa MpOTAKEHHOCTH BCEro
MapuipyTa, €CJIi M3BECTHO, UTO CPeAHAS CKOPOCTb ABHKE€HHUSA CaMO-
JleTa oxasayiach paBHOU 500 xM/u?

Pemenue. llepuit atan. Cocmasnenue mamemamuieckoil
Mmodenu.

IIycTs x KM — HIPOTAXKEHHOCTH IEPBOM YACTH MAapIIPyTa, TOTAA
IpoTsaKeHHOCTDh BTopoii yactu — (x — 300) kM. Bpems, moTpayeHHOe

x x — 300
caMoOJIeTOM Ha BeChb MapuIpyT, TAKOBO: (E - ——60T) 4, [auna

Bcero mapmpyTta paBHa x + x — 300, T. e. (2x — 300) kM. IIposereB
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BeCh MapIIpyT cO cpexHeil ckopocThio 500 KM/4, caMoJieT IOTPaTUII

6o 25— 300 4. 3Hauur,
500
i+x—300 _ 2x -300
450 600 500

Bropoii atan. Paboma ¢ cocmasnennoit modeavio. IlenecoobpasHo
CHaAYaJia YMHOXKHUTb 06€ 4acTH COCTaBJIEHHOTO ypaBHeHHs Ha 10; mo-
JIYYUM

E2 x —300 _ 2x—300.
45 60 50
Haiinem maumeHblee oOiee KpaTHoe uucea 45, 60, 50. Umeem
HOK (60, 50) = 300, HOK (45, 300) = 900. YMHOxuM 00e 4acCTH II0-
caenHero ypasHesus Ha 900:
900(_.1:_ L x= 300) _ 900(21: - 300);
45 60 50
20x + 15(x — 300) = 18(2x — 300);
35x — 4500 = 36x — 5400;
x = 900.

Tperunii arann. Omeem Ha 8onpoc 3adaiu.

IlepBas yacte mapuipyTa paBHa 900 kM, a Bropas — Ha 300 kM
MeHbIe, T. €. 600 kM. 3HAYUT, MPOTSAXKEHHOCTh BCEro MaplIpyTa
1500 xm. ]

3ameuwanue. B npumepax 6—12, pagu KpaTKOCTH, MBI HE
Oy/ZleM ABHO BBHIJEJIATHh TPH 3Talla MATEMATHYECKOr'0 MOJAEJINPOBAHUSA
IpH pellleHHH TEKCTOBOI 3ajjlauM, 3aMEeHMB MX INyHKTamu 1, 2, 3.
Kpome Toro, mocTerneHHoO Bce MeHbIllee U MeHbIIlee BHUMaHue Oyaem
YAEJATh TEXHUYECKOM CTOPOHE iejla — peIIeHUIO JIMHEHHOro ypaBHe-
HUA; HaZleeMcA, Bbl CIIPABUTECH C 3TUM 0Oe3 Halmeil IOMOIIH.

IIpumep 6. ITaccarxkup, cugAINil B moesge, KOTOPHIM egeT co
ckopocThbio 40 KM/4, 3aMEeTHUJI, AL B OKHO, YTO B IIPOTHUBOIIOJIONK-
HOM HAIIpaBJIEHUU B TeueHHEe 3 CEeKYHJ NpoIleJ BCTPEUYHBIN IMoesn,
JiuuHa Kotoporo 75 M. KakoBa cKopocTh BCTpe4HOro noesjga?

Pemenue. 1. Eciim x KM/4 — CKOpPOCTBH BCTPEYHOI'O IM0e3/a, TO
MHMO IIaCCaXXUPCKOTO OKHA OH IPOXOAHUT ¢ CYMMAapHON CKODPOCTBLIO
IBYX IIOE3[I0B, T. €. CO CKOpPOCThIO (x + 40) kM/4. 3a 3 ¢ MUMO OKHA
npoexaJjy BCTpeUHBIN moe3f AJuHON 75 M, T. e. 0,075 kM. Umeem
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1
3¢= 30 M= 1200

THYECKYIO MOJZeJIb 3aJauu.

1 _
305 * 40) =0,075.

2. YMHOxUB 00e yacTu ypaBHeHHs Ha 1200, moaydmm:
x + 40 = 90;
' x = 50.
3. CropocTh BCTpeuyHOro nmoesfa paBHa 50 KM/4. )

4. B utore IIojJy4JyaeM ypaBHEHHE — MaTeMa-

B cieayouux IpuMepax Mbl paCCMOTPHMM JBe 3aJa4M HA OTHICKA-
HUe HEeM3BECTHOrO YMCJa IO 3aJaHHBIM YyCJIOBHsAM. I'JlaBHOE B 3TMX
3aJayaxX — yMeHHe HCIIOJbh30BaTh 3HAHHUA O AECATUYHOH cHUcTeMe
CUMCJIEHUS IIPU 3aIIMCH YMCJIA.

IIpumep 7. TpexaHauHOE YNCJIO OKaHYMBaeTcsa nudpoii 3. Ecin
3Ty Iu@pPy IepeHecTH B HAYaJI0 YKUCJIa, He MEHAA MOPAAOK OCTAJIBHBIX
uudp, TO HOBOE YHKCJIO CTaHeT OoJbllle Ha 1, YeM yTPOEHHOE IIEPBOHA-
yajibHOe umcyo. HaliTu mcxogHoe 4ucio.

Pemenue. 1. UcxogHoe TpexsHauHOE UMCJIO, OKaHUYMBalOMeeCs
nudpoii 3, MoxkHO 3anmucaTh B Buae 10x + 3, rae x — ABy3Ha4YHOe
4ucyao, o0pa3oBaHHOE IEPBBIMH ABYMsS HHU(PpPaAMHW KMCXOAHOTO UHCJIa
(sanpumep, 273 = 27 -10 + 3, 503 = 50 - 10 + 3 u . A.). Ecinu mud-
Py 3 mepeHecTH Ha IEPBOE MECTO, TO HOBOE YHUCJIO GYyAET MMETh BHUJ
300 + x (mampumep, 327 = 300 + 27, 350 = 300 + 50 u T. 1.).
ITo ycaoBuio HoBoe umCIIO 6OJIbIIE YTPOEHHOrO MCXOAHOro uncia Ha 1.
910 3HaumT, yto 3(10x + 3) + 1 = 300 + x.

2. ITopaboTaeM C COCTaBJIEHHOM MOJEJIBIO:

30x +9+1=300+ x;
29x = 290;
x = 10.
3. Urax, B MCKOMOM umHCJIe IlepBble ABe HuGpbl 06pasyoT YHC-

J0 10, a Ha TpeThbeM MecTe cTouT Hudpa 3. 3uauur, 103 — ucxoxHoe
4uCIIo. ]

IIpumep 8. Bagymanu IIeCTU3HAYHOE YKCJIO, 3AIIUCH KOTOPOTO
Hayunaetcsa ¢ uudps! 2. Eciu 3Ty nudpy nepeHectu ¢ NepBoro Mecra
Ha mocJjiegHee, COXpaHUB IOPAAOK OCTAJBHBIX UMD, TO MOJIy4eHHOE
4qucino 6ymer BTpoe Goible mepBoHauandbHOro. Kakoe umcio 6110
3agymano?
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Pemenue. 1. ITocae uudpsl 2 B 3aJyMaHHOM MIECTU3HAYHOM
YucJie CJAEAYIOT B ONpEAEeIeHHOM IOpAAKe 5 mudp, OHM COCTABJIAIOT
HEeKOe IATHU3HAYHOe YHCJIO; 0603HaUuM ero OykBoii x. Torza sagyman-
HOE YMCJIO MOXXHO BbIpas3uThb ¢popmyJoit 200000 + x. Ecau nudpy 2
NOMECTHUTH Ha IIOCJIeJHEe MECTO, TO YMCJIO OyJeT uMeTh BUJ x2, T. e.
10x + 2. CoryiacHO YCJIOBHIO HOBOE YKCJIO B TpHM pasa OoJibliie 3amy-
MAaHHOro. 9TO 3HAYHUT, UTO

10x + 2 = 3(200 000 + x).

MaremaTHuecKasa MoJeJb COCTaBJIEHA.

2. Peutum moJsiyueHHOe ypaBHEHHe:

10x + 2 = 600 000 + 3x;

7x = 599 998;
x = 85 714.
3. 3agyMaHHOE YMCJIO HAYWHAaeTcs ¢ uGpsl 2, 3HAYUT, 3TO YUCIIO
285 714. @

IlocnegHue mpuMepsl, KOTOPbIe MBI DACCMOTPHM B HACTOSANIEM
naparpade, 3TO Imyraole MHOTHX yYalluXcs, HO Ha CaMOM Jejie He
TaKWe YK CTpalliHble 3aJaUy HA IPOIEHTHI, CILIABHI, CMECH.

IIpumep 9. [IBa 3aBoZa o IJIaHY JOJIXKHBI OBLIM 3a MeCsI BbI-
nyctuTs 360 crankoB. Ha camoMm gesie ovu BeinycTuiu 400 cTaHKOB,
nmpuYeM IepBHIA 3aBOJ BBINOJHUJ 3aKas Ha 112%, a BTOpoii — Ha
110% . CKOJIBKO CTAaHKOB CBepX IIJIaHA BHINYCTUJ KaXKAbIH 3aBOA?

Pemenue. 1. Cpasdy ormerum, uto 112 % = 1,12, 110 % =
= 1,1. Ilo nyaHy nepBHIil 3aBOJ AOJKEH OBLI BHINIYCTUTHh X CTAHKOB,
a BTOpOii (360 — x) craukoB. Ha camMom zese nmepBsoIii BeimycTna 1,12x,
a Bropoii — 1,1(360 — x) crankoB. BMmecTe oHu Beimyctuian 400 cran-
KOB, 3HauuT, 1,12x + 1,1(360 — x) = 400.

2. Pemum cocTaBJieHHOE YpPaBHEHHE:

1,12x + 396 — 1,1x = 400;
0,02x = 4;
x = 200.

3. Ilo nnaHy mepBrlil 3aBOJ JoJkeH ObLI BRINYyCTHTH 200 craH-
KOB, a BTOpOil, COOTBETCTBeHHO, 160 crankoB. IlepBrIii 3aBox mepe-
BBITTOJIHWI 1aH Ha 12%, T. e. BeImycTuJ cBepx miaHa 0,12 - 200 =
= 24 crauka. Bropoii 3aBoj nepeBsInoguua miaaH Ha 10 %, T. e. BBI-
nyctui cBepx muaHa 0,1 160 = 16 crankos.

OrBeT: 24 cranka, 16 cTaHKOB.
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INpumep 10. B TeueHne HECKOJBKUX JIET IeHYy Ha HEKOTODBHIi
roBap IIOCTEIIEHHO IOBHINIANN: cHadajna Ha 10%, sarem Ha 300 p.,
sareM eme Ha 25%. B pesyibTaTe IjeHa Ha TOBap NOBHICHJACh Ha
75% II0 CPABHEHHUIO C NepBOHauYaJbHOW. CKOJBKO CTOHMJ TOBap IO
[TOBBIIIEHUSA LeH?

Pemenue. 1. Ilycts x p. — nepBoHauaJbHas LeHa TOBapa.
ITocje mepBOro MOBHIIIEHus ToBap crous 1,1x p., mocie BTOpOoro —
(1,1x + 300) p., nociae Tpersero — 1,25(1,1x + 300) p. Ilo ycrosuio
[IOCJIE TPETHETO IOBBIIIIEHUA IIeHa ToBapa cocraBmia 1,75x p. (175 %,
7. e. 1,75 oT mepBOHaYaJIbHOII IIeHBI). B UTOrE mOJIyuaeM ciiefymoinee
ypaBHEHHe:

1,25(1,1x + 300) = 1,75x.

2. PemumM cocTaBieHHOe ypaBHeH#e. ECTh CMBICJ CHAYaJIa YMHO-
JKUTH 00e ero 4acTu Ha 4:
5(1,1x + 300) = Tx.
Janee nmeeMm:
5,5x + 1500 = Tx;
x = 1000.
O TBeT: nepBoHavaJibHasa meHa ToBapa 1000 p.

ODpumep 11. Cmemanu HexoTopoe koiuyectBo 40 u 10 % -ro
pacTBOpoB KucioThl ¥ noayumniu 800 r 21,25 % -ro pacTBopa KHCJIO-
Tel. CKOJIBKO I'DAMMOB Ka’XJ0T0 PAacTBopa GBIJIO B3ATO?

Pemenue. 1. IIpeanonoxkum, YTo B3sAJIH X T 00Jiee HACHIIIEHHO-
ro pacreopa. Torza MeHee HACBHIIIEHHOrO PacTBOPa IPHIILIOCH B3ATh
(800 — x) r. B 60osee HACHIMIEHHOM PAaCTBOpPE YHMCTOI KHCJOTHI OBLIO
0,4x r, a B merHee Haceimenaom — 0,1(800 — x) r. ITocne o6beauHe-
HuA nonyumyocsk 800r 21,25 % -ro pacTsopa KHUCJOTHI, T. €. YHACTOM
KHCJIOTHI B HOBOM pacTBope 00,2125 - 800 r. B uTore mojsyuaem cie-
Ayiolliee ypaBHEHUE:

0,4x + 0,1(800 — x) = 0,2125 - 800.

MaremaTuyeckas MOJEJb COCTaBJIEHA.

2. PemiumM nosiyyeHHOe ypaBHEHHE:

0,4x + 80 — 0,1x = 170;
0,3x = 90;
x = 300.

OrBer: Baaau 300 r 40 % -ro pacrsopa u 500 r 10 % -ro pacTso-

bPa KucjaoThI.
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IIpumep 12. B 500 kr pyAbl uMeeTCA HEKOTODOE KOJIUYECTBO
sxesnesa. Ilocie ynanenus us pyabr 200 xr npumeceii, coaepKalinx
B cpeauem 12,5% xesesa, cofepskaHue ’ejesa B OCTaBlIeiicsa pyae
noBrsicuyioch Ha 20 % . CKOJIBKO Kejie3a OCTaJoCh B pyAe?

Pemenue. 1. O003HauuM OYKBOIi X IIPOIIEHT COAEPKAHUSA YKeJie-

3a B pyJie. 9TO 3HAYUT, UTO »Keje3a ObLIo T;_O + 500 = 5x kr. B 200 xr

npumeceil comepskaynocy 12,5% xenesa, T. e. 0,125-200 = 25 xr.
B ounniennoii pyze maccoit 300 xr »kese3o coctaBuiio (x + 20)%, T. e.
x + 20
100

25 Kr xejesa, mmojydyaem ypaBHeHue: bx — 25 = 3(x + 20).

2. Pemus ypaBHeHue, nojyuum x = 42,5, 3to 3Ha4UT, 4TO B pyZe
6b1310 42,5 % xKeyesa.

3. Hac cmpamuBaioT, CKOJBKO JKeJjie3a OCTAJIOCHh B py/ie IocJjie yJa-
JIeHus IpuMeceii. ITO KOJMYECTBO BhIpaXkaercsa opmyioii S5x — 25.
IHoayuaem 5 - 42,5 — 25 = 187,5 Kr. (]

- 300 = 3(x + 20) xr. ITockoabKy C IpUMECAMU OBLIO yAAJIEHO

IIpumep 13. U3 40 T pyasl BuLIaBasaioT 20 T MeTajiia, cCoiep-
skamgero 6% mnpumeceii. KaxoB nmpomeHnT nmpumeceii B pyzae?

PemeHxue. O6o3HauuM OYKBOH X IPOLIEHT IMpuUMecei B pyje.

Toraa B 40 T pyAbl IpUMeceii COAEPIKUTCH ﬁ - 40 = 0,4x T, a «4uc-

Toro» Merasia oyzer (40 — 0,4x) T. B 20 T BeIJIaBJIEHHOrO MeTAJJIa
«4HCTOro» MeTrajia cogepxxkurca 94%, T. e. 0,94 - 20 = 18,8 T. 9ro-
ro «4MCTOro» METAaJLIa M B pyJe, U B BHIILUIABJIEHHOM MeTaJljle OXHO
U TO JKe KoiamdecTBo. 3Hauurt, 40 — 0,4x = 18,8, oTkyZna Haxogum
x = H3.

OTBerT: B pyae 53 % npumeceii.

§ 6. KOOPAMHATHAS NMPAMAS

B koHIe § 3 MBI roBOpUJIM, YTO HYXHO yMETh CBOGOAHO
epexoAuTh OT OLHOTO BH/la MATEMATHUYECKOM MOJEIH K JPYTrOMY, BbI-
6upaTs TO, uTO yAOOHee. B 3T0ii CBA3M BechbMa I10JIe3HA U3BECTHAA BaM
U3 Kypca MaTeMaTHKH 5—6-ro kiaccos Taxkasa rpagpuyeckas Mozeib,
KaK KOOpDAMHATHAA IIpAMad.
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Puc. 4

IIpsamyio I, Ha KOoTOpOi BhIOpaHa HavYajbHasA Touka O (HauaJo oT-
cueTra), MaciITab (eIUHUYHEII OTPE30K, T. €. OTPE30K, JAJIHHA KOTOPO-
ro CUMTAETCS PaBHOM 1) M MOJIOXKHUTEJIbHOE HAIllpaBJeHHe, Ha3bIBAIOT
KOOPAMHATHOM NPAMON MJIM KOOPDAMHATHOH OChIO (puc. 4); ymorpe-
GJIAIOT TAKXKe TePMUH «OCh X» («OChb J», «OCh 2» U T. I.).

KaxIoMy 4HCJIy COOTBETCTBYET €INHCTBEHHAA TOYKA KOODAHHAT-
Hoit npamoii. Hanpumep, uucay 4,5 coorBercTByeT Touka M (puc. 5),
KOTOpas yAajleHa OT Hayvajla OTCYeTa, T. €. OT TOuKH O, Ha paccrosn-
HUe, paBHOe 4,5 (B 3ajaHHOM MaciuTabe), ¥ OTJIOKeHa OT TOYKHU O
B 3aJ]JaHHOM (IIOJIO’KUTEJbHOM) HampaBjaeHuU. Yucay —4 COOTBETCTBYeT
Touka P (cM. puc. 5), koTopas yaajieHa oT To4uKH O Ha paccTOsHHUeE,
paBHOe 4, U orJ0keHa OT Touku O B OTpHUIIATETbHOM HaIpaBJIeHWUH,
T. €. B HAIIpaBJIeHUHU, IIPOTUBOIIOJIOKHOM 3aJaHHOMY.

MoXHO TOBODHUTH U O pellleHMH obpaTHOM 3amauu. Hanpumep,
Touka K, yganeHHas or Touku O Ha paccrosinue 6,4 B IOJIOMHUTENb-
HOM (3aZJaHHOM) HaIpaBJIeHNH, COOTBETCTByeT uucay 6,4, a rouka N,
yaaseHHas or Touku O Ha paccrosgHMe 2,1 B OTPHUIIATEJIHLHOM HAIpaB-
JIeHNH, COOTBeTCTBYeT uucay —2,1 (cMm. puc. 5).

YkasaHHBIe YKCJIa HA3BIBAIOT KOOPAMHATAMH COOTBETCTBYIOIUX
Touek. Tak, Ha pucyHke 5 Touka K umeer KoopauHaty 6,4; Touka
P — koopnunaty —4; Touka M — koopaunaty 4,5; Touka N — Ko-
opauHaty —2,1; Touka O — koopzaunaty 0 (gyas). OTcloza ¥ mpouc-
XOJUT Ha3BaHMe — KOOpAMHATHa#A npsamasa. O6pa3HO BHIPAXKascCh,
KOOpAVHATHAA NpAMasa — 3TO I'YCTO 3aCeJIeHHBIH JOM, MKUJIBIILI 3TOTO
AioMa — TOYKM, a KOOPAHWHATHI TOYEK — 3TO HOMepa KBapTHUp, B KO-
TOPBIX JKMBYT TOUKH-KUJIBIIHI.

M K

P N| 0 K
4l5 6,4 | X

*

-4 211 0

et ——

Puc. 5
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T T
1

4!5 6,4 | x

n—

2,1

Puc. 6

3aueM HyXHa KOOpDAWHATHas npAMasa? 3auyeM XapaKTepH30BaTh
TOYKY YHMCJIOM, & YHUCJO — Toukoi? EcTh su B 3TOM Kakaa-am6o
noss3a? lla, ecTs.

Ilyctp, HampuMep, Ha KOODAMHATHOM NPAMOI NaHBI JBe TOUKH:
A— c¢ KoopauHaToif a B — ¢ KoopauHaToil b (OGBIYHO B TaKHX
caydaAax mUInyT Kopoue: A(a), B(b)). Illycte HaM Hazo HaliTH pac-
crosgHued Mexay ToukamMu A u B. Oxka3bIBaeTCsi, BMECTO TOI'0 YTOOBI
IejlaTh TeOMeTpUYeCKne U3MepeHUs, JOCTATOUHO BOCIOJb30BAThHCHA
roTosoit ¢opmyoit p(4; B) = |a — b| (p — «po» — GykBa rpedeckoro
asndaBuTa; BpoueM, BMecTo P(A; B) MoKHO nmucaTh npocto AB).

Tak, Ha pUCYHKe 5 ©MeeM:

KM =16,4 — 4,5/ =1,9| = 1,9;
PM = |-4 — 4,5| = |-8,5| = 8,5;
PN =|-4 - (-2,1)| = |-4 + 2,1| = |-1,9/ = 1,9.
CrpeMsch K JIJAKOHUYHOCTH PACCYKAEHHWH, MAaTEeMaTHKH JOTrOBO-
PHJIKCH BMECTO IJIMHHOM hpasbl «TOYKa A KOOPDAMHATHON NmpAMOH,
UMeloIas KOODAUWHATY a», UCIOJb30BATh KOPOTKYIO Ppasy: «TOoU-
Ka a», ¥ Ha YepTeKe pacCCMaTPUBAeMYIO TOUKY 0603HaYaTh ee KOOpAU-

Hatoit. Tak, Ha pucyHke 6 m3obpakeHa KOOpAMHATHAdA IpsAMasd, Ha
KOTOpOif oTMeueHHl TouKH —4; —2,1; 0; 1; 4,5; 6,4.

IHpumep 1. Pemurs ypasHerue |x + 1| = 3.

Pemenue. |[x + 1| — 3TO ¢ reoMeTpuIeCKO# TOUKHM 3peHUSA
paccTosHUe MeXJy ToukKaMM x B —1 KoopauHaTHO#H mpsamoii. Ham
HYXHO HaliTH TaKUe TOYKHU X, KOTODbIe yJaJieHbl OT TOYKM —1 Ha
paccroauue 3. Takux Touek aBe: —4 u 2 (puc. 7). 3HaUuUT, ypaBHe-
HHe UMeeT [Ba KODHA: X; = —4, x, = 2. '

KoopanHaTHasi mpAMas JaeT HaM BO3MOXXHOCTH CBOGOJHO Iepe-
XOAUTH C ajJreOpamuyecKoro A3blKa Ha IeOMeTpHUUYECKHH M oOpaTHO.
IIycTs, Hanpumep, YKucIO a MeHbIne uucaa b. Ha aare6panueckoM
AI3BIKE 3TO 3aMMCHIBAIOT TaK: @ < b; Ha reOMETPUYECKOM A3LIKE 3TO
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o —
II_]
§

p=3

]

Puc. 7

03Ha4aeT, YTO TOYKA a PacIojioXKeHa Ha KOOPANHATHOM IIpAMOii iegee
TouKu b; IIpDH 3TOM MBI, €CJIM He OrOBOPEHO IIPOTHBHOe, OyaeM cum-
TaTh, YTO KOODAMHATHAA IpsAMasi paclojiaraeTc Ha JIUCTe Gymaru
ropu3oHTaJIbHO. BipoueM, noguepkHeM ellle pas, U anrebpamdecKkui,
1 TeOMeTPUYECKHH A3BIKM — 3TO pasiesbl OQHOTO U TOrO Ke MaTeMa-
THYECKOI'0 A3bIKa, KOTOPBIM MBI C BAMH H3y4aeM.

Ilo3HaKOMHUMCHA ele ¢ HeCKOJbKNMH 3dJIeMEeHTaMH MaTeMaTude-
CKOrO S3BbIKa, KOTOphIe CBA3AHBI C KOOPAWHATHOM IIPAMOIA.

1. IIycTh Ha KOOPAUMHATHON IPSAMOH OTMedYeHa TOUKa a. PaccMoT-
pUM BCe TOYKH, KOTOPHIE JIeKAT Ha IPSAMOIl mpaBee TOYKH @, U OTMe-
THM COOTBETCTBYIOIIYIO YacTh KOOPAHMHATHON NPAMOH IITPUXOBKOH
(puc. 8). 3TO MHOMKECTBO TOUeK (UMceJ) Ha3bIBAIOT OTKPBITHBIM JIy90M
u 0603HayalT (a; +°°), rae 3HaAK +00 YHUTAIOT TaK: «ILJIIOC OECKOHeu-
HOCTBb»; OHO XapaKTepHU3yeTCs HepaBeHCTBOM X > a (IIoh X IOHHMA-
eTcsa Jobad TOUKa Jyda).

Ob0paTuTe BHUMaHNE: TOUKA @ OTKPBITOMY JIYy4y He IDUHAJIEIKUT.
Ecam jxe 3Ty TOUKY HaJ0 IPUCOEJMHUTH K OTKPHLITOMY JIy4y, TO IIH-
HIyT X 2 a uiau [a; +°°) (mepex a CTaBAT He KPYIVIYIO, a KBapaTHYIO
CKOOKY), a Ha yepTe)Ke TAKYI0 TOYKY 0003HAUAIOT He CBETJBIM, KaK
Ha pUCYHKe 8, a 3aKpallleHHbBIM KpYXKoM (puc. 9).

Ecau npo mHOMecTBO TOouek (a; +°°) rosopsr, ad“““““““““ x'
YTO 3TO — OTKPHITBHIA JIy4, TO Iiada [a; +°°) ymo-
TpebiAT TepMHUH ayd (6e3 IpuUIaraTeJbHOTO «OT- Puc. 8
KDBITBIH » ).

2. ITycth Ha KOODAWHATHOH HPAMOM OTMedYeHa g x

Touka b. PacCMOTPMM BCe TOYKH, KOTODBIE JiesKaT —S$HLLiiiop
Ha NpsAMOii ieBee TOYKHU b, 1 OTMETUM COOTBETCTBY-

IOIIYI0 YacTh KOOPAUHATHON NPAMOH IMITPUXOBKOMH Puc. 9
(puc. 10). Oro MHOMeCTBO TOUEK (YHCeT) TaKXKe Ha-

3bIBAIOT OMKPbLMbIM LY4OM U 0003HAUAIOT (—°; b), mm:mtb x'
T'lle 3HaK —OO YUTAIOT TaK: «MUHYC 6ECKOHEYHOCTb» .

Ono xapakrepusyercs HepaBeHCTBOM x < b. Puc. 10

2 Anre6pa, 7 kn. ul. 33
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m——

b x
Pue. 11
a b x
Puc. 12
a b x
Puc. 13

CHoBa o0OpaijaeM Ballle BHUMaHHE Ha TO, YTO
TOYKA b OTKPBHITOMY JIyuy He IpHHajjIexuTr. Ecau
JKe MBI 9Ty TOYKY XOTHUM IDHUCOEIMHHUTH K OTKDHI-
TOMY Jy4y, TO OyzaeM nucath ¥ < b miau (—o°; b] u
Ha uyepreke TOUKy b 3akpamuBath (puc. 11); ansa
(—°°; b] Takxke OymeM ynoTpeONATH TEPMUH JLYY.

3. IlycTh Ha KOOPAWHATHOM NPSAMOM OTMEYEHBI
TOuYKHU a u b, mpuuem a < b (T.e. TOUKa a pacmoyo-
JKeHa Ha npsaMoi JieBee Touku b). PaccMoTpum Bce
TOYKH, KOTOpbIE JIeXKaT IIpaBee TOYKHU @, HO JieBee
TOYKH b; OTMETHM COOTBETCTBYIOINYIO YacTh KO-
OpAMHATHON MpPSAMO#M MITPUXOBKOH (puc. 12). 3to
MHOK€CTBO TOUYeK (4Yuces) Ha3bIBAIOT HHTEPBAJIOM

u obosnaualor (a; b). OHO xapaKTepu3yeTcs CTPOTMM ABOMHBIM Hepa-
BEHCTBOM a < x < b (mox x moHUMaeTcsa i00asi TOYKa WHTEPBAJa).

OGpature BHUMaHue: uHTepBaJ (a; b) ecTb nepeceuenue (ob6mas
YacTh) ABYX OTKPBITHIX Jydeil (—o0; b) u (a; +°°) — 3TO XOpOIIO
BHJHO Ha pUCyHKe 13.

Ecau x nHTepBany (a; b) 106aBUTh ero KOHIEI, T. €. TOYKKU a U b,
TO MOJIYYUTCS OTpe3okK [a; b] (puc. 14), KOTOpBIH XapaKTepHU3yeTcsa
HeCTPOI'MM JBOMHBIM HepaBeHCTBOM a < x < b. OOpaTuTe BHUMaHUe:

a b x
Puc. 14
a b «x
Puc. 15
a b «x
Puc. 16
a b «x
Puc. 17
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B 0003HAaYEHUHU OTpe3Ka HCIIOJB3YIOT HE KDPYTJble
CKOOKM, KaK 3TO ObLIO B 0003HaUeHUU HHTepBaJja,
a KBaJpaTHbIe; Ha 4YepTesKe TOYKU a U b OTMeUeHEH!
TeMHBIMH KPY2KKaMH, a He CBEeTJBLIMH, KaK 3TO
OBLJIO B cJIyuae MHTepBaJia.

Orpesok [a; b] ecTs mepeceueHue (00IIaA YaCTh)
IByX Jgyudeit (—o°; b] u [a; +°°) — 3TO XOpPOIIO BUA-
HO Ha puCyHKe 15.

A d4TO monyuuTrcs, ecau K uHTepBany (a; b)
I00aBUTh TOJIBKO OJWH KOHeI — TOJbKO TOUYKY a
(puc. 16) uau Tonbko Touky b (puc. 17)? Iloay-
YUTCHA NMOJYMHTEPBAJ, KOTODHINL B IIepPBOM CJIy-
yae o6o3HauawrT [a; b), a Bo BropoMm — (a; bl n
KOTOpPHIN XapaKTepu3yeTcs ¢ IMMOMOIIbIO ABOMHBIX
HepaBeHCTB: a < x < b — B mepBOM cJayuae,
a < x < b — BO BTOpPOM.

WUrak, MBI BBEeJIX IATH HOBBIX JJIA BAC TEPMUHOB
MaTeMaTUYeCKOro A3bIKa: JIyY, OTKPBITHIHA JIyd,
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MHTEPBaJ, OTPE30K, moayuHTepBai (cM. Tab6a.). Ecte u obmuii Tep-
MHH: YHCJIOBBIE IIPOMEKYTKH.

CaMa KOOpAWHATHadA NpAMas TaKKe CYUTAeTCA YHUCJIOBBIM IIPO-
MEXYTKOM; I Hee MCIOJb3YIOT 0603HaueHue (—00; +00),

CBogHasa Ta6GaMNa YHCIOBBIX IIPOMEKYTKOB

I‘eome'rpnqeclcas O6o3Havenne Ha3saane 9YHCJI0BOro | AHaJHTHIECKas
Moae b H " TIIPOMEXRYTKa MoaeJb
x o
_Q‘W (a; +00) OTKPHITBEIN Jy4 x>a
x
juwuw.uu; [a; +o0) ay4 x=>a
.Anmmmg___'; (—0; b) OTKPRITHIH JIyY x<b
ALY, x’ (—00; b] Jayd xX<b
gmmg '; (a; b) MHTEpPBaJ a<x<b
t\\\\\\ltJ i [a; bl OTpe30K a<x<b
—awmg_x» [a; b) TIOJIYMHTEPBAaJ a<x<b
abmmb‘ x’ (a; b] IIOJIYHHTEPBAaJI a<x<b

IIpumep 2. YueHHUK COCTABUJI MHOMKECTBO YHCEJI, IPEACTABIIAIO-
mux co6oii MOIapHO pas3jauYHbIe IPOU3BEJeHNs IBYX MHOXUTeNEH a
H ¢, Tle @ — HaTypaJbHOe 4Yucjao U3 uHTepBajia (3; 7), a ¢ — HaTy-
panbHOe ymucyo u3 orpeska [8; 12]. CayuaiitHbiM 06pa3oM OH BeIOMpa-
€T IIPOM3BOJILHEIM 3JIEMEHT aC COCTAaBJIEHHOI'0 YMCJIOBOI'0O MHOYKECTBA.
KakoBa BepoATHOCTB TOTO, YTO ac AeJuTcA Ha 9?

Pemeunue. B unrepnane (3; 7) uMeerca TpH HaATypaJbHBIX
yucyaa: 4, 5, 6; B orpeske [8; 12] — naTe HaTypaJbHBEIX 4YHuces: 8,
9,10, 11, 12. 3gauuT, BCero MOXKHO COCTaBUTh 15 map umces BUAA
(a; ¢). Ho cpenu mpousBefeHHMil umces, BXOAAIMX B Iapy, e€CTh
onuHakoBble: 410 =5:8;4:-12=6-8; 5-12 = 6 - 10. Pazanu-
HBIX mpou3BezeHuil Bcero 12. Ha 9 gensaTcA Takue Mpou3BeNeHUA:
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1 . II MATEMATUHECKUA A3blK. MATEMATUYHECKAS MOJESb

5:9;6-9;6 12 — ux Bcero uersipe. VickoMas BepOSATHOCTD

1 @
12 3

pumep 3. Ha KoopauHATHON NpAMOHN B3ATHl TPU TOUYKH:

), B(%J’ 0(317 ) K kaxkoii us Touek A, B 6nmxe Touxa C?

|
B C A x
Puc. 18
Pemenune. UmeemMm: 1 2.2 2

=2, 2 <2< i, 3Hauut, Touxka C
7 7475 T4 73
pacmoJiaraeTcd Ha KOOPAMHATHON NpAMOiM MeKAy ToukaMu A u B

(puc. 18). Haitgem paccrosrusa BC u CA: BC = % - 7—25 = ———74?75;
ca-2_2__2

- 2 2 .
73 74 73'74- HOCKOJIBKY m < 74'73, AeJiaeM BBIBOA:

Touka C pacmosiaraercss 6;1uxe K Touke B. (]
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JNIMHEMHAS DYHKLMS
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§ 7. KoopamnHarHas nnockocTte

§ 8. JluHesiHoe ypaBHeHue C ABYMS NepeMeHHbIMH
u ero rpagpmk

§ 9. JluHesiHas pyHKUMA M ee rpamk

§10. B3anmHoe pacnonoxeHme rpadMKoOB NMHEHHbIX
byHKUMH

§ 7. KOOPAMHATHAS NNOCKOCTb

Ha xoopAMHATHOM NIPAMOM «IPOIMCAHBI» TOYKHA — «KUJIb-
IbI», Y KaXKJ0¥ TOYKHM eCTh CBOM «HOMep AOMa» — ee KOOpAuHaTa.
Ecnu e Touka GepeTcs B INIOCKOCTH, TO IJIA €€ «IIPOIMMCKHN» HYXKHO
yKa3bIBaTh He TOJBKO «HOMeEp JoMa», HO U «HOMep KBapTupbl». Ha-
IIOMHHUM, KaK 3TO JeJIaeTcH.

IIpoBeseM aBe B3aMMHO HNEepHEHAUKYJISPHbIE KOOPAMHATHBIE
npAMbIe M OyJeM CUMTaTh HayaJlOM OTcYeTa Ha 00eMX NPSAMBIX TOY-
Ky UX nepecedeHms — To4Ky O. TeM caMbIM Ha IJIOCKOCTH 3ajjaHa
MPAMOYTOJIbHAA CHCTeMa KoopauHAT (puc. 19), Koropas nmpeBpamiaet
OGBIYHYIO IJIOCKOCTh B KOOPAMHATHYIO. Touky O Ha3bIBaIOT HAYAJIOM
KOOPAMHAT, KOOPAUHATHBIE IPAMBIE (OCh X U OCh YJ) HA3HIBAIOT OCAMM
KOOpPAHHAT, a IpAMbIe YIJIbl, 06pa3soBaHHbIE OCAMM KOODAMHAT, Ha3bl-
BaIOT KOOPAMHATHBIMHM yriaamMu. KoopauHaTHBIE YIJiIbI HYMEPYIOT TaK,
Kak IIOKas3aHO Ha pUCYHKe 19.

A Teneps obpaTumcsa K pucyHky 20, rae nsobparxkeHa NpAMO-
yroJibHasl CHCTeMa KOOpAUHAT U oTMedeHa Touka M. IIpoBeneM uepes
Touky M npsiMyio, nmapajiieinbHyio ocH y. IIpsimMasa nmepecexkaeT och X
B HEKOTOpPOM TOYKe, Yy 3TOH TOYKH eCTh KOOpAHMHATA Ha OcH X (AjIsA
TOYKM, N300pakeHHOM Ha pucyHKe 20, aTa KoopauHaTa paBHa —1,5),
€e HasbIBalOT adcuuccoit Toukn M. [lanee mpoBeaeM uepe3 TOUKy M
IpAMYI0, MapajieJbHyIo ocu x. [Ipsimasa nmepecekaeT och Y B HEKOTO-
Poii Touke, y TOI TOUKHM eCTh KOOpPAMHATA — Ha OCH Y (I TOUKH
M, uzobpaskennoii Ha pucynke 20, aTa KOOpAMHATa paBHa 2), ee
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2. |I JMHEMHAS dYHKUMS

ys y4 | [y4
M 2 M 9
&
1 1 ! 1 1
[9) 1 | x! L1'5] |O x -1,5| |O 1 |x
111 1V
Puc. 19 Puc. 20 Puc. 21

Ha3bIBAIOT opauHATOMH Touku M. Koporko mumyt tak: M (x; y) (ansa
Touku Ha pucyHke 20 umeem M(—1,5; 2)). AGciuccy 3anMChIBAIOT Ha
IIepBOM MecTe, OPAUHATY — Ha BTOPOM.

3amevwanue 1. Ha npakTuke Ias OTHICKAHUS KOOPAUHAT TOY-
KU M OOBIYHO BMECTO IPAMBIX, Iapa/UIeJIbHBIX OCAM KOOpDAWHAT M
OPOXOAAIIMNX UYepe3 TOUKY M, CTPOAT OTPE3KH 3TUX IPAMBIX OT TOUKH
M 5o oceit koopauHar (puc. 21).

3amevanue 2. B npeapigyimeM naparpacge Mbl BBeJIM pa3Hbie
0003HAUYEHUA JJIS YUCJIOBBIX IIPOMEXKYTKOB. B 4acTHOCTH, KaK MBI
YCJIOBHJINCH, 3amUCh (3; D) 03HAUaeT, 4YTO Ha KOOPAMHATHON IIPAMOM
paccMaTpUBaeTcA MHTEpPBaJ C KOHIIaMHM B Toukax 3 u 5. B Hacros-
meM »Ke naparpade mapy 4yuceJ Mbl pacCMaTpHUBaeM KaK KOOPAMHATHI
TOYKH; HApuMep, (3; 5) — 3TO TOUKA HA KOOPAMHATHOM IJIOCKOCTH C
abcruccoii 3 u opauHaToif 5. Kak e mpaBMJIbHO 110 CHMBOJIMYECKOMH
3aMKCHU OmpeNeJUTh, O YeM MJEeT pedb: 00 MHTepBaJjie MJIN O KOOpAHU-
HaTtax TO4KU? OGBIYHO 3TO GLIBAET SICHO M3 KOHTEKCTA.

YuuthsiBas BBeJleHHbIEe TEPMUHBI 1 0003HAYEHUA, TOPU3OHTAJIIbHYIO
KOODAMHATHYIO IPAMYIO Ha3bIBalOT OCHI0 afCI[MCC MJIH OCBIO X, a Bep-
THKAIBHYI0 KOODAUHATHYIO IPSIMYI0 — OCBI0 OPAMHAT UJIH OCHIO Y.
O6o3HauyeHUsa X, Y UCIOJIb3YIOT OOBIYHO IIpM 3aJaHUM Ha IJIOCKOCTH
IPSAMOYTIOJIBHOM cHCTeMbl KoopAHHAT (cM. puc. 19) u yacTo rosopsar
TaK: faHa cuctemMa KoopauHaT xOy. BnpoueMm, BCTpedaroTCs U Apyrue

o0o3HaueHNs, HalIpuMep, Ha PUCYHKe 22 3ajaHa CHCTeMa KOOpAMHAT
tOs.
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2. II JUHEMHAS dYHKUMS
—

AJTOpPHTM OTBICKAHMSA KOOPAHMHAT TOUKH M,
3a/laHHOM B cucTeMe KoopauHAT Xx0Y

1. IIpoBecT: yepe3 ToUKy M MpAMYIO, IapajjieJbHYIO OCH Y, ¥ Hali-
TH KOODAVWHATY TOYKM IIepece4eHMUs 3TOH IPAMOI C OCBIO X —
aTo Gyger abcuucca Touku M.

2. IIpoBecTu yepes Touky M npAMYIo, NapajjIeIbHYIO OCH X, U Hal-
TH KOOPAWHATY TOYKH MepeceYeHUA ITOM IPSAMOM C OChIO Y —
3T0 OyZeT opAMHATA TOUKH M.

J

WMeHHO TaK MBI U JAeHCTBOBAJIM, HAXOAA KOODAMHATHI TOUKH M
Ha pucyHke 20.

Ecnu Touxka M,(x; y) IpuHaANEXUT NIepBOMY KOODAUHATHOMY
yray, To x > 0, y > 0; ecnu Touka M,(x; y) NIPUHAAJIEKUT BTOPOMY
KOODAMHATHOMY yray, To x < 0, y > 0; ecanu Touka My(x; y) npuHajg-
JIEXKHUT TPEeTheMy KOOPAWHATHOMY yriy, To X < 0, y < 0; ecau Touka
M (x; y) IPUHAAJIEKUT YeTBEPTOMY KOODAMHATHOMY yray, To x > 0,
y < 0 (puc. 23).

A uyro OyaeT, ecJid TOUKa, KOOPDANHATHE KOTOPOH Haao HaiiTH, Je-
JKHUT Ha OLHOM M3 oceit koopauHat? IlycTh TOUKA A JIEIKUT Ha OCH X,
a Touka B — Ha ocu y (puc. 24). IIpoBoauTh uepes TOUKY A IpAMYIO,
napajIeJJbHYI0 OCH Y, ¥ HaXOAUTh TOUKY IepecedeHUdA 3TOM npAMoit
C OChI0 X He MMeeT CMBICJIa, IOCKOJIbKY TaKas TOYKa IepecedeHus
yKe ecTh — 3TO TO4YKa A, ee KoopauHara (a6cmucca) paBHa 3. TouHO
TaK JKe He HYXHO ITPOBOJUTH UYepe3 TOUKY A NPAMYIO, Mapajjiesib-
HYIO OCH X: caMa OCh X IepeceKkaeT och y B Touke O ¢ KOOpDAUHATOH

SA ya yA
x<0, 4M1
1 Jy>0) x>0y
QIMZ 1 y>0) 1
+ £
[0) 1 [t <00 M, % o[ 1 [3 [x
<0) (>0, ~1,5¢ B
A y<0)
] 1] [
Puc. 22 Puc. 23 Puc. 24
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2. |I JMHEAHAS OYHKLIMS

(opaunaroii) 0. B urore ansa rouxu A monyuyaem A(3; 0). AHATOTHUUHO
nns Toukn B nmonyuaem B(0; —1,5). A gns Touku O umeem O(0; 0).

Boob6irge m06asi Touka Ha OCH X MMeeT KoopauHaThl (x; 0), a n06as
TOYKA Ha OCH Y — KoopauHaThl (0; y).

HWrak, Kak HaXOAUTh KOOPAWHATHI TOYKM B KOODAMHATHOM ILIOC-
KOCTH, MBI oOCcyauau. A Kak peuiaTh o0OpaTHYIO 3ajady, T. €. Kak,
3a/laB KOOPAMHATHI, MOCTPOUTH COOTBETCTBYIOINYI0 TOUKY? YTOGH
BhIpa0oTaTh aJrOPUTM, MIPOBEAEeM JBa BCIOMOraTeJabHBIX, HO B TO e
BpeMA BaXXHBIX PacCCYXKIeHUA.

vt ITepeoe paccyacdenue. Ilycte B cucreme Ko-
6 M, opauHat xOy npoBefeHa npaAMad [, mapajieasHas
OCH J M IepeceKalomas OCb X B TOYKe ¢ KOOpAH-
HaToi (abciuccoit) 4 (puc. 25). JIro6aa Touka, Je-
JKamias Ha 3TOd npsamoi, nuMeer abenuccy 4. Tak,
nis touex My, M,, M; umeem M,(4; 3), M,(4; 6),
y) M,(4; —2). UpiMu cioBamMu, abcmucca ao6oi
0 P TOYKH M npsamoii | ynosiieTBOpsieT YCIOBUIO X = 4.
C M, Ecan ke B3ATH TOYKY, He JeKaIyI0 HA 3TOM IpA-
‘ZI IRE Mo, To ee abcnucca 6ygetr oranuHa ot 4. 'oBopsAr,
4To X = 4 — YypasHeHue npamoil l unm yto npamasn l
Puc. 25 (u moavko ona ) ydosremeopsem ypasHeHuo x = 4.

e

Ha pucyuke 26 m3o0paskeHBbI IpAMEbIe, YAOBJIETBOPSOIAE YpaB-
HeHUsaM x = —4 (upawmasa l,), x = —1 (upamasa l,), x = 3,5 (upamasn
l;). A kakas npsiMas yaoBiaerBopsier ypaBHeHuIo x = 0?7 [loraganuce?
Ocs y.

Bmopoe paccyncdenue. Ilycts B cucreMe kKoopauHaT xOy nmpose-
JIeHa npsamMad l, napajienpHasi OCH X U llepeceKalnas och J B TOUKe
¢ KoopauHaToii (opauHaToi) 3 (puc. 27). JIo6as Touka, Jexxamniasa Ha
aroii npaMoii, umeer opauHary 3. Tak, nna rouek M,, M,, M ; umeem:
M,(0; 3), M,(4; 3), My(—2; 3). UusIMu croBaMH, OpAUHAaTa JI060MH
TouKu M upsamoit | ynoBaersopsier ycioBuio y = 3. Ecan ke B3ATH
TOUYKY, He JIeXKAIIYIO Ha 3TO# IPAMOIi, TO ee OpAUHATA OyAET OTJIMUYHA
ot 3. 'oBopAT, uto y = 3 — ypasHeHue npamoil | unu 4ro npamas l
(u moavko ona ) ydosremaopsem YypasHenuio y = 3.

Ha pucynke 28 mzobGpakeHbl psAMbIe, YAOBJIETBOPAIINNE ypaB-
HeHMAM y = —4 (upamasd l,), y = —1 (upamasa l,), y = 3,5 (upamas [;).
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2. “ JUHEMHAS dYHKUUS

ya y4 ys
. 1]
B —Q K |
P l ]Vr3 lwl 3 A[z 3)'-’ Yy 3,5
1
1 1 ol
R o] 1 x
C4] r1]o 3.5] [x -2 0] 1 4 x 1] [y=71]1,
4 ly I
| 4] ly=T14[4
Puc. 26 Puc. 27 Puc. 28

A xakas npsMasi ygoBieTBopsAeT ypaBHeHuio y = 0? IMoraganuch?
Ocs x.

3aMeTHUM, UTO MaTeMaTHMKHU, CTPEMSACH K KPAaTKOCTH pe4u, I'OBO-
PAT «OpsaMadg X = 4», a He «IpsAMasd, YAOBJETBOPAIONIas YPaBHEHUIO
x = 4». AHaJIOTMYHO OHM T'OBOPAT «IpsAMafA y = 3», a He «IpAMasd,
yAOBJETBOpAIOLIaA ypaBHEHHNIO Yy = 3». MBI GyAieM mocTynaTh TOYHO
TaK XKe.

BepueMmca Tenepps k pucyHky 20. O6parure BHUMaHWe, YTO TOY-
ka M(-1,5; 2), xoTopassi TaM u300paKeHa, €CTh TOUYKA IepPeCceYeHUA

npamoit x = —1,5 u npamoit y = 2. Teneps, BUAUMO, GyAET MOHATEH
aJTOPUTM IOCTPOEHUA TOYKM IO 3aJaHHBIM €e KOOpAWHATAM.
4 N

AaropuTm rioctpoenus Touxku M(a; b)
B IPAMOYTOJILHOM cucTeme Koopauaat xOy

1. ITocTpouTh NpAMYIO X = @.
2. TTocTpouts npamMyio y = b. .
3. HaiiTu TOUKY mepece4eHMs IOCTPOEHHBIX NMPAMBIX — 3TO U
6yner Touka M(a; b).
AN _J

IIpumep 1. B cucreme koopauaar xOy HOCTPOUTH TOUKH:
A(1; 3), B(-2; 1), C(4; 0), D(0; -3).

Pemenune. Touka A ecTh TOYKa mepeceueHUs NPAMBIX X = 1 u
Y = 3. Touka B ecTh TOYKa IepeceyeHus NPpAMHX x = -2 u y = 1.
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yll
B C
i M
7% 3 P —M5 ~
Al | Al, D
3 y=3 11z
y=1 |B 0ol, R
¢ 11 x
—=2/of] 11 4 |x ,
x=-2 V4
73¢D Mz My
Puc. 29 Puc. 30

Touka C mpuHALJIEKUT OCH X, a Touka D — ocu y (puc. 29). ()

BnepBhle IpAMOYroJbHYIO CHCTEMY KOODAMHAT HA HJIOCKOCTH
cTaJl akTUBHO MCHOJIL30BaTh (hpaHLy3ckuii domiocod Pene exaprt
(1596—1650) gna pemieENs reoMeTPpUUYECKHUX 3ajau ajrebpamue-
CKHMHM MeTOoZaMM M, 00paTHO, AJIST 3aMEHHI ajiredpanyecKux MopeJseit
reomerpuuyeckumu. I10oaToMy MHOTZA TOBOPAT: «AEKapTOBa CHCTEMAa
KOOPAMHAT», «AEKAPTOBBI KOODAMHATHI».

IIpumep 2. Ha KoOpAMHATHOM IJIOCKOCTH IOCTPOEH YEThIpEX-
yroasHUK ABCD c BepmmHaMu B Toukax A(2; 3), B(2; 5), C(6; 5),
D(6; 3). NImaroHanu 4YeThIpEXyroJIbHUKA IepeceKaloTcaA B Touke M.
HaiitTy niomaap U MepUMETDP YETHIPEXYroJbHUKA, a TaKyKe KOOpAM-
HaThl TOYKM M, CHMMEeTpHUYHOMH Touke M OTHOCHTEJIbHO ocH abcuuce,
KOOPAMHATHI TOYKN M,, CHMMeTPUYHON TOuKe M OTHOCHTEJBHHO OCH
OPAYHAT, ¥ KOOPDAMHATEI TOYKM M;, CHMMETPHUYHOH Touke M OTHO-
CHTEJbHO Havajla KOOPAUHAT.

Pemenne. Yernipexyronbauk ABCD un3o0pakeH Ha pHCYH-
Ke 30; 3TOo IpAMOYroJLHHK, €r0 CTOPOHBI PaBHH 4 M 2, miomans 8,
nepuMeTtp 12, quaroHajm nepecexkaiorca B Touke M(4; 4).

Herpysso HaiiTM KOODAMHATH BCEX TPEX MHTEPECYIOIIMX HAC
TOYEK:

M,(4; —4), My(—4; 4), M3(—4; —4). @
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2. ‘l JUHEMHAS dYHKUUS

§ 8. NMHEMHOE YPABHEHME C ABYMS
NEPEMEHHBIMM M EFO TPADMK

B riaBe 1 MBI BHZEJHN, YTO MAaTEMaTHYECKON MOJEJBIO DealbHOM
CHUTYyallM! MOYKEeT CIYXXWUTh JINHEeilHOe YpaBHEHHE C OJHOM IepeMeHHO
WX ypaBHEHHe, KOTOpPOe Iocje nmpeoGpa3oBaHUil CBOAUTCA K JIMHE-
HOMY. A Tellepb PaCCMOTPHUM TaKyI0 PEAJBHYIO CHUTYaIHIO.

M3 ropogoB A u B, paccroaHue MexAy KortopbiMu 500 KM, Ha-
BCTPeYYy APYT APYTY BHIIILUIXA JBa II0e3Ja, KaKABIA CO CBOeH IOCTOAH-
HOM cKoOpocThio. I3BECTHO, UTO IEePBHIil HOE3A BHIIIEN Ha 2 Y paHBIIe
proporo. Yepea 3 u mocJie BEIX0Za BTOPOTO I0€37a OHU BCTPETUJIUCE.
Yemy paBHBI CKOPOCTH IO€3L0B?

CocTaBNM MaTeMaTHYeCKYyI0 Mozenb 3agauu. IIycTes x KM/u —
CKOPOCTh IIE€PBOro moe3za, Yy KM/4 — CKOpOCTh BToporo moesza. Ilep-
BHIH OBLI B myTH 5 4 ¥, 3HAYUT, MpOIIeJ NyTh 5x KM. Bropoii moess
6b11 B myTH 3 4, T. €. mpomea nyTh 3y KM. VIx BcTpeda mpom3oIia
B nyHKTe C.

Ha pucynke 31 npeacraBiieHa reoMeTpUYecKasi MOJEJb CUTYaI[HH.
Ha anrebpanueckoM si3bIKe €e MOXKHO ONKCATh TaK:

5x + 3y = 500

nian
5x + 3y — 500 = 0.

Takyio MaTeMaTHYECKYIO MOJeJ b Ha3hbIBalOT JIMHEHHBIM ypaBHEHHUEM
¢ ABYyMs IIepEMEHHBIMH X, Y.
Boobiie

ax +by+c=0,

rge a, b, ¢ — uncnaa (ko3puNeHTH) — JUHEHHOE YPAaBHEHHE C IBY-
MdA IMepeMeHHBIMH X M Y (WUJIN ¢ AByMA HEU3BECTHBIMHU X U V).
BepaeMmca k ypaBHeHMi0 5x + 3y = 500. 3ameuaem, 4TO ecym
x =40,y =100, T0 5-40 + 3100 = 500 — BepHOE paBEHCTBO. 3HA-
4YHUT, OTBET Ha BOIPOC 3aJauM MOXKET OBITh TAKMM: CKOPOCTH II€pBO-
ro nmoesxa 40 KM/4, CKOPOCTb BTOPOTO
noesga 100 km/u. Ilapy uncen x = 40, A 5x c 3y
Yy = 100 Ha3BIBAIOT peweHuem YypasHe-
Hua 5x + 3y = 500. I'oBopAT TakXke,
uTo napa 3HaueHmit (40; 100) ydosrem-
eéopsem ypaernernuto 5x + 3y = 500. Puc. 31

B

500 kM
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2. lI JTMHEMHAS dYHKUMS

HaiinenHoe pemleHre He efNHCTBEHHOE. B caMoM Jesie, BO3MOYXKEH
¥ Takoil BapuaHT: x = 64, y = 60; geiicTBurensHo, 5° 64 + 360 =
= 500 — BepHOe paBeHCTBO. Y Takoit: x = 70, y = 50 (HOCKOIBKY
5-70 + 3:-50 = 500 — BepHOE PaBEHCTBO).

A BoT, cKaxxeM, napa uuces x = 80, y = 60 peuieHreM ypaBHEHUA
He ABJIAETCA, NOCKOJbKY IIPU 9THUX 3HAUYEHUAX BEPHOI'O PaBEHCTBa He
noayuaercsa: 5- 80 + 360 # 500.

Boo6ie pemennem ypaBHeEuda ax + by + ¢ = 0 HaswsIBaloT BCA-
KyI0 mapy uuces (x; y), KoTopas yAOBJIETBOPAET 3TOMY ypPaBHEHHUIO,
T. €. obpamjaeT paBeHCTBO C nepeMeHHEIMU ax + by + ¢ = 0 B BepHOE
YHCJIOBOE PAaBEHCTBO.

3amevwanue. Bepaemca eie pa3 K ypaBHeHHI0 5x + 3y = 500,
MOJIy4eHHOMY B PACCMOTPEHHOI BhImIe 3agave. Cpegu 6eCKOHEYHOTO
MHOJKECTBa ero pelleHuil MMeroTcd, Hampumep, u takme: x = 100,
y = 0 (B camom pene, 5100 + 3-0 = 500 — BepHOe YUCJIOBOE
paBeHcTBO); x = 118, y = —30 (rak kak 5-118 + 3-(-30) = 500 —
BepHOEe YHKCJIOBOoe paBeHCTBO). OZHAKO, ABAAACH PELHIeHUAMH ypaB-
HEHHA, 9TH Iaphl He MOTYT CIYKUTh PeIIeHUsAMU JaHHOW 3ajayuu,
Beb CKOPOCTh Ioe3Za He MOXKeT ObITh paBHOM HyJo (TOrZa OoH He
eZleT, a CTOUT Ha MecTe); TeM Gojiee CKOPOCTh moe3xa He MOXKeT ObITh
OTPHIATEJIbHOM.

Ipumep 1°. Hysxuo cmemars 30%-it u 3% -#t pacTBOpBI mepe-
KHCH BOZOPOJA TaK, 4YTOGHI B peadyJbTare noaydmics 12% -it pacTeop.
B KaKoOM OTHOIIIEHMH HAJ0 B3ATH MMEIOIHEeCHd PacTBOPHI?

Pemenue. Ilepsuiit atran. Cocmasnrenue mamemamuieckoll
Mmodenu.

IIpeamonoskum, uro B3aam x r 30 % -ro pactBopa u y r 3% -ro
pacTtBopa. B Gojiee HacHIIIEHHOM pPacTBOpE YMCTOM ePEeKUCH BOJOPOJA
cogepsxkurca 0,3x r, a B MmeHee HachlmenHoM — 0,03y r. Becero nocie
cmemuBaHuA noayvaerca (0,3x + 0,03y) r uucToil mepeKnUcU BOJO-
pozaa. I'me ona Haxogurca? OHa HaXOAUTCS B HOBOM pacTBOpe, Macca
KoToporo paBHa (x + y) r, u cocraBiaser Tam 12 %, 1. e. 0,12(x + y) r.
B urore nosiyuaeMm cieayioliee ypaBHeHHE:

0,3x + 0,03y = 0,12(x + y).
MaremaTnuecKkass MOAEeJb COCTaBJIEHA.

* [Ipamep 3aumcTBoBaH n3 KHuru f1. . Ilepensmana «3anmmaresbHas anrebpas
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Bropoii sran. Pa6oma ¢ cocmasnernnoit modenvio.
ITocnemoBaTesIbHO MOJyYaeM:
0,3x + 0,03y = 0,12x + 0,12y;
0,18x = 0,09y;
y = 2x.

Tpetuit araun. Omeem Ha onpoc 3adayu.

OH ¢daKTHUEeCKHN y)Ke IIOJIydeH: PaBE€HCTBO Y = 2Xx O3HAYaeT, 4YTO
3% -ro pacTBopa HepeKNCH BOAOPOJA CJIEAyeT B3sITh POBHO B 2 pasa
6onbire, ueM 30% -ro pacTBOpa. ]

IIpumep 2. IIyHKT B pacnojioykeH HMKE OYHKTa A 110 TEUEHHUIO
peku. Karep mpoxoaur nyTts ot A o B 3a 5,5 u, a o6paTHO — 3a
7 u 15 MmuH. MOXXHO JIM yTBEPKIAATh, YTO COOCTBEHHAsA CKOPOCThH Ka-
Tepa (CKOPOCTH B cTOAYel Boje) Gojiee ueM B 7 pas3 IpPEBBHILIIAET CKO-
POCTBb Te€YE€HUS peKn?

Pemenue. IlepBuiit aran. Cocmasnernue mamemamuieckoil
Modenu.

IIycrs x kM/4 — cobcTBeHHasi CKOPOCTh KaTepa, Yy KM/4 — CKO-
pocTh TeueHUsI peKku. Is A B B mo TeuyeHHNIO PEKH KaTep MIAET CO
ckopocThio (x + y) KM/4, a 06paTHO — IPOTHB TEUYEHUS PEKH — CO
ckopocThio (x — y) km/4. Tyna oH uger 5,5 4 1 3a 3T0 BpeMsI IPOXOLHAT
nyTh, paBHBIA 5,5(x + y) kM. O6paTrHO OH uzer 7,25 4 u 3a 3TO Bpe-
MA OPOXOAUT MyTh, paBHBIA 7,25(x — y) KM. OTH OYTH, €CTECTBEHHO,
OJWHAKOBHI, 3HAUUT, IOJydaeM ypaBHeHHE 5,5(x + y) = 7,25(x — y).

Bropoit stan. Paboma ¢ cocmagnenHoil modenvio.

ITociepoBaTenbHO MOJydaeM:

5,5(x + y) = 7,25(x — y);
5,6x + 5,5y = 7,25x — 7,25y;
5,5y + 7,25y = 7,25x — 5,5x;
12,75y = 1,75x.
VYMHOXKHUB 06e YacTH HOCJIeAHEro YpaBHEHHUA Ha 4, IMOJYyYHM

51y = Tx, 1. e. - E.
y 7
Tperuit aran. Omeem Ha 8onpoc 3adayu.

51 2 "
Hmeem - = 7?, BO CTOJIBKO pa3 CKOpPOCTh KaTepa B CTOSAYeH BoJe

6ospmie CKOPOCTH T€YE€HHUHA PEKH. 3H&‘~II¢IT, OTBET Ha BOIIPOC 3aJavH
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E— e I —

I 4y THOJIOXKUTEJIeH: COGCTBEeHHAasA CKO-
E 5 pocThb KaTepa 6oJiee ueM B 7 pas
D IPEBHINIAET CKOPOCTh TeYEeHUS

AN PeKH.
1 BA 8 Hpnmepu& N3o6pasuts
ol 12 3 2 DPellleHus TNHEHHOro ypaBHEHHUA
C AByMA NEPEMEHHBIMH X + Y —
P — 38 = 0 ToukaMy B KOOpDAMHAT-

1—3 7 Ho#t mwirockoctu x0y.

Pemenne. Ilogbepem He-
Puc. 32 CKOJIBKO DelIeHH# 3aJaHHOIO

YPaBHEHHUA, T. €. HECKOJIBKO I1ap
YyupceJs, KOTOphle YAOBJIETBOPAIT ypaBHeHHUIo: (3; 0), (2; 1), (1; 2);
(0; 3), (=25 5).

IToctpoum B kKoopamHaTHOM miuockoctu xOy Toukm A(3; 0),
B(2; 1), C(1; 2), D(0; 3), E(—2; 5) (puc. 32). O6paTuTe BHUMaHUE: BCE
9THU OATH TOYEK JIeKaT Ha ONHOI mpAMoii [, mpoBexeM ee.

T'oBopar, uro mpsaMasd | ABiasgerca zpagurom ypaéHenus x + y —
— 38 = 0, unu uro npaMasd | — zeomempuieckas modesb ypaBHEHUSA
x+y—-—3=0 (umu x + y = 3). Boobuie rpadpuxkoM ypaBHeHHA
P(x; y) = 0 Ha3BIBAIOT MHOYKECTBO BCEX TeX Touek miaockoctu xOy,
IIpH MOACTaHOBKE KOOPAMHAT KOTOPHIX B BEIpakeHue p(X; y) OHO IpH-
HUMAaeT YucjaoBoe 3HaueHHe 0.

Hraxk, ecsim mapa uuces (X; y) yAOBJIETBOPSAET YPaBHEHUIO X + Y —
— 3 = 0, To Touka M(x; y) UpHHAAJEXKUT NPAMOM l; ecom ToukKa
M(x; y) npuHaAJIeKUT OpaAMoOii [, To mapa (x; y) — pellleHNe ypaBHe-
HusA x + y — 3 = 0. Hannpuwmep, Touka P(6; —3) NpUHAAIEHKUT IPAMOIL [
(puc. 32) u napa (6; —3) — pemrenue ypaBaeHuss x +y — 3 = 0. |

ITogBeaeM mToru:

CaoBecHas Moaesb Anre6panueckas MoJedb TeomeTpHueckasa mMoxeis
CyMmMa aByx uncen |x +y =3 IIpamas | Ha pucysKe 32
paBHa 3 (1uBHeliHOE ypaBHeHHE (rpaduk nuHEHHOrO

C AByMs NepPeMEeHHBKIMU) | yDAaBHEHHS C JBYMS
mepeMeHHBIMA)
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— — — —

A kak BooO111e BHITIISIAUT rpad UK JINHEHHOrO ypaBHEeHUA ax + by +
+ ¢ = 0? PaccMOTpMM KOHKpPETHBIE CIIy4YaH.

1) Ilyctb @ = 0, b = 0, ¢ = 0. Torga ypaBHEHUe IPDUHNMAET BUJ
0:x+0-y+0=0, . e. 0=0 opn a00BIX 3HAYEHUAX X, Y. ITO 3HA-
YyuT, 4To J06as napa uucesn (x; y) ABIAETCA pelIeHUEM ypaBHEHHd, a
rpad¥K ypaBHEHUA — BCA KOOPAMHATHAS IJIOCKOCTB.

2) Ilyctb a = 0, b = 0, ¢ # 0. Torzga ypaBHEHHe HPpUHUMAET BHUJ
0:x+0:-y+c=0,r.e.c=0.9T0 He BHIIOJHIETCA HA IPHU KAKUX
3HaYEHUAX X, Y, T. €. ypaBHEHNE He NMEET pelIeHn.

3) Ilycte @ = 0, b # 0. Toraa ypaBHeHuMe npuHHUMaeT Bug 0 - x +

+by+c=0,T.e.y= -£ I'padbukoM ciry:kuT npsaMasi, apajjieib-
y b

Has ocH X, 06 9TOM MBI rOBOPUJH B § 7.

4) IIycts a # 0, b = 0. Torga ypaBHeHMe IpMHHUMAaET BUA ax +
+0:-y+c=0,r.e. x= —2. I'padukoM cay»XUT npsaMas, Dapajieib-
HadA ocH y, o6 9TOM MBI TaKKe ropopuju B § 7.

5) Ilycte a # 0, b # 0. B atom ciayuae rpadpuKoM SABIAETCA HpA-
Masi, He mapaJlleJibHasi HU OGHON M3 oceil KoopAWHAT (KaK 3To OBLIO
B npumepe 3).

BooOire cnpaBeainBa ciefyoolnas TeopeMa (AJs ee HOKasaTesb-
CTBa HY>XHBI HEKOTOpHIEe (haKThl N3 reOMETPHH, KOTOPLIX BHI IIOKAa HE
3HaerTe).

Teopema 1. Ecau xomsa 6bt 00un u3 k03gppuyuenmos a, b runei-
HO20 ypaenenusn ax + by + ¢ = 0 omauwen om nyans, mo zpapuxom
YPAGHEHUA CAYHCUM NPAMAR LUHUS.

IIpumep 4. Ilocrponts rpadpux ypaBHeHUdA 3x — 2y + 6 = 0.

Pemernue. IlogGepeM HECKOJIBKO pelIeHUI 3aJaHHOrO ypaBHe-
HUA:

1) (0; 3); B camom gese, ecnu x =0, y=3,703:-0-2-3+ 6 =
= 0 — BepHOe paBeHCTBO (B ypaBHeHMe 3x — 2y + 6 = 0 MBI moAcTa-
BusM 3HaueHudA x = 0, y = 3);

2) (—2; 0); peiicTBUTENBHO, ecau X = —2, y = 0, To 3 (—2) —
—=2-:0+ 6 = 0 — BepHOE PaBEHCTBO;

3) (2;6);ectu x =2,y=6,1703-2—-2-6 +6 =0 — BepHOE
PaBeHCTBO;
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7Y 4) (4;9) ectux=4,y=9,103-4 —
o —2-9+ 6 = 0 — BepHOE PaBEHCTBO.

- 2 Iloctpomm Touka (0; 3), (-2; 0), (2; 6),

xb/ (4; 9) Ha KoopaMHATHON MiockocTn xOy.

64— /‘\y OHu sexxaT Ha OLHON HPAMOIl, mpoBegeM

o / ee (puc. 33). Ora npaMas U ecTh rpapuk

ypaBHeHHusA 3x — 2y + 6 = 0. (u

w

IIpumep 4 peuieH BepHO, HO, IPM3HA-
/ eMc#, OU€eHb HepaunuoHaiabHO. [louemy?
_72é HaBaiiTe paccyxaaTh.

[0 2 4 "

l 1. M=u 3HaeM, uTo rpaduKOM JIMHEH-

Horo ypaBHeHHnsa 3x — 2y + 6 = 0 aB-

Puc. 33 afgeTcA nmpsaMas (3To yTBepKJaeTcsd B

Teopeme 1). UTo6sl mpoBeCTH NPAMYIO,

JOCTaTOYHO yKas3aTh ABe ee TOYKH. Yepe3 ABe TOUYKHM MOXKHO IIPO-

BECTH OPAMYIO U IIPUTOM TOJBKO OAHY — 3TOMY HaC y4YUT reOoMeT-

pusa. IIoaToMy HOCTDOEHHBIE BHIIIE YEeThHIDE TOYKHM — 3TO SIBHBIHA

nepebop. ocraTouno Owl10 mocTpouTs TOUYKHM (0; 3) u (—2; 0) n
C IIOMOIILIO JMHENKN IPOBECTH Yepe3 HUX MPAMYIO.

2. PerteHua JaHHOTO ypaBHEHUA MBI HOAGHDAJH, T. €. YraJAbIBan.
VYragars uTo-1u60 Bcerga TpyAaHee, 4eM AeHCTBOBATH IO ONPEeAEIeHHO-
My npaBmiy. Henbssa jiz ObLI0 U 3Kech He yragblBaTh, a JeiCTBOBAaTh
no xakomy-to npaBmiay? MoxxHo. Hanpumep, Tak. Jagum mepe-
MEeHHOH X KOHKpeTHOoe 3HaueHHe, Hanpumep x = 0 (0OBIYHO mUITyT
x, = 0). IloacraBuB 9TO 3HaUYeHUe B ypaBHeHMe 3x — 2y + 6 = 0, mo-
aygyuM 3:0 — 2y + 6 = 0, T. e. —2y + 6 = 0. 13 aToro ypaBHeHUA
HaxoAuM Yy = 3 (o6bruHO nmumyT y, = 3). 3Hauur, ecau x = 0, to y = 3;
napa (0; 3) — pemreEune JaHHOTO ypaBHEHUS.

HagnM nmepeMeHHOH X ellle OAHO KOHKDETHOe 3HaueHHe, HalupH-
Mep x = —2 (06blyHO mHMmyT x, = —2). [logcTaBuB 3TO 3HaueHHE B
ypaBHeHye 3x — 2y + 6 = 0, nmoanyuyum 3:(—-2) - 2y + 6 = 0, T. e.
-2y = 0. U3 atoro ypaBHeHus HaxofuM y = 0 (o6BIYHO mHUIIYT
Yy, = 0). Buaunr, eciu x = —2, To y = 0; nmapa (—2; 0) — pemernue
JaHHOTO ypaBHEHMS.

Bort Teneps MHI B cocToAHNY chOPMYJINPOBATH AJITOPUTM IOCTPOE-
HUA rpaduka JuHeiiHoro ypaBHeHus ax + by + ¢ = 0 gna obuiero
cayuas, korgma a # 0, b # 0.

Ry
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/

Auaroputm nmocrpoeHus rpadpura ypaBHEHHSA )
ax+by+c=0,rnea+ 0,b#0

1. IIpugaTh nepeMeHHON X KOHKPETHOE 3HaUeHMe X = X,; HaiiTu
M3 ypaBHeHMA ax; + by + ¢ = 0 cooTBeTcTByIOIllee 3HAUYEHHE
Yy=1iy

2. IIpugaTe nepeMeHHOH X Apyroe 3HauYeHHE X = X,; HalTH
U3 ypaBHeHMA ax, + by + ¢ = 0 cooTBercTByMOIIEEe 3HaUEeHHE
Yy=VY,

3. IlocTponTs Ha KOOpAMHATHOI NiIocKocTH xOy TOYKH (x,; Y,) H
(x25 Yo)-

4. ITpoBecTn uepes aTH JBe TOYKHU NPAMYI0 — oHa u Oyzer rpadu-

| KOM ypaBHEHUS ax +by+c=0.

J

3amevwanue. Yame Bcero Ha IepBOM Imare ajropurma OepyTt
sHaueHue x = 0. Bropoii mar nHOrZa HEMHOI0 U3MEHSAOT: I0JIAraloT
y = 0 1 HaxoAAT COOTBETCTBYIOIlee 3HAUCHUE X.

IIpumep 5. Iloctpours rpaduK ypaBHEHUSA

4x + 3y - 12=0.

Pemenue. Byaem aeiicTBoBaTH IO ajro-
puTtMy (C y4eToM 3aMedYaHHU:A).

1) ITomoxkum x = 0, moACTaBUM 3TO 3HA- \V
yeHue B ypaBHeHUe 4x + 3y — 12 = 0, mo- \
ayunm 4-0 + 3y — 12 =0, 3y — 12 = 0, 4
y=4. N

2) Tlonoxum y = 0, NOoACTABUM 3TO 3HAYE-
Hue B ypaBHeHHe 4x + 3y — 12 = 0, nosyuum
4-x+3:-0-12=0,4x-12=0, x = 3. ol 1

3) IlocTpoMM Ha KOOPAWHATHOM IIJIOCKO- \
ctu xOy aBe Toukn: (0; 4) — oHa HaiifeHa Ha N
nepBoM miare ajgroputrma — # (3; 0) — oHa
HailileHa Ha BTOPOM IIare. Puc. 34

4) IIpoBepem uepes Touku (0; 4) u (3; 0)
npAMyIo. 9TO M €CTh MCKOMEBII rpapuk (puc. 34). (m

=
Z

o,

IIpumep 6. BanoB u IleTpoB mocaguim Ha CBOUX CaJOBBIX
yuacTrax s6i0HM, npuueM IlerpoB mocaguin a6y0HS B 2,5 pasa 6oJb-
e, yem MBanoB. Ha ciepyiommii ros OHM yBEJIUYMIN YUCJIO A6JI0HB
(moacanuiu HOBbBIE ca)<eHIIbl), IpuueM y VBaHOBa cTajso A6J0HBL
B 3 pasa GoJibie, yeM 66110, a y IleTpoBa B 2 pasa 6Goibile, 4eM GELIO.
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B urore y Hnx Bmecre ctaso 16 s6g0Hb. CKOJIBKO AGJIOHD TOCATUINA
HNBanoB u IlerpoB B mepBHIi roa?

Pemenue.

Ilepsuiit atau. Cocmasnenue mamemamuieckoii modenu.

IIycts x — umcyo A6J0HB, MOCAaKEHHBIX B IEepBHI roa MBaHo-
BHIM, a Y — 4MCcJI0 A6JI0Hb, IIOCAaKEHHBIX B NepBulil rog IleTpoBhIM.
ITo ycaoBuio 3ajauu y = 2,5x. 3gech 1ejiecoo6pasHo YMHOXKHUTE 00e
YacTH ypaBHeHHMdA Ha 2, mosyuyuM 2y = 5x. ITO ypaBHEHHE Iepenu-
meM B BHJE '

5 -2y =0. (1)

Ha BTOpOIT rog IBaHOB yBEJIMYMJI YKUCJIO CAXKEHIIEB Ha CBOEM yda-
CTKe B 3 pa3a ¥, 3HaUMUT, y Hero crajgo 3x A010Hb. IleTpoB yBeanumi
YHMCJIO CayKEHILIeB Ha CBOEM yYacTKe B 2 pasa, T. €. Y HEro CTajo 2y
A6a08b. Ilo ycnoBuio y o6oux B cymme crasio 16 s6108Hb, T. €. 3x + 2y =
= 16. Ilepenninem aTo ypaBHEHUE B BUAE

3x + 2y - 16 = 0. (2)

MaremaTHuecKas MOJeJb 3aflaud I'OTOBa, OHA COCTOHUT M3 ABYX
JUHEWHBIX ypaBHEHMI ¢ AByMsA IePEMEeHHBIMH X ¥ § — U3 ypaBHEHUH
(1) n (2). O6BIYHO B TaKMX CaOydYadX yYPaBHEHUS 3aIMCHIBAIOT OLHO IOJ
IPYTHM U UCIHOJb3YIOT CIIeINAJbHBINA CUMBOJ — GQUIypHYIO CKOOKY —
¥ CHElMaJIbHBINA TePMHH — cucmema YpasHeHuil:

{5x—2y =0,

3)
3x+ 2y -16 = 0.

Bropoit atran. Pa6oma ¢ cocmaéaenHoil mo-

2\ i id //QF /1 dexvio.
8 ‘\?7' WHTepecyromasn Hac mapa yucen (x; y) AOJK-
N M.{, / Ha YAOBJIETBOPATH M ypaBHeHHUI0 (1), 1 ypaBHe-
HHUO (2), T. e. HHTepecyloUlad Hac Touka (x; y)
5 ‘&x IOJKHA Jie)xaTh KaK Ha npsamoit (1), Tak u Ha

/1T\2" | mnpawmoit (2). Yro aenars? OTBeT OYEBHMAEH: HAMO
% | moctpouTh mpamyio (1), saTem npamyio (2) u, Ha-

“/
1

NN

\® KoHem, HalTH TOUKY [EPECEUEHAs ITUX NPAMEIX.
A Y
o 1) Crpoum rpaduk ypaBHeHHs S5x — 2y = 0.
0 2 X Eciux=0,Toy=0; ectu x = 2, T0o y = 5.
/ IIpoBenem uepes Toukm (0; 0) u (2; 5) mpamyro [,
Puc. 35 (puc. 35).
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2) Crpoum rpaduk ypaBaenus 3x + 2y — 16 = 0. Ecau x = 0, To
y = 8; eciu x = 2, 1o y = 5. IIpoBenem uepes Touku (0; 8) u (2; 5)
opamyio I, (puc. 35).

3) IIpamsie 1, u l, nepecexkaiorcsa B Touke (2; 5), T. e. x = 2,
y=25.

Tperuii aran. Omeem na éonpoc 3adayu.

CnpamuBaeTcs, CKOJbLKO A0J0HB IOCAAMJIM B IepBulii rox VIBaHOB
u Ilerpos, T. e. uemy paBubl X U y? OTBeT Ha 3TOT BOIPOC yKe IIO-
JydeH: X = 2, y = 5.

OTrBeT: B nepBulii rog UBanoB nocagun 2 adigonu, a IlerpoB —
5 A00HBD.

Kak Buaure, He 3psd MBI C BAMH YYMJIUCHh CTPOUTHh rpadMKU JIu-
HeHBIX YpaBHEHUH ¢ ABYMs IEePEMEHHBIMH. OTO II03BOJIMJIO HAM
OT ONHON MaTeMaTHUYecKoil Mozeau (anrebpamuyeckoir mozenu (3))
nepeiTH K APYroil MaTeMaTHYeCKOH MOJeJl — reoMeTpHUYecKoi (aBe
npsMble Ha KOOPAMHATHOMN IIJIOCKOCTHM Ha DPHUCYHKe 35), 4TO U JaJio
BO3MOJKHOCTD JOBECTH peIlleHHre OO0 KOHIIA.

A MoxHO s paboTaTh HEIMOCPEeACTBEHHO ¢ MoJeJbio (3), He mepe-
XOAA K reoMeTpudeckoii mogenun? MoxHO, HO 06 3TOM pedsb BIepenH,
B riaBe 8. Tam, HcIONIb3yA HOBble 3HAHUA, MBI CHOBA BEepHEMCSH K
mozenu (3).

3aBepmias 3TOT maparpad, pacCCMOTPUM IIPUMEPHI HOCTPOEHUS
6oJiee CJIOMKHBIX IPa®MKOB, B TOH MJM HHON CTEIIeHH CBSI3AHHBIX C
rpapuKaMi JUHEHHBIX YpaBHEHU.

IMpumep 7. Iloctpouts rpadux ypaseHenus: a) y — |x| = 0;
6)lyl+x=0;8)[x[ +|yl=2r)x+ |xl =y + ]yl .

Pemenue. a) Eciu x > 0, o |x| = x
U ypaBHeHHe IpuHUMaeT Bux y — x = 0. v
Yrto 3To o3HauaeT? JTO O3HAUAET, YTO
upu x > 0, T. e. B IpaBoii KOOPAUHATHOM
OJIYNIJIOCKOCTH, HAJ0 IOCTPOUTH I'paduK Y
ypaBHeHus y — x = 0. Ha pucyuke 36 mo-
CTpoeH rpaduK 3TOr0 ypaBHEHUS, IPUYEM
BhIZIeJIeHAa Ta €ro 4acTh, KOTOpas IpUHAA-
JIEXKUT NMPaBOM IIOJIYIJIOCKOCTH. 4

Ecau x < 0, To |x| = —x u ypaBHe-
Hue nmpuHuMaer Bug y + x = 0. Yro aro 24
O3HauaeT? ITO O3Ha4aeT, 4ro npu x < 0, Puc. 36

AY

\|Q
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N Y] 7
e
X
N _\//Q
1 &
> 1 L)
o™l x R
0 x|
\
\
Puc. 37 Puc. 38

T. €. B JIeBOil KOOPDAMHATHON MOJYIJIOCKOCTH, HAZO IOCTPOMUTHL I'pa-
¢uk ypaBHeHus y + x = 0. Ha pucyrke 37 mocTpoeH rpaduK 3TOro
YDPaBHEHUSA, IPUYEM BHIJJeJIEHA TA €r0 4acTb, KOTOpAas IPUHALJICHKUT
JIEBOM IIOJIYIJIOCKOCTH.

Hy a xak ke BBIMISAUT rpaduK 3afjaHHOro ypaBHeHuA? OH M30-
OpaxeH Ha pUcyHKe 38: MBI coefUHMJIN pUCYHKHU 36 u 37.

6) Eciu y > 0, 1o |y| = y u ypaBHenmne nmpunumaer Bug y + x = 0.
Yro sTro o3Hauaer? ITO O3Ha4aeT, 4To npu y > 0, T. e. B BepxHei
KOODAWHATHOMN IOJYIJIOCKOCTH, HAaJO IIOCTPOUTh rpad@UK YpaBHEHUA
y + x = 0. Ha pucyske 39 noctpoeH rpaduK 3TOro ypaBHEeHHUs, IIPU-
4eM BbIieJIeHA Ta ero 4acTh, KOTOpas NMPUHAIJIEKUT BepXHeil ImoJy-
ILJIOCKOCTH.

vt y R4
r 4
I, V4 /Q__
- 7y
N\ X
1 1
. ols .
o[\ x| 1 x
\
Puc. 39 Puc. 40
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Ecan y < 0, To |y| = -y u ypas- )
HeHUe IpDHHUMaeT Bupg -y + x = 0.
Yro 3TO 03HauaeT? ITO 0O3HAYAET, 4YTO x
npu y < 0, T. e. B HUXKHEH KOOPAUHATHON N
MOJYILJIOCKOCTH, HAZ0 IIOCTPOUTEH Ipaduk
ypaBHeHHs x — y = 0. Ha pucyuke 40 mo- 01
cTpoeH rpaduK 3TOTO YpaBHEHUSA, IPUUEM
BBHIZIEJIEHA Ta ero 4acTh, KOTOpas IpUHAaZ-
JIEXKUT HUKHEH IOJIyILIOCKOCTH.

I'paduk 3ajaHHOrO ypaBHEHUS HM30-
6pasxkeH Ha pucyHKe 41.

B)Ecim x > 0uy >0, to x| = x,
lyl = y u ypaBHeHMe npUHHMaeT BHUA
y + x = 2. Uro ato o3HauaeT? ITO 03HaUaeT, uronpu x > 0ny > 0,
T. €. B IPABOM BE€PXHEM KOODAWHATHOM yrIJie, HAJO IOCTPOUTH I'pa-
¢ukr ypaBHeHuda y + x = 2. Ha pucyske 42 nocrpoer rpadbHK 3TOro
ypaBHEHMs, IIpUYEM BHIJeJIEHA Ta er0 4acTh, KOTOpas NPUHAAJIEKUT
YIOMAHYTOMY KOODAHWHATHOMY YIJy.

Eciu x >0uy <0, to |x| = x, |y| = —y u ypaBHenue npurumaer
Bujf x — y = 2. Yro aro o3Hayaer? ITO 03Ha4aeT, 4yro npu x => 0,
y < 0, T. e. B IpaBOM HU)KHEM KOODAMHATHOM yrJjie HAAO0 MOCTPOUTH
rpaduk ypaBHeHus x — y = 2. Ha pucynke 43 noctpoes rpaduk 3Toro
ypaBHEHMs, IPUYEM BBIZIEJIEHA Ta €r0 4acTh, KOTOpas IIPUHALJIEKUT
YIIOMSAHYTOMY KOODAMHATHOMY YTJIY.

Ecmu x <0uy >0, to |x| = —x, |y| = y u ypaBHenune npuauMaer
BUA —x + y = 2. Oro o3HayaeT, 4To npu x < 0, y > 0, T. e. B JIeBOM

(R

Ry

Puc. 41

Y ’ 7L N
/|
2
<, ;
> o >
NG 9 5 |«
o 2 2 4
A V4
%
Puc. 42 Puc. 43
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Puc. 44 Puc. 45

BepxXxHeM KOODAWHATHOM yrJjle HaJ0 IOCTPOUTH rpadUK ypaBHEHUS
—x + y = 2. Ha pucyHke 44 noctpoeH rpaduk 3Toro ypaBHeHus, IIpu-
YyeM BblJleJIeHa Ta ero 4acTh, KOTOpad IPHUHAAJIEKUT YIOMAHYTOMY
KOODAWHATHOMY YTJIy.

Ecnu, makonen, x <0 u y <0, o |x] = —x, |y| = —y u ypaBHeHuUe
ONpUHUMAaET BUJ —X — Yy = 2. 3TO 03HAa4YaeT, YTO B JI€BOM HUKHEM
KOOPAMHATHOM yrJjle HaJo IIOCTPOUTH rpaduK ypaBHeHHd x + y = —2.
Ha pucynke 45 mocTpoeH rpadHuK 3TOro ypaBHEHHS, IPUUYEM BhIJe-
JleHa Ta ero 4acTh, KOTOpas NPUHAMJIEKUT YIOMAHYTOMY KOOpAH-
HATHOMY YTIJIy.

T'paduk 3agaHHOr0 ypaBHEeHHs M300pa’keH Ha PUCYHKe 46.

yl yAL
2
r— ——
|||+ [yl = 2
1
-9 [0 9 | x o] 1 x
-2
[
l
Puc. 46 Puc. 47
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? ——— E— ————
yﬂ yﬂ

(0] x 0O x
Puc. 48 Puc. 49

r) Paccyxzmasa Kak B IIyHKTe B), IDUXOAUM K BBIBOAY, YTO B
MpPaBOM BepPXHEM KOODAMHATHOM yrJjie HaJO HOCTPOUTH rpaduk
ypaBHeHuss x + x =y + y, T. e. x = y (puc. 47). B npaBoM HUKHEM
KOOPDAMHATHOM yrIJle HaJAO IIOCTPOUTHL rpaduK ypaBHeHUA X + X =
=y-—-y,T. e. x=0 (puc. 48). B 1eBOM BepxHEM KOOPAUHATHOM yTJIe
HAaJl0 IOCTPOUTH rpadUK ypaBHEHUs X — X =y + y, T. e. y = 0 (puc. 49).
Hakownern, B 1eBOM HH)XKHEM KOODAMHATHOM yrJje HaJ0 IOCTDOUTH
rpaduk ypaBHeHMs x — x = Yy — y, T. e. 0 = 0. Ilocreguee paBeHCTBO
BEPHO IIPH JIIOOBIX X, Y. ITO 3HAYMUT, YTO BCe TOUKU PaCCMaTPHUBaEMOro
KOOPAMHATHOIO yIJia yAOBJIETBOPAIOT ypaBHeHMIO (puc. 50).

IloaBoxA uTOrH, mojydyaeMm rpaduK 3afaHHOTO YDaBHEHHUS — OH

u300pakeH Ha pUCcyHKe 51. (ml
YA 7 §
1 1
[0} . (0} I
1 x 1 x
Puc. 50 Puc. 51
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§9. NMHEMHAS ®YHKUMS U EE TPADMK

AusropuTMm moctpoeHusi rpaduKa ypaBHeHus ax + by +
+ ¢ = 0, KoTopHIil MBI chopMyJIUpOBaH B § 8, IIpH Bceii ero Y4eTKOCTH
U OmnpejieJIeHHOCTH MaTeMaTHKaM He O4eHb HpaBUTCA. OOGBIYHO OHU
BBIABUTAIOT IPDETEH3UHU K IEPBHIM ABYM IIIaraM ajJropurMma. 3a4eM, ro-
BOPAT OHHU, JBAYKJBI PEIIaTh ypaBHEHNE OTHOCUTEJIHHO IIEPEMEHHOM VX
cHayasa ax; + by + ¢ = 0, 3arem ax, + by + ¢ = 0? He sayume au
cpasy BBIPa3uTh Yy U3 ypaBHeHud ax + by + ¢ = 0, Torga nerue Gyger
MIPOBOAMUTH BhIYUCIEHUSA (M, riIaBHOe, ObicTpee)? JlaBaiiTe mMpoBEpUM.
Paccmorpum cHauasa ypaBHenue 3x — 2y + 6 = O (cm. npumep 4

u3 § 8), r. e. 2y = 3x + 6.

1
YMHOKUB 06€ YacTH ypaBHEHUS Ha %, THOJIYYUM % < 2y= 3 (3x + 6),
T.€e. Y= gx + 3. BrpouewM, TOT ke pe3yJIbTaT MbI IOJIYYHIH ObI, €CJIN OBl

o0e 4acTH MCXOAHOTO YPaBHEHMS MOYJIEHHO pasfeausu Ha 2. O6GBIYHO
IpeaNnoYUTAIOT B MOJOOHBIX CIydasiX 'OBOPUTH He 00 YMHOXKEHUU, a O
MIOYJIEHHOM JeJIeHUM 06erX JacTeil ypaBHEHMs Ha OJHO U TO YK€ YUCJIIO.

Hrak, y = gx + 3.

IIpupaBasA x KOHKDeTHbIe 3HAUEHUSHA, JIETKO BBIYUCIUTH COOTBET-
cTByOIMe 3HaueHuA y. Hanpumep, npu x = 0 monyuaem y = 3; npu
x = -2 umeeMm y = 0; npu x = 2 umeeM y = 6; nmpu x = 4 monyuaem
y = 9. Bugure, kak Jerko u 6sictpo Haiigensl Touku (0; 3), (—2; 0),
(2; 6) u (4; 9), KoTophie 6bLIM BhIAEJNEHBI B IpuMepe 4 u3 § 8.

TouHo Tak ke ypaBHenue 5x — 2y = 0 (cm. npumep 6 us § 8) mox-
HO ObLIO mpeo6pa3oBaTh K BUAY 2y = Sx U jJaynee y = 2,5x; HETPYAHO
maittu touku (0; 0) u (2; 5), yaoBieTBOpsAIOIINE 3TOMY YPaBHEHUIO.
Haxonen, ypaBuenue 3x + 2y — 16 = 0 u3 Toro »xe nmpumMepa MOXK-

HO 6b1JIO Mpeo6Gpa3oBaTh K BUAY 2y = 16 — 3x u ganee y = 8 — §x.

W3 sToro ypaBHenus MoxkHO HaiiTu Touku (0; 8) u (2; 5), koropsie
€My YAOBJIETBOPSIOT.
PaccMoTpuM Telepbh YKa3aHHBIE Ipeo6pa3soBaHUSA B 00IEeM BHUAE.
Ciayuam, Korga B ypaBHeHUH ax + by + ¢ = 0 00a koadbdpunmuenra
a, b paBubl HyJ10, MBI paccMorpesau B § 8. Tam ke MBI oT™MeTHNIH,
YTO B ciyuae, xkorga a # 0, b = 0, rpaduKoOM ypaBHEHUS SBJIAETCHA
npsaiMasi, mapajlieJibHas OCH Y.
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Paccmorpum ciayuait, korga b # 0.

Hmeem:
ax +by +c=0; 1)
by = —ax — ¢;
a C
y= —;x - E.

a c
BBeasi 0603HaueHUs 5 =k, b = m, nmoJy4aem

y=kFkx + m.

Taxum o6pas3oM, auHeiiHoe ypasrerue (1) c 06yma nepemenHbLMU

x u y 6 cayuae, kozda b # 0, moixro npeobpaszosams Kk 6udy
y=kx+m, (2)
20e k, m — wucaa (koagppuyuernmot).

9TO YacCTHBI BHJ JUHEHNHOro ypaBHeHHA. 3HafA, YeMy paBeH X,
Mo mpaBuiy y = kx + m Bcerjja MOXXKHO HailTH, ueMy paBeH Y. Byaem
Ha3bIBaTh ypaBHeHUe (2) JuHeHHOH (PyHKIMEH.

C nmomomibio ypaBHeHHusA (2) JIerko, yKa3aB KOHKPETHOEe 3Hade-
HHE X, BBIYUCJIHUTH COOTBETCTBYIONIee 3HaueHue y. IlycTs, HanpuMep,
y = 2x + 3. Torma

ecu x =0, Toy = 3;

eciu x =1, 0y = 5;

ecmu x =-1, oy =1;
eciu x =3, Toy =9 mu T I

OOGBIYHO 3TH Pe3yJbTATHI OOPMIISIOT B BUAE TAOMHUIILI:

x| o|1]-1] 3
y |3 [s5[1]09

3HaYeHUs Y U3 BTOPOil CTPOKM TaOJIUIIbI HASHIBAIOT 3HAYEHUAMU
Auneitnoil pynryuu y = 2x + 3 cooTBeTCTBEHHO 8 moukax x =0, x =1,
x=-1, x = 3.

B ypaBHenuu (1) nmepemMeHHble X U Y PAaBHONPABHHI, & B ypaB-
HeHUHM (2) — HeT: KOHKpPETHbIe 3HAUEHWs MBI IPHUAAeM ONHOH u3
HHX — IepeMeHHO# X, Torga KakK 3HaueHHe IIePDEeMEHHOH Y 3aBUCHUT
OT BBIOPAHHOTO 3HAUYEHUA IlepeMeHHOH X. [IoaToMy OOBIYUHO rOBODAT,
4YTO X — He3aBHCHMAJA NepPeMeHHadA (UM apryMeHT), § — 3aBHCHMANA
nepemMeHHad.
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2. ‘l JUHEMHAS dYHKUMS

YacTHBIM ciyuaeM TeopeMbl 1 u3 § 8 aBiasercs ciemymomas Teo-
peMma.

Teopema 2. I'pajdpuxom nunedrnod pynkyuu y = kx + m f6a8-
emca npamasn.

IIpumep 1. Ilocrpours rpaduk JUHEHHONH QYHKINH Y = 2x + 3.
Pemenwue. CocraBum Tabaumny:

x| o] 1

v | 3]s
ITocrpoum Ha koopauHAaTHOI myockoctu xOy Touku (0; 3) u (1; 5)

¥ IPOBeZiEM uepe3 HUX NPAMYIO. ITO M eCTh rpad®UK JUHEHHON QYHK-
num y = 2x + 3 (puc. 52).

IIpu paccMOTpeHHMH JHUHEHHBIX QYHKIIUHA
y = kx + m oco6o BHIAENAIOT cayudaii, KOrga
m = 0; B aTOM cJiyyae JUHeHHaA GYHKIUSA IpH-
HUMaeT BUA Y = kx.

ys /

(24

Teopema 3. I'pagpuxom nuneirnod pymnk-
yuu y = kx aensemca npaman, npoxodsuan
Yepe3 Hawano koopdunam.

(%

)
,;( JlokasaTejabCTBO OCyIIIeCTBHUM B JBa JTala.
v

+f 10] 1 x) 1. y = kx — uacTHBIA ciaydail JIUHEHHOHK
I\) byHKIMHU, a rpadUKOM JIUHEHHOH GyHKIUH,
[ COIJIaCHO TeopeMe 2, sBJIsieTCs IpsaAMas; 060-
3HA4YUM ee uepes l.

2. ITapa x = 0, y = 0 y#oBJyieTBOpsieT ypaB-
HeHMIO y = kx, a moromy Touka (0; 0) npuHaaIexUT rpaduKy ypas-
HeHusA y = kx, T. e. npsamoii [.

CiemoBaTesbHO, IIpAIMas | IPOXOAUT Yepe3 HAYaj0 KOOPAMHAT.
Teopema JoKasaHa.

Hazno yMeTh mepexoJuTh He TOJbKO OT QHAJIWUTHUYECKON MoJesu
y = kx K reoMeTpuuecKoil, HO 1 OT reOMETPHUYECKON MOAEAH K aHAa-
autudeckoit. Paccmorpum, HanpuMep, NpAMYIO Ha KOODAMHATHOM
naockoctu xOy, n3obpakeHHy0 Ha pucyHke 53. OHa ABIsgeTcA rpa-
GUKOM JIMHeHHON DYyHKIUU Yy = kx, HY’KHO JIUIIb HAWUTH 3HAUYEHUE

kKoaddunmenra k. Tak xak k& = g, TO KOCTATOYHO B3ATH JIIOOYIO TOUKY

Puc. 52

R
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Ha IPSAMOM U HAWTH OTHOIIIeHNWe OPAWHATHI 9TOM TOUKHU K ee abciucce.

IIpssmas mpoxoauT uepe3 Todky P(3; 6), a Ans aTOH TOYKU UMeeM

6
3 = 2. 3Hauur, k£ = 2, a noroMy 3aflaHHAA NPAMAaA JUHUSA CIYKHUT

rpadukoM JNHEHHON GyHKINU Yy = 2x.

I'padbuk nuneitHON GyHKUUM y = kX OOBIYHO CTPOAT Tak: GepyT
TouKy (1; k) (ecniu x = 1, To U3 paBeHCTBA J = kX HAXOAUM, YTO
Yy = k) 1 IPOBOAAT NPAMYIO 4epe3 3Ty TOUKY M HAYaJo KOODAUHAT.
BnpoueM, B ciydae HeOOXOAMMOCTH TOYKY (1; k) MOKHO 3aMEHHTDH
Ipyrou Toukoii, 6osee ymo6Hoii. Ha pucynke 54 msoOparkeHnl rpa-

GukK IUHeHHBIX QYHKIUN Yy = x (upamad l,), y = 2x (upamas l,),
y= %x (mpsamas lg; 3meck He oUueHb YAOOHO 6paTh TOUKY (1;%), MBI
B3SLJIM TOUKY (3; 1)), y = —2x (npsamas l))).

O6paTuTe BHUMaHHUE: OT KO3 dUIMeHTa B 3aBUCUT YroJl, KOTOPHIii
IIOCTPOEHHAas NpAMas 00pasyeT ¢ MOJIOKHUTENbHBIM HalpaBJIEHUEM
OCH X; 3a8METHM, YTO 3TOT YIOJI OTCYUTHIBAIOT OT OCH X B HAIIpABJIEHUH
IPOTUB 4YacoBO# crpeaku. Eciau k > 0, To aror yros ocmpsiii (Tak
o6CTOUT AesIo Ha PUCYHKe 54 ¢ psaMeIMu [y, 1,, 15); ecoiu kB < 0, TO aTOT
yros mynoi (Tak o6CTOUT Aesio Ha PUCyHKe 54 c¢ npsamoii l,). aiee,
ecau k > 0, To yem Gousbire k, TeM OoJsiblre yroa. Tak, Ha pucyHKe 54

1
IJis IpsAMoH l; umeeM k = 3 g IpaMoi I, umeeM k = 1, ana npsaMoi

l, umeeM k = 2; npu yBenndeHUH KoaddULIMEeHTa kK yBeINUUBAETCS

¥ ZEEE
6 A y=2x
y=-—2x Yy=x
\
\ 1
2 y=3*
1 X =
- / »
1|3 |x =7\ 1 x
1!
] —2
LIVAN BA
Puc. 53 Puc. 54
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vty U yroJ MeXJy NPSAMON U MOJOKUTEJIbHBIM
HanpaBjeHUeM ocu abcuucc. IToaToMy Ko-
/ apdunuenT k B 3anucu y = kx Ha3bIBAIOT
© o, LW L YTI0BBIM KO03¢@HIHEeHTOM.
Ae Nl "/ Kak usBecTHO M3 Kypca GU3UKH,
v § = vt — 3aKOH DAaBHOMEPHOTO IPAMO-
JIUHENHOTrO JBUXKEHUS; 3A€Ch S — IYTh,
U — CKoOpocTb, ¢ — BpeMsA. Eciu mepeiiTu
7/ 7 K 0003HaYEeHUAM, KQTOPBbIEe MBI MCIIOJIb-
30BaJI1 B 3TOM maparpade, 3aKOH paBHO-
7 MEDHOTro ABMKEHHSA MOYKHO 3alMCaTh B
BUjge Yy = kx (x — Bpems, y — IOYyTh).
YrioBoit Ko3addHUIMEHT B — 3TO CKOPOCTh
Puc. 55 NBUIKEHUS.
Ha pucyuke 55 msob6pakeHbl rpa-
buky nuHeNHBIX OYHKIUHA y = 2x — 4,
y = 2x + 6. O6a oHM HapajielbHBI IpadUKy JUHEHHONH DyHKIUU
y = 2x, ToJbKO nepBas npaMada (y = 2x — 4) nosydaercd U3 IPAMOK
Y = 2x cIBUroM BH U3 Ha 4 eguHHUNLI Maciraba, a BTopas mpsMmas
(y = 2x + 6) nonyuyaerca u3 mMpAMOil y = 2x CABUIOM BBEePX Ha
6 equaUI MaciITaba.
CupaBeJJIuB cJeAyIOIMUi OOIUil pe3yJbTaT, KOTOPHIH MBI 0dop-
MUM B BUJE TEOPEMBI.

(=]

Pt

Teopema 4. IIpaman, cryxaujan zpauKom nunedirnod Gynk-
yuu y = kx + m, napannenvna npamoi, cryxcaweld zpagukxom
nunednod gynxyuu y = kx.

Bceaeacrsue aToro kKoagduiuesT k£ B 3alI1MCH JIMHEHHON QYHKIIUU
y = kx + m Tak'ke Ha3bIBAIOT Y208biM Koappuyuenmom. Ecnu k > 0,
mo npamas y = kx + m obpa3yem c nonoxumenvholm Hanpaéie-
Huem ocu x ocmpuii yzoxn (puc. 56, a), a ecau k < 0 — mynod yzon
(puc. 56, 6).

Muorue peajibHble CUTYallUHd ONMCHIBAIOTCA MaTeMaTHUYeCKUMU
MOJAeNAMHU, MPEeACTABIAIOIINMH coboii JuHelHble GyHKIuu. IIpuse-
AeM NpHMEpHI.

ITepsas cumyayus. Ha crkaage 66110 500 T yrasa. ExenaeBHO

cTaJu nmogBo3uTh 10 30 T yria. CKoabKO yriis 6yaeT Ha CKJaaje uepes
2, 4, 10 gueit?
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Puc. 56

Ecyim nipoiizeT x aHe, TO KOJMYECTBO YIVIA I Ha CKJaJe (B TOHHAX)
BeIpa3uTca dopmysnoit y = 500 + 30x. Takum ob6pasom, JuHEHHAA
dynrnusa y = 30x + 500 ecTp MaTeMaTHYeCKadA MOAENb CUTYaIyN.

Tenepp HeTPYAHO YCTAHOBUTDH, UTO:

npu x = 2 umeeM y = 560 (B ypaBHeHue y = 30x + 500 mopacra-
BIJIM X = 2 ¥ noyydymss y = 560);

npu x = 4 umeem y = 620;

npu x = 10 umeem y = 800.

Bmopas cumyayus. Ha cxiaae 66110 500 T yrasa. ExenreBHO
cranu yBo3uTh o 30 T yriasa. CKoabKo yris OyAeT Ha CKJaje uepes
2, 4, 10 pueit?

3aechr MaTeMaTU4eCKOMH MOJeJIbIOo CUTyalVH fABJIAETCH JUHeHHas
dyaxnusa y = 500 — 30x. C momoInpio 3TOi MoAes I HETPYAHO OTBe-
THTH Ha BOIIPOC 3aJa4u:

eco x = 2, To y = 440 (8 ypaBHeHMe y = 500 — 30x moacraBuIn
x = 2 u nowyunsii y = 440);

ecou x = 4, To y = 380;

ecan x = 10, To y = 200.

Tpemvsa cumyayus. Typuct npoexas Ha aBTobyce 15 KM oT myHK-
Ta A 1o nyHKTa B, a 3aTeM IIPOJOJIKMJI ABMKeHNe U3 NYHKTa B B ToM
Ke HampaBJIeHUH, HO y)Ke ITeIIKOM cOo cKopocTbio 4 kM/4. Ha xaxom
PaccTogaHUU OT MyHKTa A OyZeT TypucT depe3 2 4, depe3 4 4, yepes
5 4 xoaB6HI?
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MareMaTHueCKO MOJeJIbI0 CUTYaluM ABJSAETCA JUHEeHHAA QYHK-
nuda y = 15 + 4x, rie x — BpeMd X0Ab0HI (B Yacax), y — pacCTOsIHUE
oT A (B xuyiomerpax). C moMolbio 3TOH MOJeJid OTBeYaeM Ha BOIPOC
3amauyun:

ecau x = 2, To y = 23 (B ypaBHeHUe y = 15 + 4x moacraBuan
x = 2 u noayuusu y = 23);

econ x = 4, Toy = 31;

ecan x = 6, Toy = 39.

HWrak, B KaXXA0il U3 paCCMOTPEHHBIX CUTYaIlMii MaTeMaTHYeCKOH
MOJeJIBIO CHYXKHUT JuHelHad pyHknua. Ho (BHuMaHue!), cTporo
roBOpfA, BCe TPH COCTaBJIEHHbIEe MOJeJIM He COBCEM TOYHHI, OHM He
YUYUTHIBAIOT TeX OrPaHUYEHHUII HA IMepeMeHHYIO0, KOTOphble BBITEKAIOT
M3 CMBICJIa 3a7jauM. Beib ICHO, YTO B IEPBOi CUTyall He3aBUCUMAA
nmepeMeHHasi X MOJKeT IPUHMMATh TOJbKO 3HaueHud 1, 2, 3, ..., mo-
CKOJIBKY X — uucJyo aHeii. CiefoBaTeIbHO, YTOUHEHHAA MaTeMaTuye-
cKafd MOJAeJb IIepBOil CUTyalluu BBITJIAAUT TaK:

y = 500 + 30x, raze x — HATypaJILHOE YHCJIO.

Bropyio curyanuio HeoOXOAMMO YTOYHUTH yciaoBueM y = 0. ITo
3HAYNT, YTO He3aBUCHMAas IlepeMeHHas X, 0003HayalIasg, Kak 1 B
TIepPBOii CUTYAIlUH, YMCJIO AHEil, MOXKeT IPUHUMATE TOJbKO 3HAYECHUST
1, 2,3, ..., 16. JeiicTBuTenbHO, ecau x = 16, To mo popmyire y = 500 —
— 30x maxomum y = 500 — 3016 = 20. 3mauur, yxe Ha 17-ii neHB
BBIBE3TH cO ckKJiaga 30 T yryisi He ygacTcs, ITOCKOJBbKY Ha CKJajie K
3TOMY OHIO ocTaHeTcsa Bcero 20 T M mpolecc BhIBO3a yIJIA MPUAETCS
npexpaTuth. CiieoBaTeIbHO, YTOUHEHHAasA MaTeMaTH4ecKas MOjesb
BTOPO# CUTyaly BRIIVIAUT TaK:

y = 500 — 30x, y = 0 niu
y=500-30x, raex=1, 2, 3, ..., 16.

B TpeTneii cuTyaluy He3aBUCHUMAs ITI€PEMEHHAS X TEOPETHYECKU MO-
JKeT NPHUHATH J00oe HeoTpuiaTeabHoe 3HaueHue (x =0, x =2, x = 3,5
M T. A.), HO IPAKTUYECKMN TYPHUCT He MOYKeT IIAraTh C IIOCTOAHHOM
CKOpPOCTBIO 6e3 CHa M OTABIXa CKOJBKO YIOZHO BpeMeHU. 3HAUYUT, HAM
HYKHO OBLIO clesiaTh pa3yMHBIE OTPaHMYEHUS Ha X, cKaxkeM, 0 < x< 6

(T. e. Typuct uger He 6osnee 6 u).
HanmoMHEMM, 4TO reoOMeTPHYECKOH MOJeJbIO

—““““““‘“"—’0 6 'x Hecrpororo ABOMHOro HepaBenctsa 0 < x < 6
caykuT orpe3ok [0; 6] koopauHaTHOH NpaMoOit
Puc. 57 (puc. 57). 35auuT, yTOUHEHHAs MOZEJb TPeTheit
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CUTyaIuu BBITJIAAZUT Tak: y = 15 + 4x, rie x IpUHAAJIEKUT OTPE3KY
[0; 6].

VYcaoBuMca BMecTO Gpasbl «X NMPUHALJIEKHUT MHOMKeCTBY X»
nucaTh X € X (YUTAIOT: «3JIeMEeHT X IPUHAIJIEKUT MHOXKECTBY X»,
€ — 3Hak npunadrexmrocmu). Kax Bugure, Hame 3HaAKOMCTBO C
MaTeMaTHYeCKUM A3BIKOM NpOJoJIKaeTcsi. MHOXXeCTBO HATypaJb-
HBIX YucesJ 0OBIYHO oGo3HauyalorT OykBoilt N. 3HauuT, BMecTO Ppasnl
«X — HATypaJIbHOE YHCJI0» MBI MOYKEM MCIIOJIb30BATH COOTHOIIEHUE
x € N.

Ecnn nuneiinyo dbyHKOHUo y = kx + m Hajo paccMaTpuBaTh He
[Ip¥ BCeX 3HAYEHUAX X, a JIUIIb AJIS 3HAYEHUH X U3 HEKOTOPOr'o Yuc-
JIOBOT'O MHOKecTBa X, TO IHINYT

y=kx+m,xe X.
A Temeps 3anumeM 0ojiee TOYHBIE MATEMATHYECKHE MOJENH AJs
PacCMOTPEHHLIX BBIIIE TPEX CUTyaIuid.
IlepBas cutyanusa: y = 500 + 3x, x € N.
Bropas curyamma: y = 500 — 3x, x € {1, 2, 3, ..., 16}.
Tpetba cutryanusa: y = 15 + 4x, x € [0; 6].

NDpumep 2. IToctpouts rpadux JuMHEHHONH QYHKIUHU:
a)y=-2x+1, x € [-3; 2]; 60)y=-2x+1, x € (-3; 2).

Pemenue. a) CoctaBuM Tabuuny AadA JUHEeHHONH DYyHKIUMN
y=-2x+1:

ITocTpouM Ha KoopAMHATHOM miockocTy xOy Touku (—3; 7) n
(2; —3) u npoBeseM yepe3 HUX MPAMYIO JUHUIO. ITO rpadUK ypaBHe-
Husa y = —2x + 1. Jajiee BBIIeJINM OTPE30K, COEANMHAIOIINI ITOCTPOEH-
Hble TOYKH (puc. 58). ITOT OTPEe30K U ecThb rpaduk JUHEHHOH DyHK-
unu y = —2x + 1, rge x € [-3; 2].

OOBIYHO IOBOPAT TaK: MBI IOCTPOMJIN rpaduK JUHEHHON QYHKIUN
Yy = —2x + 1 Ha oTpeske [-3; 2].

6) Yem oTyiMuaeTcA 3TOT IpUMep OT mpeasigyinero? JIuHeiHas
byaxkumsa ta ke (y = —2x + 1), 3HaUUT, U ee rpad®MKOM CIYXKHUT Ta
e npamasa. Ho — 6yabpTe BHMMaTenbHBI! — Ha 3TOT pas x € (—3; 2),
T. e. 3Ha4eHUA ¥ = —3 U X = 2 He paCCMATPUBAIOTCS, OHU He MIPUHAN-
Jdexar uATepBaty (—3; 2). Kax MBI oTMeuasn KOHIbI MHTepBajla Ha
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A y“ A
l Y T 4\TL' T 4 T
2 \ N
> ‘3. '
X X &
v e X
vz
1 1 1
PR12 N1 2 | HNVNERR
-3 [0 X -3 [0 x -3 0 x
3 3 )‘ 3
| i
Puc. 58 Puc. 59 Puc. 60

— QUL il  KOOPAUHATHOM NpAMOii? CBeTIBIMHA KPYKOUKaAMU
-3 0 2 «x (puc. 61), 06 satom Mbl roBopusu B § 6. Touno
Puc. 61 Tak xe U Touku (—3; 7) u (2; —3) npugercsa or-
MEeTHUTh Ha YepTeKe CBEeTJIBIMH KPYKOUKaMu. ITO

OyZeT HaIOMHUHATH HAM O TOM, UYTO OepyTcA JIMINb Te TOYKH IIPIAMOM
Yy = —2x + 1, KOTOpHBIE JIeIKAT MEXKAY TOYKAMU, OTMEUYEHHBIMMA KDY-
sxoukamu (puc. 59). BnpoueM, HHOrZa B TAKUX CIYYadX HUCIOJb3YIOT
He CBeTJIble KPYKOYKH, a CTpeJakH (puc. 60). OTo HeMIpUHIUINAIBHO:
IJIaBHOE ITOHUMATh, O YeM HUJET DeUb. (u

IIpumep 3. Haiitu HaubGonbliee ¥ HaUMeHbIIlee 3HAUYEHUS JIU-
. . 1.
HellHOH QyHKIUU Yy = Ex + 4 Ha oTpeske [0; 6].
Pemenue. CocTaBuM Tabauny aad JUHeHHON QyHKIUU

1.
y—gx +4.

x | 0 l 6
v | a7

ITocTpoum Ha xoopauHATHOM IIocKkocTd xOy Touxku (0; 4) u (6; 7)
M IpoBeJeM uepe3 HUX NpPAMYyI0 — rpaduk jJuHeHHON QyHKIHNU
y - %x + 4 (puc. 62).

HaMm HyXHO paccMOTpeTh 3Ty JUHEHHYI0 GYHKIUIO He IEeJNKOM,
a Ha oTpeske [0; 6], T. e. mus x € [0; 6]. CooTBeTCTBYIOIMII OTPE30OK
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rpaduKka BhIJeJIEH Ha 4YepTexe. 3aMedaeM, |y4

4yTO camas Goyiplllasi OpAWHATA y TOYEK, NIpU- | N ~
HAJJIeXKAIMX BRIJEJeHHON JacTu, paBHa 7 — | X i

L 7
3TO U €CTh HAUObONbULEe 3HAYeHUe JINHEHHOMI Y

S

byHKIMM y = —;-x + 4 Ha otpeske [0; 6]. OObIu-

HO MCIOJB3YIOT TAKYIO 3aIMCh: Y, .6 = (-
3aMeuaeM, UTO camMas MajleHbKasa OpAM-
HATA y TOYEK, IPUHAMJIEKAII[NX BhIJEICHHON
Ha pUCyHKe 62 uacTu mpsmoii, pasHa 4 — |O
3TO U €CTh HAuMeHblUlee 3HAYeHUe JIMHEeNHOMN

-

(=2}
RY

1
HKOUM y = —x + 4 Ha orpeske [0; 6].
byHKIMM Yy = o Y [0; 6] Puc. 62
OOGBIYHO HUCIOIBL3YIOT TAKYIO 3aMUCh: Y. = 4.

OTBEeT: Yo = 1> Ynauu = 4-

IIpumep 4. Hafitl Y, ,,6 ¥ Yypuu ANA JUHEHHONH GYyHKOUH
y=-1,5x + 3,5:

a) Ha oTpe3ke [1; 5];

6) Ha uHTepBaye (1; 5);

B) Ha moJyuHTepBaJe [1; 5);

r) Ha gyue [0; +o0);

1) Ha syde (—o°; 3].

Pemernune. CocraBuM Tabauny ajaA JUHeHHONH QyHKOUM
y=-1,bx + 3,5:

1
y | 2| -4

ITocTpoum Ha KoopaWHATHOI mIocKkocTH XxOy Touku (1; 2) u (5; —4)
¥ [IpoBefieM 4Yepe3 HUX npamyio (puc. 63—67). Beigeaunm Ha IOCTPOEH-
HOIl IIpsAMOii YacTh, COOTBETCTBYIOIIYIO 3HAYEHUAM X u3 oTpeska [1; 5]
(puc. 63), us unrepsana (1; 5) (puc. 64), us nmoxyurTepsaua [1; 5)
(puc. 65), ua ayua [0; +00) (puc. 66), n3 ayua (—o; 3] (puc. 67).

a) C nomolnpio pucyHka 63 HeTPyAHO cAeaTh BHIBOX, YTO Y .6 = 2
(sToro sHauenud JmHeiiHAA GYHKIMSA JocTUraeT opu x = 1), a Yoare = —4
(sToro sEaueHna MuHeiiHAA QYHKIUA NOCTHraeT IpH x = 5).

6) B oTainume OT mpenBIAYIEro caydasi, o6a KOHIIa OTpe3Ka, B
KOTOpBIX KaK pa3 U JOCTHraJuch HamOoJjblllee U HaMMeHbIIee 3HA-
YeHuA, U3 PacCMOTPEHUA UCKJIYeHb! (puc. 64). Cpeau ocTaJbHBIX

3 Anre6pa, 7 kn. yl. 65
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y F N y A
? SR
\ R I\ )| R
ol 1 5 x ol 1 5] x
\ \
4 4 A
y=-1,5¢+3,5 y="1,5¢+3.5
Puc. 63 Puc. 64

To4eK rpauka HeT HU TOYKM C HAUMEHbIell OPAUHATOH, HU TOYKHU C
HauboJIbIIel oOpAuHaTON. 3HAYUT, HM HAaUOOoJILIIero, HU HauWMEeHbIIEero
3HaYeHU Ha 3aJJaHHOM MHTeDBaJle Y JaHHOH JUHeHHON GyHKIUM HeT,
OHU He cywecmayiom.

B) C momompio pucyHKa 65 3akiiouaeM, 49TO Y., = 2 (KaK U B
IepBOM cJiydae), & HaMMEeHbIIero 3Ha4eHUs y JIMHEHHOH DyHKIMN
HeT (KaK ¥ BO BTOPOM cCJIy4ae).

T) Ypaus = 3,D (3TOr0 3HAUEHUA JIMHEIHAA QYHKIUA NOCTUTAET IPU
x = 0), a Yg,,, He cymecTByert (puc. 66).

Yy F y F
35

2

I T\ R
o[ 3 AR ol 1 |\ x

\\\
N\ N7

4 )‘ 4 hat

N 5

y=115x735 N
Puc. 65 Puc. 66
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ylk y“
3 5"\
1
1 I
\\ 3 o O l 3 .‘E
I [0]
1 1 X ©
/
\ fid
y=-1,5x+3,5 3
6
Puc. 67 Puc. 68

1) Yoo = —1 (3TOTO 3HAUEHUSA JUHEHHAA QYHKIUA JOCTUTAeT DU
x = 3), a Y., He cyiecTByeT (puc. 67). |

IIpumep 5. IHocrpouts rpadux auHeiHON QyHKINMN §y = 2x — 6.
C momomisio rpaduKa OTBETUTh Ha CJIEAYIOIINE BOIMPOCHI:

a) mpu KaKoMm 3HauyeHuu x Oyzer y = 0;

6) npu KakKuX 3HaYeHUAX x Gyger y > 0;

B) IPM KaKUX 3Ha4YeHUAX x Gyzer y < 0;

I) OPDU KaKUX 3HAYEHWAX X BBHINOJHIETCS ABOMHOE HEPABEHCTBO
-4< y< -2?

Pemenue. CocraBum Tabmmry Ais JHeHHOH GyHKIuM y = 2x — 6:

x| o] 3
y|—6|0

Yepes Touku (0; —6) u (3; 0) npoBegeM npsamyio — rpadux Ju-
HeliHO# yHKUUM y = 2x — 6 (puc. 68).

a) y = 0 opu x = 3. I'paduk nmepecekaeT och X B TOUKe X = 3, 3TO
¥ ecTh TOUKa ¢ opauHaToi y = 0.

6) y > 0 npu x > 3. B camom gene, ecix x > 3, TO COOTBETCTBYIO-
mlasg 4yacTh OIPAMOI PACIIOJIOKEHa BBHIII € OCH X, 3HAYUT, OPAUHATHI
COOTBETCTBYIOIIMX TOYEK IPAMONA MOJJOXK UTeJNbHBI.

B) ¥y < 0 nmpu x < 3. B camom pgese, eciim x < 3, TO COOTBETCTBYIO-
lasg 4yacTh MPAMOI PaCIOJIOMKE€HA H MK e OCH X, 3HAYUT, OPAUHATHI
COOTBETCTBYIOIUX TOYEK IMPAMOM OTPUIATeJbHBHI.
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ys | © r) Ha pucynke 69 BbIZiesIeHEI YaCTh
"« MPSMOM, OPAUHATHEI TOYEK KOTOPOM
//c\' YIOBJIETBOPAIOT NBOMHOMY HepaBeH-
o S cTBYy —4 < y < —2, U COOTBETCTBY-
2 X| jomwuii mpomexyToK ocu abcmucc.
-2 ITO U eCTh MHTEPeCYIOIUil HAC Ipo-
% MexyTok 1 < x < 2. (u

[RFy

l Ob6paTuTe BHMMaHUE, YTO B 3TOM
I IpUMepe MH C IOMOINBI0 rpaduka
pelnIn:
a) ypaBHeHHe 2x — 6 = 0 (moxy-
yua x = 3);
Puc. 69 6) HepaBeHCTBO 2x — 6 > 0 (mouy-
yuaua x > 3);
B) HepaBeHCTBO 2x — 6 < 0 (mosyuyuiu x < 3);
r) HepaBeHCTBO —4 < 2x — 6 < —2 (monyumim 1 < x < 2).

3amevanue. B pyccKoM si3bIKe 4aCTO OJUH M TOT K€ O0BEKT
HAa3BkIBAIOT IIO-PA3HOMY, HAIIDUMeED: «JIOM», «3JaHHUE», «COOPYKEeHUEe»,
«KOTTeJ)», «0COOHAK», «Oapak», «xubapa», «u3dymka». B maTema-
THYECKOM f3bIKe CHUTyanus InpuMepHO Ta ke. CkakeM, PaBeHCTBO C
JIBYyMs epeMeHHbIMM y = kx + m, rie B, m — KOHKDeTHbIE 4YucCJa,
MOJKHO HA3BaTh JUHEHHOH QyHKIMeil, MO)KXHO HaA3BATh JIUHEHHBIM
ypaBHEHUEM C JBYMsA IIePeMEeHHBIMHU X U J (WJIN ¢ JByMs HEM3BECTHBI-
MH X ¥ Y), MOKHO Ha3BaTh GopMyJioi, MOKHO Ha3BaTh COOTHOIIIEHU-
eM, CBA3BHIBAIOIINM X U Y, MOYXKHO, HAKOHeELl, Ha3BaTh 3aBUCHMMOCTBIO
MeXIY X U Y. ITO HeBayKHO, I'IaBHOE, IOHMUMATh, YTO BO BCEX CIyUasIX
peuysb UAeT 0 MaTeMaTU4ecKoi Mogenu y = kx + m.

PaccmoTpum rpadbuk JuHeEHHON GyHKNUU, n300pa'keHHBIH Ha
pucynke 56, a (c. 61). Eciu gBuratsca mo aTtomy rpaduxky cijeBa
HaIpaBo, TO OPAMHATHEI TOUYeK rpacdmukKa Bce BpeMs YBeJIUYHUBAIOTCAH,
MBI KaK OBl «IIOAHMMAaeMCs B F'OPKY». B TaKMX ciiyyasx MaTeMaTUKHU
YIOTPeONAIOT TEPMUH 603pacmaHlue U TOBOPAT Tak: ecau k > 0, mo
AuHelnans pynkyus y = kx + m eo3pacmaem.

PaccmoTpuM rpaduk JauHeHHON QyHKIUMN, U300pakeHHHH HA
pucyske 56, 6. Ecan aBuratecs mo aTomy rpaduky cjeBa Halpaso,
TO OPAUHATHI TOYEK rpaduKa Bce BpeMs YMEHBIIAIOTCH, MBI KaK Obl
«CIIyCKaeMCA C FOPKM». B TakuxX ciaydyasgx MaTeMaTHKH YIOTPeOIAoT
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O, KI'M |
50 D E
l
—40
Y ‘
—30 /

17/ \
—10 I \
A Bl
0 1 2 3 4 thu
[ I i

Puc. 70

TepMMH yObléaHue U TOBOPAT Tak: ecau k < 0, mo nuneinas ¢ynk-
yus y = kx + m y6wvieaem.

IIpumep 6. Ha pucynake 70 nsobpakeH rpadux JBUIKEHUS
aBTOMOOMJIA U3 MYHKTa A B NYHKT B 1 o6paTrHO. TpebyeTca oxapax-
TepU30BaTh BECh IIPOIECC JBUYKEHUS CJIOBaMHU.

Pemenue. 1) o nyuxta B aBTOMOGMJB AoexaJ 3a I%q —

06 3TOM MOKHO CyAuUTh o abcmucce Touku D. Paccrosiaue ot A 10 B
paBHO 50 KM — 006 3TOM MOKHO CYAUTH II0 OpAUHATe TOuKu D. 3Ha-
YUT, MOYKHO BHIYMCJIUTh CKOPOCTD ABMIKEHUS aBTOMOOMIIA Ha yUaCTKe

orA goB:v=50: % = 37,5 xm/u.

2) Ha yuactxke DE opauHaTa IOCTOSIHHA, T. € PACCTOAHUE OT IIyH-
KTa A He MeHSJIOCh. ITO 3HAYUT, YTO aBTOMOOMJIL He ABurajcsa. IIpu-
1
3
D u E). OcraroBKa Aasnuiach, TakuM o6pagom, 1 u 20 mMu=H.

2
YeM OH CTOSJ B MpOMexkyTKe oT 1- 4 jo 25 4 (3To abGcuucchl TOYeK

3) Ha o6paTHBI IIyTh MOCJIE OCTAHOBKY aBTOMOGUIIb IIOTPATHJI CTOJIb-

2 1
KO ke BpeMeHH, CKOJIbKO Ha OyTh OT A 1o B (uocrcom,xy 4 - 25 = 1?3-)
3HayuT, OGPATHO OH €XaJl C TOM e CKOPOCTHIO. '
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§10. B3AMMHOE PACNOSNIOEHME
FPAMMKOB JIMHEMHBIX DYHKLMA

BepremMmca eme pa3 K rpaduKaM JUHEHAHBIX QYHKIMH Yy =
= 2x —4uy = 2x + 6, npeacraBieHHBEIM Ha pucyHke 55 (c. 60). Mut
yxe ormeuanu (B § 9), 4To 3TH ABe IpAMEIe MapajulebHBI MPAMOMK
Yy = 2x, a 3HAYUT, NapajJiedabHbl ApyT Apyry. IIpusaakoM napaJieib-
HOCTH CJIYXKUT PaBeHCTBO YIVIOBBIX Ko3ddumuenToB (B = 2 aas Bcex
TpeX NPAMBIX: U ANIA Yy = 2x, n gna y = 2x — 4, u ana y = 2x + 6).
Ecan xe yrioBbsle K03(hHUIMeHTH pa3JN4YHBI, KaK, HAIpUMeD, y
auHelHBIX GyEKOUR y = 2x u y = 3x + 1, To mpsMeble, ciy)Kalue
ux rpaduxKamMu, He MapaJliejJbHLI M TeM OoJiee He coBnagaoT. Cieno-
BaTeJbHO, YKa3aHHBIE NIPSAMBIE IlepecexkaloTcsa. Booblne cripaBennBa
cjeayolas TeopeMa.

Teopema 5. IIycmo danwvi d6e nunelinvie pynxyuu y = k;x + m,
uy = kyx + m,. IIpamsie, crnymauue zpadpurxamu 3a0aHRBLX LU-
HelUnblx QYHRKYUU:

1) napannenvruwt, ecnu by = ky, m; # my;
2) coeénadarom, ecau k, = ky, m; = m,;
3) nepecexaromces, ecnu k, # k,.

IIpumep 1. Haiitm Touky nmepece4yeHUs MPSAMBIX:

a)y=2x—3ny=2-§;

6)y=-3x+1uy=-3x+5.

Pemernue. a) [ua nuneitHoit pyEKnun y = 2x — 3 umeeM:
x| o] 2
v | -3 ] 1

IIpsamas l;, cay:xamas rpaduxom JuHeHHON QyEKINN §y = 2x — 3,
nposefieHa Ha pucyHke 71 uepes Touxku (0; —3) u (2; 1).

. 1
Insa auHeitHOM QYHKIUM y = 2 — —2-x nMeeM:

x| o] 2
y|2|1
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IIpamas l,, cnykamasa rpad®ukoM v4
. 1 A

nvHelHoM GyEKOuU y = 2 — Ex, IpoBe- .
neHa Ha puUCyHKe 71 uepes Touku (0; 2) — (ics
u (2 1). NS

IIpameie I; u l, nepecexaloTcda B N o)
Touke (2; 1). 1

6) Jluneitusle Gyrkonun y = —3x + 1 5] 2 x
uy = —3x + 5 UMelOT OAUH U TOT Ke
yrioBo# koaddunuent (k = —3), 3Ha- 3
yuT, npsAMble y = -3x +1luy=-3x+5
napaJulejIbHBbI, T. €. TOUKH IIepecedeHUs /
y HHX HeT. ' Puc. 71

IIpumep 2. HailTH TOUKY mepecedeHHA MPAMBIX Y = 4x + T
y=-2x+ 1.

PemeHnue. 3mech MOKHO oGoiiTuCh Ge3 uepreska. Byaem pac-
CYKIaTh Tak. Bo-mepBHIX, yryioBble K03GhIHIUEHTH NOPAMBIX pas-
an4esl (B, = 4, B, = —2), 3HaYUT, IpPAMBIe IIepeCeKaloTCA B OJHOH
TOYKe.

Bo-BTOpHIX, KaK OfHA, TAK M Apyrad NpAMad OPOXOAAT 4epes
touky (0; 7) (BBl 06GpaTHIM BHMMAaHUE, 4TO m, = m, = 7?).

CanenoBarenbHO, (0; 7) 1 eCTh HICKOMasA TOUKA IepecedyeHud. (u]

Boobme npamvie y = kyx + m u y = k,x + m, 20e k, # k,, nepe-
cexaiomca 6 mouke (0; m).

3aBepiad riaBy 2, oOpaTHM BHHMaHHe HA XapaKTepHYIO 0CO-
6eHHOCTh MaTEeMaTUYECKOro A3LIKA: BO MHOTMX (pas3ax, KaK BbI, Ha-
BepHOe, 3aMeTHJIH, OHHOBPEeMeHHO BCTPEYaloTCs 3JIeMeHTHI ajJrebpau-
YeCKOro M reoMeTpHYeCKOro A3BIKOB — COCTABHBIX YacTell eJUHOro
MaTeMaTH4eCKOro aseiKa. Tak, MBI FTOBODHM: TO4YKa 3, mpaMad x = 2,
Opsamas y = —5, npamasa y = 2x + 3, orpesok [3; 7], ayu [-2; +o0]
urT o AB§ 10 MBI moaydYnsn, mokanyi, HanOoJiee ApKHe oOpas-
IbI CBOGOLAHOI'O ONEPUPOBAHMUA alre0Opamd4eCKMM M IeOMETPHYECKHM
A3BIKAMM B OJHOM CY KJeHMH — OHH IPeACTaBJIeHbl B IIPDUBeJeHHOMH
Tabaune.
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JIuneitnbie Anre6pangeckoe TeomeTpuueckuit
dyEKIHH ycaoBue BBIBOJL
1)k, =k, m# m, 1) Ilpamele y = ky;x + m; n
Yy = kyx + m, mapajjeabHBI
y=kx+m, 2)k, =ky, m; = m, 2) lIpamuie y = kyx + m; n
Yy=~hkyx+ m, y = k,x + m, coBnagaior
3) ki k, 3) llpameie y = kyx + m; u
y = k,x + m, nepecekaiorcs

HDpumep 3. 'paduku auHeitHBIX QyHKOUNA y = kx + m u
Yy = ax + b mepecekaloTcA B TOUKe, IPHHAAJIEXKAUIel YeTBEPTOMY
KOOPAMHATHOMY YIVIy KOODAMHATHOHN miockoctu xOy. 3BecTHO,
YTO mepBasd IpAMasd He IepeceKaeT NepBBId KOOPAMHATHHIN yroJ, a
BTOpasd INPOXOAUT 4Yepe3 Hayajio KoopAwHaT. HaiiTm 3HaKu Ko3dppu-
nueHToB k, m, a, b.

Pemenue. Ha pucynke 72 mpeicTaBiieHa reoMeTpudecKas
WJJIIOCTPAIUA YCJOBHH 3aJladyd, KOTOpas II03BOJIAET CAeJaTh BCe
HeoOxoxauMble BBIBOAHI. JIuHeliHaa dyHKOuA y = kx + m yOniBaer
(puc. 72, a) nam nocrosHHa (puc. 72, 6), sHauuT, k < 0 unu k = 0.
Ee rpaduk nmepecexkaer och OPAMHAT B TOUKe, JIeXKaIeil HMKe Hayaja
KoopauHaT, 3HAUUT m < 0. JluneitHas dyHKIUA Yy = ax + b Takke
yoniBaet, 3Ha4uT a < 0. Ee rpaduk npoxoAUT uepes HAYaJI0O KOOPAH-
HaT, 3Ha4HT b = 0.

OrBeT: k<0, m<0,a<0,b=0.

yﬂl l ylk
< v‘\\
A <& \\9\ ?t\\
Y
N \\4%__"")(\‘ X\
\Xz SN\ \
~ R R
NJo x 0 x
\ y=kx+m \
AN mL N
N
My
a 6
Puc. 72
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rNABA I

CTENEHb C HATYPAIJIbHbIM
MOKA3ATEJIEM U EE CBOMCTBA

;r § 11. Yro 1aKoe cTeneHb ¢ HaTypasbHbIM NOKa3arenem
| § 12. Tabnuya ocHOBHbIX cTeneHes
§ 13. CsoricTBa cTeneHu ¢ HaTypanbHbIM NOKa3arenem
§ 14. YmHoeHne n genexnme creneHes
C OAMHAKOBLIMM MOKA3aTENIMM
§ 15. CreneHe c HyneBbim Nokasarenem

§11. 4TO TAKOE CTENEHb
C HATYPATbHbIM MOKA3ATENIEM

Onua n3 ocoGeHHOCTeiT MaTeMaTHYECKOr0 sI3bIKa, KOTOPBIM
MBI ¢ BAMH JOJIXKHBI HAYYHUTHCA MOJIb30BATHCA, COCTOUT B CTPEMJICHUH
NIPUMEHATHh KaK MOYKHO 0oJiee KOpoTKHe 3anucu. MaTemaTHk He Gyzaer
nucath @ + a + a + a + a, oH Hanuier 5a; He OyzeT mucaTh @ + a +
ta+a+a+a+a+a+a+ a(3recy 10 ciaraempix), a HAIHIIET
10a; ve Oyner nucath g + a + ... + @, 2 HallUIIeT na.
R

TouHO TaK Ke MaTeMaTHK He Oyzer mucaTth 2-2°-2:-2-2, a
BOCIOJIb3YeTCS CHeIHaabHO MPHUAYMAaHHON KOPOTKO# 3amucnio 2°.
AHaJIOTMYHO BMECTO IIPOM3BEJIEHUA CeMM ONMHAKOBBIX MHOMHTeJei
3:3:3:3:3:3:3 ou sanumer 3. KoneuHo, B ciiyuae Heo6XOZMMO-
CTH OH OyZeT ABUTaThCA B OOpDaTHOM HalpaBJIeHHMH, HalpUMep, 3aMe-
HUT KOPOTKYIo 3anuch 2% 6onee pgnmummoit 222222,

Ecam mosasiaserca HoBoe 0003HAaYeHHE, TO BOSHHKAIOT M HOBBIE
TepmMuHbl. 1 Bce 3T0 (M 0603HaUEeHHUA, U TePMHUHBI) OXBaTHIBaETCH
HOBBIM ompefesieHueM. OnpeneneruemM OOBIYHO HA3BLIBAIOT IIPEAJIO-
¥eHue, pa3bACHAIONee CyTh HOBOI'O TePMHUHA, HOBOr'O CJIOBa, HOBOT'O
0B6oznauenus. IIpocTo Tak onpeneleHNsA He IPUAYMBIBAIOTCHA, OHH II0O-
ABJIAIOTCA TOJBKO TOT/A, KOTZa B 9TOM BO3HHUKAeT HEOOXOAUMOCTS.

Onpedenenue 1. Ilog a”, rue n = 2, 3, 4, 5, ..., IOHUMAIOT IPOU3-
BeleHMe n OAUHAKOBBIX MHOMKHTEJEH, KasKIbIM U3 KOTOPHIX SBJIAETCA
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3. II CTENEHb C HATYPANbHbIM NOKA3ATENEM M EE CBOMCTBA

— — e )

YKCJIO0 a. BripakeHue a” Ha3LIBAIOT CTENEHBIO, YHCJIO d — OCHOBAHM-
€M CTeIleHH, YHCJIO I — MOKAa3aTeJieM CTelleHH.

IToguepkHeMm elrje pas, YTO IOKa3aTelb CTEIIEHM — HATypajbHOe
4ucyo (B CTAPIINX KJjaccaX Mbl CHUMEM 3TO OrpaHWYeHHe); OGEITHO
TOBOPAT KOpOUYe: HAmypaavhbiii noxasamens. OTCIOAa ¥ TPOUCXOLUT
HasBaHMe KaK Bcel riiaBbl, TaK ¥ 3TOro naparpada.

Hrak,

4 n N\
a-a-a-...-a=a,

N— ————’

n MHOXHATeNeH

a" — CTemeHb C HATypaJbHBIM
IOKa3arejieM;
a — OCHOBaHHE CTEIleHH;

n — IIOKa3aTeJb CTeIleHH.
- J

3amuch @" YHUTAIOT TaK: «a B n-ii crenesn». AckiaoueHne cocTaB-
JSIOT 3aIHCh a2, KOTOPYIO UMTAIOT: «a@ B KBajgpaTe» (XOTA MOKHO
YUTATh M «@ BO BTOPOil CTeNeHM»), H 3aIMCh a°, KOTODYIO YHTAIOT:
«a B KyOe» (XOTA MOKHO YATATh U «@ B TPEThe# CTEeIleHU»).

IIpumep 1. 3anucaTh B Bujle CTeleHN NIPOU3BeJeHUE
555555
M MCIIOJIb30BATh COOTBETCTBYIOI[HME TEPMUHHI.
Penienue. IlockoabKy JaHO IpON3BeAeHHUE IIIECTH OJUHAKOBBIX
MHOMKHUTeJIeH, KaKIBlii U3 KOTOPBIX PaBeH 5, UMeeM:
5:5:5:5:5:5 =55
5% — cremens;
5 — OCHOBaHUe CTeNleHH;
6 — mokxasaTeisib CTENeHH. @

HDpumep 2. Boruucauts (—2)%
Pemenmue. (-2)* = (-2):(-2) - (-2)* (-2) = 16.
OrBerT: 16.

3
IIpumep 3. Beruncaurs (_:25)
2\ .2.
Pemenwue. (5) =2.2.2="""S=_

OTBeT: i.
27
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3. II CTEMEHb C HATYPAJIbHbIM MOKASATENIEM M EE CBOMCTBA

Kak BB fyMaeTe, MOJIHOCTBIO JIX COOTBETCTBYET Ha3BaHMIO IIapa-
rpada onpenenerue 1? Ilaparpad HaswsiBaercs «UTo Takoe cTeneHb
¢ HATYPDAJLHBIM IIOKasaTejieM», T.e. HMeeTCsa B BHAY, YTO B Kauye-
cTBe IMOKas3aTesia MOXKeT QUrypHUpPOBaThH JII060e HATYpaJIbHOEe YHUCJIO.
A mr000e 11 HaTypaJibHOe YHUCJIO GUrypHpyeT B KaUuecTBe IIOKa3aTesNd
B onpeenenun 1? Kak Bel oTBeTHTe Ha 3TOT BOIpoc?

OTBeTHM Ha 3TOT BOIIPOC BMECTe: MBI 'OBODHJIM O CTEeIeHH a", Te
n=2,3, 4, .., a BOT cilyyaif, Korga n = 1, moKa yoycTHJIH 13 BUILY
(«IOTEepANN» OZHO HATYDAJbHOE YHUCJO). JTO yIylleHHe MCIPAaBUM
¢ IIOMOIILIO HOBOr'O OIpeZeJIeHus.

Onpedenenue 2. CreneHbl0 YUCIIA @ C MOKa3aTejleM 1 Ha3LIBAIOT

caMoO 3TO YHCJIO:

IIpumep 4. Haiith 3HaueHUe cTeneHU a" NpH 3aflaHHBIX 3Ha4e-
HUAX @ U N:

a) a = 2,5, n=2; x) a=-1, n=2>5;
6)a=%, n=4; e a=0, n=1;
B) a = -5, n=1; x®) a=0, n=12;
r)a=-1, n=4; 3) a=1, n=17.

PemeHnue. a) a" = 2,52 =2,5-2,5 = 6,25;
. (1Y 1111 _ 1.-1.1-1 1
6)a= - =_._ .. =___" - " = _".
3 3 3 3 3 3-3-3-3 81
B) a" = (-5)! = —5;
e =)= D)D) (-)=1
R @ = (-1 = (-1 (-1 (1) (1) (-1) = -1;
e) a" = 0! =0;
®)a"=0%2=0.0-...-0 =0
12 mMEOXHATENEH
3d)a"=1"=1-1-...-1=1. ]
;_ﬂ_l
17 mEOXHTENCH
Onepanuio OTHICKAHUA CTeIeHH Q" Ha3blBAIOT BO3BEXEHHEM
B crenens. B npumepe 4 MBI paccMOTpPEIM BOCEMb CJIy4aeB BO3BEACHUA
B cTemeHs.
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3. ll CTENERb C HATYPAJIbHbIM NMOKA3ATENEM M EE CBOMCTBA
— R E——

Hpumep 5. Beraucants 71 - 3% - (—2)3.
Pemenue. 1) 7' =1T;
2)32=3-3=09;

3) (-2’ = (-2)(-2): (-2) = -8;

4) 7-9-(—-8) = -504.

OTBeT: —504.

B paccMoTpeHHBIX TpHUMepax MBI HECKOJIBKO pa3 BO3BOAUJIH B CTe-
IeHb OTPHIIATEJILHbIE YHCJIa. 3aMETHJIH JIM BBl 3aKOHOMEDHOCTD: €CJIH
OTpHUIATEJIbHOE YMCJIO BO3BOOUTCS B YeMHY10 CTeNeHb, TO I0JIy4aeTCs
noaoJ}umeabHoe YUCJIO, €CIU Ke OTPHIATEJLHOe UHCJIO BO3BOAUTCS
B HeuemHyio CTelleHb, TO MoJy4aeTca ompuuamenvroe unciio? Ilonpo-
6yiiTe 00BACHUTDH, IIOUYEMY 3TO TaK.

§12. TABNMLA OCHOBHbIX CTENEHEA

Brl 3HaeTe TabsMuy YMHOKEHUA, B Hee BKJIIOYEHBI IIPOU3-
BeleHUA JIO0BIX ABYX OAHO3HAYHBIX umcesa (3°5, 47 u 1. 1.), aToi
Tabauieil Bbl MOCTOAHHO IOJIb3yeTech IMPH BhIYMcCJIeHUAX. Ha mpak-
THKe mIoJIe3Ha M TabiuIla cTeleHeil IMPOCTHIX OAHO3HAUHBIX YHCEJ
(B npeaenax Teicaum). CocTaBuM ee.

21 =2 3l = 5!=5 =1
22 =4 32=9 52 =25 7% = 49
22=8 33 =27 5% =125 7% = 343
24 =16 34 =381 5¢ =625

25 =32 35 = 243

26 = 64 35 =729

27 =128

28 = 256

2° = 512

210 = 1024

C nmoMombso 3Toi TaGIHIBI MOKHO HaXOAHUTh M CTEIIEHH COCTaB-
HBIX 4YuceJ (II0O3TOMY TaKHe CTelleHH B TaOauIy OOBIYHO He BKJIIOYA~
10o1). Hanpumep:

92=9:9-9=(3-3)(3:3)(3:3)=3-3-3-3-3-3=23°%="729.

IOpumep 1. UsBectHo, uto 2" = 128, 3* = 243. Yro Gospure:
n unu k?
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3. CTEMNEHb C HATYPAJIbHbIM MOKA3ATEJNIEM M EE CBOMCTBA

Pemenue. Ilo Tabnune Haxomum, uto 128 = 27, snauur, n = 7.
[TIo Tabaune Tak ke HaxonuM, uTo 243 = 3%, smauwmr, k = 5. Tak Kak
7>5,T0Nn > K.

OrBeT: n > k.

HMMmeroTco elle TP YHUCJIA, AJIA KOTOPBIX JIETKO COCTABHTH TaOINILy
cTeneHeil, 0C0O0EHHO YYHUTHIBAS, UTO HHYEro BBIYMCJATH He HYXKHO
u pe3yibTaT haKTUYeCKH M3BecTeH 3apaHee. 9To umciaa 1, 0, —1,
a TabauNna cremeHeil NJifA 3THX OCHOBAHHUM BBHIMVIAJUT CJEIYIOI[UM
o6pasom:

1" = 1 gna moboro n;
0™ = 0 gna mo6oro n;
ecan n — 4eTHoe yucio (n = 2, 4, 6, 8, ...),

To (1) = 1;
ecan n — HedyeTHoe yucio (n =1, 3,5, 7, ..),
To (-1)* = —1.

Kcratu, ucnoawssysa ¢opMmyiy YeTHOro ymcia n = 2k u popmyry
HeYeTHOro uucja n = 2k — 1, Mo)KeM 3amucaTh, 4TO

(evr=neyri-1 )

A Teneps BeIGEepeM B KaueCTBe OCHOBaHMSA CTeleHH umcio 10:
10! = 10, 10% = 100, 103 = 1000.
O6GpaTuTe BHUMaHMe: KaKOB IOKasaTelb, CTOJBKO HYJeil Hajxo

3anucaTh mocje uudpsr 1.
Boobe,

10" = 1000...0.
—_———

n Bynek

Hanpumep, 10 = 1000000; sanporus, 100000 = 10°.
IIpumep 2. HaiiTu 3HaueHUe BHIPDAKEHUSA
a'” + b + (100)‘
18 37 1 + 4
a” -b" +c (a + 3)

Ipna=-1,b=0,c=1.
Pemenmne.
1) a17 +b13 +c19 _ (_1)17 +018 +119 _ -1+0+1
a® -7+t D -0"+1" 1-0+1

=9=0;
2
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3. |I CTENEHb C HATYPAJIbHbIM NMOKA3ATENEM M EE CBOMCTBA

(1oc) _ (10-1)° _10* _ 10000 _

=—="——=625; .
(@+3) (-1+3)" 2 16 ’
3) 0 + 625 = 625.
OTrBeT: 625.

B sakiroueHue JaHHOrO nmaparpada eme pa3 OTMETHM, UTO MaTe-
MaTHKH BCerfga CTPeMATCA K KPATKOCTH 3aIlMCei, YeTKOCTH PacCyXk-
geHuii. IlosToMy, BBeJsi HOBOe IIOHATHE, OHM HAUHMHAIOT M3y4aTh ero
CBOMCTBa, a 3aTeM IIPUMEHAIOT 3TH CBOIiCTBa Ha NpakTuKe. O pasHBIX
CBOMCTBaX CTeIlleHH C HATypaJbHBLIM IOKAa3aTejieM IIOrOBOPHM B cJie-
AyiolieM naparpade, a moKa, 3aberas Buepej, 3aMeTHUM, YTO €CJIH ObI
OJHO M3 TAKUX CBOMCTB MBI y2Ke 3HAJIM, TO He BBIYMCJIAJH OBl Tak
zonro 93, kak 3To 6bL10 cAenaHO Bbie. MBI GBI 3aIIHCAIH TaK:

93 = (3%)?3 = 3% = 729.
Buaute, 3amucek B [Ba pasa Kopode. A moueMmy 3TO Tak, y3HaeMm B §13.

§13. cBOMCTBA CTENEHM
C HATYPAJIbHbIM MOKA3ATENIEM

Bénbiiasa 4acTh MaTEMATHYECKUX YTBEPXKACHUN IPOXOAUT
B CBOEM CTAaHOBJICHMH TPHM 3TaIa.

Ha nepBoM aramne 4eJioBeK B pAZie KOHKPETHBIX CJIy4yaeB ImoaMeda-
eT OAHY M Ty K€ 3aKOHOMEPHOCTb.

Ha BTOpDOM 3Tame OH mBITaeTcA CHOPMYJIHPOBATH IIOJMEUYEHHYIO
3aKOHOMEPHOCTh B 0011[eM BHJE, T.e. IIPeAIoJaraeT, 4YTo 3Ta 3aKOHO-
MEPHOCTH JeHCTBYeT He TOJHLKO B PACCMOTPEHHBIX CIy4YasfiX, HO U BO
BCeX JPYrUX aHAJOTHYHBIX CIydJasX.

Ha TpeTheM 3Tame OH MBLITA€TCA AOKA3aTh, YTO 3aKOHOMEPHOCTbD,
chopMyIMpoBaHHAs (FTHIIOTETHYECKH) B 00IIeM BHJe, HA CaMOM JeJie
BepHa.

IokasaTh KaKoe-IH00O yTBep:KAeHHEe — 3TO 3HAYUT OOBACHHUTH,
moyeMy OHO BepHO (OOBACHHUTHL yOeAUTENbHO, & HE TaK: «3TO BEPHO
MOTOMY, UTO 3TO BepHO»). IIpM n0Ka3aTeIbCTBe MOXKHO CChLIATHCHA
TOJIbLKO Ha yKe U3BeCTHbIe PaKTHI (TAK MEI JeiiCTBOBAaJIM, HAIIDUMED,
DU JOKAa3aTeJbCTBe TeopeMHl 3 Ha c. 58).

HaBaiiTe monsiTaeMCAa BMeCTe IIPOITH BCe TPH 3Tama, mompobyeM
CaMOCTOATEJIBbHO OMKPbiMb, chopmyauposame U doxa3amsb CBOHCTBA
CTemneHei, XOpOIIIO U3BECTHbIE B MaTeMaTHKe.
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3. |I CTEMEHb C HATYPAJIbHbIM MOKA3ATEJNIEM U EE CBOMCTBA

Omxpwimue nepéoe

Ipumep 1. Beruucauts: a) 2% - 25; 6) 3'- 34

Pemenmue. a) Umeem 23:25=(2:2-2)-(2-2:2-2:2) =

=2-2-2.2.2-2-2-2=2-2-2-2-2-2-2-2.
———

~ —~—
3 MHOKHTENA 5 MHOKHTETeH 8 MEOXHTeNel

Bcero nmeercs 8 ofMHAKOBBIX MHOMKHU TN, KAXKABIN U3 KOTOPBIX
paBeH 2, T.e. 28, yro mo Tabiauue (cM. § 12) gaet 256.

6) Umeem

31-32=3:(3:3:-3:3) = i 3.3-3-3 = 35— 243.
1 MHOKHETENB 4 MHOKHTeNS

OTrBerT: a) 256; 6) 243.

B nporecce peireEua npuMepa MBI 3aMETHJIH, YTO
2°-2°=2%r.e 28-2°=2%"5
31:34=35 1.e.31:3* =31 +4,

HabaonaeTcs 3aKOHOMEPHOCTh: OCHOBAHHUSA IIePEMHOMKaeMbIX CTe-
neHeill OMMHAKOBBI, IIPH 9TOM IOKAa3aTeJH CKJAAbIBalOTCA. IIepBbIH
9TAall 3aBeplleH.

Ha BTOpDOM 3Tame ocMeJMMCH IPEJNOJIOMHUTH, UYTO MBI OTKPBLIH
(zns ceba) o6wyio 3aKoHoMepHOCMb: a™ - a* = a™ * k.

Teopema 1. Jas 1106020 wucna a u n1066LX HAMYPARLHBLX “U-
cen n u k cnpasednueo pasencmeo
at ak =a" + h.
O6rIYHO TeopeMy GQOPMYJHPYIOT TaK: €CJIH ... (yCJIOBHE), TO ...
(sakarouenue). Hanpumep, Teopemy 1 MOkHO (M, Y4eCTHO roBOpd, TaK
6bL710 6B aKKypaTHee) chOPMYyJIUPOBATH CIELYIOIMIUM 06pa3oM:

ecau a — nwboe wucno u n, k — namypanvrvie wucna, mo
cnpaéednuéo paséencmaeo
a" ak =a" + h.
Ha TpeTheM sTame HaJO AOKas3aTh, YTO Hallle NPEANOJIOKEHUE
BEpHO, T. e. JOKa3aTh TeopeMy 1. CmesaeM 3TO U MHI.

JokaszaTeJlbCTBO.

Da*"=a-a-...-a;

n MHOXHTeNeR
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3. bl CTENEHb C HATYPANbHbIM MOKA3ATENEM U EE CBOMCTBA

2)a*=a-a-... a;
k MHOXHTENEH
3)a"'a*=a"-a*=@-a-...-a)-(@a-a-...-a) =
n MEOXHATeNeH ’ [V a—— ’
=g-¢4-....a-g-a-...,a=@g-a-..-a-a-a-..-a=ak
n MHEOXHTeNel k unox:n'reneﬁ n +mmmenei

Teopema noxkasaHa.
HWrak, nepBoe OTKPHITHE Y Hac cocTosyochk. UxeM manbiie.

Omkpsimue émopoe
IMpumep 2. Bruncauts: a) 2° : 24; 6) 38 : 3°.
PemeHnue. a) 3anuuieM 4acTHOe B BHAe ApOOM M COKDATHM ee:

6 2.2.2-2)-2-2
g0 - 2 )22 _5.9_g9_y
2 2222
(3-3-3-3-3)-3-3-3

(3-3-3-3-3)

OTrBerT: a) 4; 6) 27.

B nporecce pelieHusa IpUMepa MbI 3aMETHJIH, YTO

26:2% =22 1. 26:2t=26"1%
3%:35=23% 1.e.3%:3=3%"5,

Ha6o5aeTcs 3aKOHOMEPHOCTh: OCHOBAHMUSA JEJIMMOTO H HeJUTeJIs
OIMHAKOBBI, IOKAa3aTeNb AeJHMOTO GOJbIle, YeM MOKa3aTeNb HeJIH-
TeJisl, TIDA BTOM M3 IIOKA3aTeNs AeJIMMOr0 BHIUMTAETCHA IOKA3aTeab
AeJIUTeJIA. HeQBbIﬁ 9TaIll 3aBepIlieH.

6) 3%: 3% = =3-3-3=3"=2"7.

Ha BTopoM 3Tame mpeaIoIoKHM, YTO MBI OTKPBLIHM OGLIYIO 3aKO-
HOMEpPHOCTb: a" : a* = a" ¥, ecm n > k.

Teopema 2. Jas n1060z20 wucaa a # 0 u 1106bix HAaMYpanvHbLX
yucen n u k maxux, umo n > k, cnpaéednuéo paéencmeo

a":a*=a"""

MosxeTre JH BH CHOPMYJIHMPOBATh TEOPEMY 2 MHaue, HUCIOJL3Yysd
rpaMMaTH4YecKoe IIOCTPOeHHe «eCJH..., TO..»? Buaure au BHI, rge
B 9TOil TeopeMe ycJIOBHe, a rae 3akjaoueHume? OTBerbTe AJA cebsa Ha
3TH BOIPOCH! (a Hal oTBeT OyZeT IPUBEJEH IOCJNe AOKA3aTeJbCTBa
TeOpEeMEI).



3. u CTEMEHb C HATYPASIbHbIM MOKA3ATEJIEM M EE CBOMCTBA

HoxasaTenncTso. PaccMorpum npousseaenue a" ¥ - a*. Mu
3Ha€eM, 4YTO IIPY YMHOXKE€HHUM CTelleHel ¢ OANHAKOBBIMU OCHOBaAHUSAMU
[IOKAa3aTes CKJIaAbIBalOTCs (00 3TOM muia peub B TeopeMe 1). Ciroxxus
nokasatesu n — k u k, nonyyum (n — k) + k = n.

Hrak, a" *- a* = a", a aTo Kak pas u o3HauyaeT, uTo a" : a* = a" k.
Teopema noka3aHa.

A reneps uHauYe chOpMyJIIPYyEM TeopeMy 2:

ecru a # 0 u n, R — namypanvrvie wucna maxue, wmo n > k,
mo cnpaeednueo pageHcmao

an . ah = an -k
Ycnosue Teopemsul: a # 0; n, B — HaTypaJIbHBIE YUCJIa, n > k.

BakJoueHre TeopeMkl: a” : a* = a® " k.
Bropoe oTKpbITHE Y Hac cocToAsoch. AeM gajblile.

Omxpovimue mpemoe

IIpumep 3. Beruncauts: a) (2°)%; 6) (3%)3%.
Pemenue. a) Umeem
(2%)% = 25.25 = 25+5 = 210 = 1024 (cm. § 12).
6) Umeem
(8%)% =232-3%2-3%2=3%%2+2 = 3% = 729 (cm. § 12).
OTsBerT: a) 1024; 6) 729.
B npomecce penieHus mpuMepa Mbl 3aMETHJIH, YTO

(2%% = 219, 1.e. (2% = 2%°%

(3%)°% = 3%, T.e. (8%)3 = 3%°3,
Hab6ionaeTca 3aKOHOMEPHOCThL: B 000MX CJy4YadAX IIPHU BO3Bene-

HUU CTelleHW B CTelleHb IIOKa3aTeju IepeMHoKaloTcsa. IlepBhlil aTan
3aBepIIeH.

Ha BTOpDOM 3Tamne NpeAIoJiOKUM, YTO MbI OTKPLLIX OOIIyIO0 3aK0-
HoMepHoOCTb: (a*)* = a™*.
Teopema 3. Jaa 1106020 wucna a u n1066Lx HAMYPANLHBLX HU-
cen n u k cnpasedaueo pasencmeo
( a® )k — anh.
Joka3aTeJbCTBO TeopeMbl (TPETHil 9Tam) MbI IPUBOAUM Ha c. 83.

Ecanu ecthb kesaHue, MONBITANTECHh JOKA3aTh €€ CAMOCTOSTENIbHO (MK
C MIOMOIIBIO YYUTEIS).
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3. ll CTEMEHR C HATYPAJIbHbIM MOKA3ATENIEM U EE CBOMCTBA

MBI COBEPILIMJIM C BAMHA TPH OTKDBLITHSA, KOTOpbIE IIPUBEJIN HAC K
TPeM cepbe3HbIM TeopeMaM. ITH TeOpeMbI Ha NpaKTuke ynob6Hee dop-
MyJIMPOBaTh B BHJe TpeX IIPaBUJI, KOTOPbIE II0Je3HO 3alIOMHUTD.

( IIpaBuao 1. ITpu ymHodxiceHuu cmenereil ¢ 00UHAKOBLLMU OCHO-
8AHUAMU noKa3amenru cKaadvléaromces.
IIpaBsuao 2. ITpu denenHuu cmeneneili ¢ 00UHAKOBbLIMU OCHOBA-
HUAMU U3 nokasamens 0eiumozo 8vliumalom noxasameiv
deaumeans.
IIpaBuao 3. IIpu eo38edenuu cmeneru 8 cmenelv noka3amenu
\_ "ePeMHONCAIOMCA. )

CpaBHUTE 9TH TpM NpaBuja ¢ GopMyJIUpOBKaMu TeopeM 1, 2, 3.
ITouyscTBoBanu pasHuny? B Teopemax Bce ueTKO, BCce OTOBOPEHO, BCE
IpeAyCMOTPEHO, a B IIpaBUJIaX ONIIYMIaeTCHd KaKasa-TO HeIlOJIHOTA, JIer-
KOCTb MBICJIY, II09TOMY OHM Jierde 3allOMMHAIOTCS U BOCIIPMHMMAIOT-
cs; IpaBUJIa ITOXO0KYU Ha adopM3Mbl. ITO TOXKe OJHA U3 ocoOeHHOCTEeH
MaTeMaTNYeCKOro S3bIKa: HapAAY C CePbe3HLIMU OTTOYEHHLIMHU Gop-
MYJIMPOBKAMU HCIIOJL3YIOTCA U KpaTKue aopucTUYHbIE IIpaBUJIA.

IIpumep 4. Beruucauts ——(23 : 24):.

(2-29)

Pemenne. 1) 2%- 2% = 23+1 = 27 (mpaBuo 1);
2) (27)° = 27°% = 235 (npaBmio 3);

3) 228 = 21*8 = 29 (mpasuo 1);

4) (2%3 = 2°3 = 2%7 (mpaBuo 3);

5) 235 : 227 = 23527 = 28 (gpaBuio 2);

6) 28 = 256 (cm. § 12).

OrBerT: 256.

OnBITHBIA OpPaTOp, BHICTYNHUB C AJMHHOM M TDYAHOH IJIA CJIyLIa-
TeJiell peublo, 00513aTeJILHO B KOHIIE JOKJIaJia ellle pa3 BHIAEJIUT caMoe
rJaBHOe, caMoe BajKHoe. Y Hac ¢ BaMH OblJIa OYeHb TPYAHAA U HAIPS-
JKeHHas paboTa, JaBaiiTe Ke M MBI BBIJEJIMM caMoe IJIaBHOe.
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Camoe riaBHOe — TpH POPMYJILL:

au,a au+l¢
a":a*=a""* raen >k, az0;
(an)k=anh

Hx M0oXHO IPUMEHATH KaK CIIpaBa HAaJeBO, TAK U CJIeBa HAIPAaBO.
Hanpuwmep,

23,25=28; 28=24+4=24,24; 22+n=22.2u=4,2n;

_ 31 _ 3" 3"
37:31=36; 36=310 4_34’ 3r 4 _ 2 =29
(53)4 512 512 — (56)2 — (52)6 — (54)3 = (53)4.
3amevwanue. Mbl rOBOPHJIN TOJBKO 06 YMHOMKEHUN U AeJIEHUN

cTelleHe# C OQMHAKOBBHIMH OCHOBAHHUAMM. A BOT 00 MX CJIOXKEHHH U
BBIYMTAHUY HUYEro He U3BECTHO, TAK UTO He COUMHSAMNTE HOBBIX IIpa-
sun. Henbss, Hanpumep, 3ameHaTs cymmy 2% + 2% ma 27; B camom
nese, mocunTaiite: 2* = 16; 2% = 8; 16 + 8 = 24, Ho aT0 He ecTb 27,
mockonbky 27 = 128. Henb3a 3aMeHATH pasHocTh 3° — 3* na 3'; geit-

CTBUTEJbHO, mocunTaiite: 3° = 243; 3% = 81; 243 — 81 = 162, =o aTO
He ecTb 3!, Tak kak 3' = 3. ByapTe BHUMATEIbHBI!

Temnepb, Kak ObLJIO 00EI[aHO BBIIIE, JOKa)keMm TeopeMy 3. Umeem

@k=a"-a" .. a" =

k MBOXHTeNEH
=(a-a-...-a)-(a-a-...-a)-...-‘(a-a-...-a)=

v
k rpynn mo n MHOKHTeJel B KaxAok

=a-a-...ra-a-a-...-a-a-a-...-a=a.

nk MBEOXHTeNEH

Ipumep 5. PacmonoxuTh B mopsAaKe Bo3pacTaHusA umcia 2%5,
422, 814, 1612.

Pemenue. Umeem 422 = (2%)22 = 244; 8l = (231 = 2%2; 162 =
= (24)12 — 248.

flcHo, uTo 242 < 2% < 2% < 248, 3BHayuT, B MOpALKe BO3pACTAHUSA
3aflaHHBIe YMCJIA CAeAyeT PacmoJokuTh Tak: 84, 422, 245 1612, @@
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IIpumep 6. CpaBHuTh uncia a = 5%, b = 3132,

Pemenue. a = 5% = (5%)* = 25%; b = 332 = (3%)* = 27*. fcno,
uyro 25* < 274, 1. e. a < b. @

IIpumep 7. a) Haitti nocnexnion nudpy uncaa 382%;

6) noxasarh, uto (7% — 37%) : 10 (cuMBoOX : O3HAYAET «AEIUTCA HA»).

Pemenue. a) 382% = (38%)°%; uyncno 38% oxanumBaerca mud-
poii 4, a uncio 38%, T. e. (38%)2%, — nudpoit 6. Ocranoch JUIIL 3a-
MeTHTb, YTO JI06as CTeleHb YHCJa, OKAHUMBAOImerocsa Ha 6, Takxe
HMeeT cBoeil nocjenHe nudpoi nudpy 6 (cMorpure: 6! = 6, 62 = 36,
63 =216 u 1. 1.).

6) 7% = ((79)%)'2; 72 = 49, 49? oxanumBaerca nudpoit 1. Jlobas
CTelleHb YMCJIA, OKaHYMBAalOIerocs Ha 1, Takake MMeeT cBoeil oCIe-
Heit nmudpoit muppy 1.

Ianee, 372 = (34)'8; 3* = 81; 81'® okanuuBaerca nudpoit 1.

Hrak, mociaegane nudpsl uncen 7% u 372 oguHaKOBBI, 3HAYMT,

Pa3HOCTb 3THUX 4YHCeJ OKaHuMBaercA Hudpoit 0, a moToMy JeauTcs
Ha 10.

IIpumep 8. Be3 ucnoiab3oBaHusd 3HAKOB apu@MeTHYECKUX
neicTBUil (CIOKEHUs, BHIYMUTAHUSA, YMHOXKEHUS M JeJIeHUs) 3aIu-
caTh HanOoJIbIllee BO3MOYKHOE YMCJIO: a) TpeMs eJUHHUIAMU; 6) TpeMA
IBOMKAMM; B) TPEMA TPOMKAaMM; I') TPeMs YeTBEePKaMU; 1) YeThIPbMS
eIUHUIAMH; €) YeThIPbMSA ABOHKaMU.

Pemenune. a) BeimumieM Bo3MOXKHBEIE BapMaHTHI 3amucu: 111,
1
1%, 1Y, 1'. HauGonpmumM siBaseTcs ducio 111.

2
6) BhinumeMm BO3MOXCHbIEe BApMAHTHI samucu: 222, 222, 222, 27,
HaunGonpmuMm sBageTca yucio 222,

B) Beimuinem BosMo)kHEIe BapuaHThI 3amucu: 333, 333, 333, 3%.
HauGosbmum aBiagerca au6o 332, mubo 3%. Ho cmorpure: 333 =
=33-33-33<81-81-81=3%-3%-3*=3'%2 < 3%, Buaunr, nan6oas-
MM sBJIseTcA uncio 3%,

r) Boinumem Bo3MOXHEIE BADMAHTHI 3amucu: 444, 44%, 4%, 4%,
SlcHo, uTo 444 — camoe MaJICHbKOE M3 9THX JeThIpex umcel, a 444 <44 =
= 4256 Bpaunur, ocrayoch cpaBHUTH umcia 44 u 4*'. Cgenaem aro:
44* = 44-44-44-44 < 64-64-64-64 = 43-4%- 43 43 = 412 < 4%,

44
3HauuT, HaubGoJLIINM SBJIAETCA uncao 4 .
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3. CTENEHb C HATYPAJIbHbIM NOKASATENIEM U EE CBOMCTBA

— E—

&) Brinuizem Bo3MoskHble BapuaHTHI 3amuem: 1111, 1111, 1111,

g1 g1t g1t g
117,1,1°,1 ,1

Haun6onsmuM ABiasgercs uncio 1111,

e) BuinmuireM Bo3MOKHBIe BapMaHTHI 3amuen: 2222, 2222, 2222,

22 9222 9228 922 o2¥
22°, 2%%%, 2%%, 2%, 2° . .

2

HaunGoasmuM MoxeT 66T au60 2222 muGo 2° . CpaBHUM 3TH uMC-
na: 2222 < 3232 = (25)%2 = 2160 < 22 Prax, HanGonbmuM ABIAETCS
uneno 2%. @

§14. YMHOXEHHME M RENEHME CTENEHEN
C OAMHAKOBbIMM NOKA3ATENSIMM

B mpexpigymeM naparpade MbI pacCMaTpPUBa YMHOMKe-
HMe M JleJIeHNe CTelleHell ¢ OJUHAKOBLIMM OCHOBaHUsiMU. OKa3bIBaeT-
Csl, MOKHO YMHOYKATH U JEJUTH CTEIIeHN U C PA3HbIMU OCHOBaHUSIMH,
€CJIM TOJIbKO MOKA3aTeJId y 3TUX CTeleHel OZUHAKOBEIL.

Ipumep 1. Beruucaurs 2% - 54

Pemenune. KoHeuHo, MOKHO o Tabiuue u3 § 12 ycTaHOBUTD,
gro 2* = 16, 5* = 625, a 3aTem ymMHOxUTb 16 Ha 625. OgHaKO 3ddek-
THBHEe CJIeAYIOolllee paccyKaAeHue:

24.5*=(2:2-2-2):(5-5-5-5) =
=(2:5):(2-5):(2:5)(2-5)=(2-5)*=10*=10000. &
B npomecce peuieHus MbI IOJYYNJIN YHUCJIOBOE PABEHCTBO
2%.5% = (2 5)%.
TouHO Tak Ke MOXHO A0Ka3aTh, uTo a’b® = (ab)?.
B camomMm peute,
a’®*=(a-a-a)-(b-b-b)=ab-ab-ab = (ab)’.
Boobi1ie mMeeT MeCcTo paBEeHCTBO
' ab™ = (ab)*.

IIpuBeneM «MOJIYAIHBOE» AOKA3ATEJLCTBO 3TOI'0 YTBEDIXKIAECHUSA.

Ilonpo6yiiTe €ro «03By4UTh» ¥ IIPOKOMMEHTHPOBATH:

a“-b"=a-a-..-a-b-b-...b=qg-a-..-ab-b-..b=

n MHOXHATeNeHR n MEOXHATENeHR

= (ab)-(ab) ... (ab)‘= (ab)".

n MHOXHTeJNeR
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— —

6
IIpumep 2. BeiuucauTs U
Pemenue. KoHeuHO, MO}KHO IIPOM3BOAUTDL BHIUMCJIEHUSA «B JIOO»,
T. e. HaitTk 125, 3aTem 4%, 3aTeM mepBoe uMcIIO pasgenNTH HA BTODOE.

Ho nyumie paccy»xAaTh Tak:

45 4-4-4-4-4-4 4 4 4 4 4 4
6
= (%2] = 3% = 729, @

¢ (12)
B mporiecce perieHNA MbI TIOJTY YN YHUCIOBOE PABEHCTBO Vo = (—4— .

a® aY aY
To4YHO TakK ke MOYKHO IOKAa3aTb, UTO 7o (5) mo = (;] . Boob6me

nMeeT MeCTO paBeHCTBO

:—n = (%) , ecau b # 0 (moxakure!).

Hrak,
a*b" = (ab)*;
n
a’ a
Ia = (ZJ , b#0.
OGe a1 hopMyJIBI IPUMEHAIOT KaK CJieBa HAIpaBo, TAK M CIpaBa

HajeBo. X TaKiKe MOKHO ODOpPMHTH B BHJE IIPaBUJ JeiCTBUI Haj
CTeleHAMH, TOTAA K TpeM npaBuiam us § 13 mobaBaTcsa emre aBa.

[Ilpammo 4. Ymobv. nepemHoMumev cmenenu ¢ 00UHAKOBbLMU
noxasameaamu, 00cCmamoiHo nepemHoONUms 0OCHOBAHUS, 4 NOKA-
3amenv cmeneHu oCMasumsv Heu3MeHHbLM.

IIpaBuio 5. Ymobu. paszdeaumsv dpyz Ha Opyza cmeneHu ¢ o0uHa-
K08bLMU noxazamenamu, docmamoxwHo pasdeaums 00HO OCHOBAHUe
Ha dpyzoe, a nokasamenv cmenenu 0CMasUMb HeU3MEHHbLM. )

2 73p 5
IIpumep 3. YOpocTUTh BhIpa)KeHUE [ 3 ] R
Pemenue. Umeem

2 34\ 22 3b45
[2ab ] =( ¢ ) (npaBuJio 5);

\_3 35
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3. II CTENEHb C HATYPAJIbHbIM MOKA3ATEJIEM M EE CBOMCTBA

(22a%b%)® = (22)°(a®)°(b*)° (upasmiio 4).

Ho
(22)5 — 210 = 1024; (a3)5 = a15; (b4)5 = b20 (l'[paBPIJIO 3)-

Bnaunrt, (22a%b%)° = 1024a'%6%°. Tax kak 3° = 243, To OKOHUYATEB-

1024a'°p?° @
243

2%24%p*
HO TIOJIy4aeM [ 3 J =

IIpumep 4. PacnosioxxuTth B mopsifjke yObIBAHUA YUCJIA:
a=273-25% p=175%8.91 ¢ =45%,
Pemenue. a = 27%7-25%8 = (83%)37-(5%)?8 = 3111.5%,
b= 7528 941 — (3 52)28 (32)41 328 556 382 3110 556
c = 4556 (32 5)56 3112,556-
Urak, a = 311155, p = 3110.5% ¢ = 3112.5% spaypr, ¢ > a > b. @

B zakiioueHMe — OZHO IpemocTepexkenue. Mbl 3HaeM, 4TO

€CJIH OCHO6aHuUA OTMHAKOBBI, TO €CJIH noxa3ameanu OTMHAKOBBI, TO
an,ak=an+k; an,bn=(ab)n;
a":aF=a""F a": b= (a:b)y.

Ecin ke yMHOXXeHMNe M fAeJieHNe BHINOJHAETCA HaJ CTEeleHAMU
C Pa3JIMYHBIMH OCHOBAHMSAMHU U P Aa3HBLIMH IIOKA3aTeJAMH, TO
6yapTe BHUMaTedbHbI. Tak, 3° - 2* MOKHO BBHIYMCINTL «B J0O6»: CHa-
yaja BRIYMCIMTH 3°, 3aTeM 2* u, HaKOHeIl, BHIIOJHATH YMHOMKEHHE.
A moxxHO Tak: 3-34-2%=38-(3-2)* =3 6%

§15. CTENEHb C HYNEBbIM NOKABATENEM

B mpeapigymux maparpadax MbI ¢ BAMM HaY4YUJIUCh BBI-
YNCJHATH 3HAUYEHNEe CTEINeHHU C JIOOBIM HAmypanbHbiM TIOKa3aTeJieM.
Hanpumep:

0,2! =0,2; 32=3:3=09; 43=14-4-4 = 64;
'=1111=15  (2°=(2 (2 (2 (D (=~
=0:-0:0:0:0:0=0mur.n
B panbHeiilreM BBl y3HaeTe, YTO II0KA3aTeJIEM CTEIIEHN MOKeT ObITh
He TOJILKO HaTypajbHOe umciio. Ho sTo mpomsoiizer mosgHee, B cTap-
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IIMX KJIACCaX, a MOKa MbI CeJIaeM JIMIIh OAMH CKPOMHBIH IIIar B 3TOM
HATIPABJIEHNN: BBeJeM IOHATHE CMeNneHu C HY.neeéblM NnoxKasameneM,
T. e. BBLIACHHM, KAKOW CMBICJ IIpUAAeTCA B MaTeMaTHKe CHMBOJy a’.
A Befb 3TOT CUMBOJI «HanpammuBaercsa». Cmorpure: 25 : 23 = 2573 = 22
3% : 3 =381 = 37, [Touemy GbI He HamucaTs 5 : 5% = 5°?

Ilo cux mop Bce GLLIO XOpOIIO: @ — 3TO 3HAYHUT, YTO UHUCJIO 4

HY’KHO YMHOKHUTb caMo Ha ceba 3 pasa, a'® — 1o 3HauuT, UTO UMKC-
JI0 @ HY’XHO YMHOXUThH camo Ha cebs 10 pas, a' — sTo mpocTo a.
A uTo Taxoe a’? Benp Helb3sA XKe, B CAMOM JieJie, YMHOMXKHTD YUCJIO a4
camo Ha ceba 0 pas!

Xorenoch 66, 9TOOBI A a’ BHITIOJHAIMCH IPUBBIYHEIE IPABUIIA,
HalpuMep, YTOOBI NpH BBIYMCIeHHH a’ - a’ mokasaTesy CKJIaLbIBa-
auck: ad-a®=a®**° Ho 3 + 0 = 3. Uro ke monyuaerca? [lomyuaercs,
ugto a®-a® = a3. Buaunr, a® = a® : a® = 1 (upu srom HyxkHO BBecTH
ecTecTBeHHOoe orpanuueHune — a # 0). [IpoBemeHHOe paccyXiaeHue

KaK-TO MOTHUBHUDYeET cJeayloigee onpenejieHune.

Onpedenenue. Eciu a # 0, To a® = 1.

Hampuwmep, 5,7° = 1; (-3)° = 1; (2")° = 1 u T. a. OxHAKO yUTHTe,
yro cumBos 0° cunTaeTCs B MaTeMaTHKe He MMEIOLIMM CMBICIIA.



INABA

4 OAHOUNEHDbI. APUDMETUHECKME
ONEPALMU HALL OQHOUYJIEHAMM

§ 16. [MoHsaTue ogHo4YneHa. CTaHAaPTHbINA B4 OAHOYNEHA

§ 17. CnoxxeHune u BbiuMTaHME OLAHOYNEHOB

§ 18. YmHoxeHne ogHouneHos. Bo3segeHnme ogHouneHa
B HATypansHyro CTeneHb

§ 19. [leneHne ogHouneHa Ha ogHOUYNEH

§16. NOHATUE OLHOUNEHA.
CTAHAAPTHbIM BMI, ORHOUNEHA

Onpedenenue. OnHOYUNEHOM HA3BLIBAIOT ajaredpamyeckoe
BhIpa’KeHHe, KOTOpoe IMPeJCTaBJsieT co00oil Ipou3BefeHne Yucesl U
IepeMeHHBIX, BO3BEJEHHLIX B CTEIEeHb ¢ HATYypPaJbHBIMH IIOKa3aTe-
JIAMH.

IIpuMepLI OGHOYJIEHOB:

4
2ab; %azxyaz (-2)xy?*- @) x*ab’;  1,7a"" (n € N).

OnHouYJIeHAMH SBJISIOTCHA, B YACTHOCTH, TaKJKe BCe YMCJIa, JIIoObIe
nepeMeHHbIe, CTelleHN IIepeMeHHBIX. HalmpuMep, OgHOYJIEHAMU SAB-
JIAIOTCA:

0; 2; -0,6; x; a; b; x% a® b* (ne N).
Teneps nmpuBeleM NpHUMephl ajreOpamdyecKHMX BhIpa’KeHHii, He

ABJAKIINUXCA OJHOYJIEHAMMU:
2

a+b; 2x%-3y°+5; fb—

2ab
A KakK BbI CUHTaeTe: BEIpAXKeHUE =3 ogHoueH uiau HeT? Beas

2
a
OHO 110 hopMe IIOXO0sKe Ha BhIpaskeHue ~ " koropoe ¢urypupyer y Hac B

qucie BHpaJlCEHHﬁ, He ABJIAIOUINXCA OJHOYJIEeHaMH, U COOAEPIKHUT B CBO-

“ 2
eif 3anucu yepty apodou. Tem He MeHee % — OTHOYJIEH: % = gab.
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a 3
Bor eme aBa mpuMepa, IOCTPOEHHBIX Ha KOHTpPACTe: 3 u —. Kak
a
BBl CUHTaeTe, KaKoe M3 3TUX BbIpaKE€HMH OJHOUJIEH, a KaKoe HeT?

a
A Temepb npoBepbTe CebdA: 3 — ONHOYJEH, €0 MOXKHO 3alMcaTh B
3

1
BHIE ga; BEIDAYKEHUe XKe He SBJSIETCA ONHOYJIEHOM. TepMUHH

a
B MaTeMaTHKe HaJ0 YIOTPeOJATh MPaBUJILHO.
2
PaccMorpuM oxHOUJIEH 34 - gazbc. T'naps Ha 3TO BRIpaXkKeHue, Ma-

TeMaTUK OOBIYHO paccyskaaeT Tak: «OT ImepeMeHBI MECT MHOMKHTeJ el
npousBelileHe He N3MEeHUTCs, 3allMIINy-Ka A 3TO BeIpakeHUe B GoJiee
yIEOoOHOM BHIeE:

3-2).@- a*pbe.
(53

Torga, — aAymMaeT MaTeMaTHK, — A MOJYYy 2a3bc, a ata 3anuch npu-
ATHee TOM, uTO ObLIA, XOTsA ObI MOTOMY, YTO Kopoue. Kpome Toro, B
Hell HeT Toro cymOypa, KaKoil GbLJI CHayajia: IepBblii MHOMKHUTEIb —
YUCJIO, BTOPOl — IlepeMeHHas a, 3aTeM CHOBa YHCJIO, IIOTOM OIATH
nepeMeHHad @, HO y»Ke B KBaJpaTe U T. I.».

CrpeMaAmuiica K 4eTKOCTH, KPATKOCTH U NMOPAAKY MaTeMaTHUK Ha
caMoM Jiesie IIDUBEJI OGHOWIEH K cmaxndapmuomy eudy.

Boob6me, umo6v. npusecmu odHounen K cmarndapmHuomy eudy,
HYHHO:

1) nepemnoxncumoe 8ce wucCnLO8ble MHOMUMEAU U NOCMABUMb UX
npouseederue Ha nepgoe mecmo,

2) nepemHo}cUmMb 8Ce umernwuecs cmenenu ¢ 0OHUM GYKEeHHbLM
OCHOBAHUEM;

3) nepemnoicumv 8ce umernwuecs cmeneru ¢ Opyzum 6YyKe8eHHLLM
OCHO8aHuem u m.a.

YucIOBO MHOXKHUTEJIb OAHOYJIEHA, 3alIMCAHHOIO B CTAHAAPTHOM
BH e, Ha3LIBAIOT KO3(hPHIMEeHTOM OXHOUJIEHA.

JI1060i1 0HOUJIEH MOYKHO IIDUBECTH K CTAHAAPTHOMY BHAY.

IIpumep. [IpuBecTu ofHOYJIEH K CTAHAADTHOMY BHAY M Ha3BaTh
KoadPUIeHT OgfHOYJIeHAa:

a) 3x%yz - (-2)xy’2®;
1
6) 4ab’c - 15
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B) —2ax?y®z" - %ax5yz;
3ab
P) W.
Pemenue. a) 3x%yz - (—2)xy?2° = 3 - (-2)x2xyy’z2® = —6x%y325.
Koaddunmenr ogqHouseHa paseH —6.

6) dab’c - ic —4. iabz(c-c) = 1-ab2c? = ab’c?.

Kosadpdunuenr ogHousreHa paBeH 1, Takoii KoadPuIueHT 06BIYHO
He MUIIYT, HO II0ApasyMeBaloT.
3.1l s 1 53 n 2.7 4 n+1
B) —2ax’y3z"- 3 0xyz = (-2)- Eaaxzx Yy yz2"z = —a’x'y*2" ",
Koabdunuent ogHouneHa pased —1.
r) A 3TO, KaK roBOpAT, «MajleHbKas MPOBOKAIUA»: OJHOUYJIEH He
HaJ0 NIPUBOAUTH K CTAHJAPTHOMY BHAY, OH U TaK 3allCaH B CTaHAApT-

HOM BHJE: I%ab. Koaddunuent oguounena pasex 0,3. ]

§17. CNOXEHME U BbIMMTAHME
OAHOUNEHOB

B aT0i1 riraBe MBI H3y4yaeM HOBHIE JIJIS BAC MAaTeMaTHUYeCKHe
00beKTHl — ogHOWJeHBl. O0pa3sHO roBops, ecJau AJS MaTeMaThude-
CKOr'o A3BIKA YHcJia, IepeMeHHbIe U CTelleH! NePeMEeHHBIX ABJIAIOTCS
6yKBaMH, TO OJHOUJIEHBI — cjoramMu. Korza B sercrse Bbl YUHJIHCH
YUTaTh, TO CHAYajia U3ydanau OYKBBI, 3aT€M YUTAJIUA CJOTH U TOJBKO
IIOTOM IEeJIMKOM IIPOU3HOCHJINA HAlIMCAHHOE CJIOBO; GYKBEI, CJIOTH, CJIO-
Ba, MpeJJIOKEeHNUA — ITAlbl H3yUeHUsd A3blKa. U TYT yiKe He Ba)XHO,
HpaBATCA HAM OJHOUWIEHHE KAK CAMOCTOSATEJbHBEIH OOBEKT M3y4YeHUsd
UM HeT, HAUYero He Iojejaelir — 0e3 yBepeHHOro BJAaJeHUS NMU
HaM He 0GOMTHCH, ecIM MBI XOTHM CBOOOJHO BJIaIeTh MaTeMaTHye-
CKHMM A3BIKOM.

B § 16 MBI BBeIM NMOHATHA OAHOYJIEHA, CTAHAAPTHOTO BHJA OJHO-
yjeHa. 3HAYUT, HAZLO0 HAYUHTHCA paboTaTh C OJHOUYJEHAMH, HAOpHU-
Mep, BHINOJHATH HaJ HUMH apudMerndeckue onepamuu. IIpm atom
cpa3y JOTOBOPHMCS, 4TO OyJeM pacCMaTpUBaTh TOJBKO OJHOUYJIEHBI,
3amuCcaHHbIe B CTAHJAAPTHOM BHJE.
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Onpedenenue. [IBa ofHOUYJIEHA, COCTOAIINE U3 OMHUX U TEX XKe Ie-
PEeMEeHHBIX, KaK/Jasd U3 KOTOPHIX BXOAUT B 06a OHOUJIeHA B OJUHAKO-
BBIX CTeNeHAX (T.e. C pABHBIMU IIOKAa3aTeJsIMH CTelNeHeil), Ha3hIBalOT
NOXOOHBIMH OXHOYJEHAMH.

IIpuMepsl NOJOGHBIX OZHOYJIEHOB:

2
2a u ba, 3ab’c mu —?abzc, x" u 5x".

Kak Bupute, momso6HbIe OQHOYNIEHB! OTJINYAIOTCA APYTr OT Apyra
TOJNBKO KoaddumueHrtaMu (BrpodyeM, U K03apDUIUEHTH MOTYT OBITH
PaBHBI, HanlpuMep, 7ab u Tab — NoxoOHBIE OJHOYJIEHHI).

A BOT IpuMepHI HENMOJOOHEIX OAHOYJIEHOB:

5 u 3a%, 2x u Ty, 3a’’® u 6a’.

CnoBo «I0J00HBIE» MMEET IMIPUMEPHO TOT K€ CMBICJT, YTO B OOBI-
ZIEeHHOH peuy CJI0BO «MOXoKue». CorjacuTech, YTo OfHOWIEHH 5a’h
u 23a%b nmoxoxku Apyr Ha Apyra (I0JOGHEIE OXHOYJIEHBI), TOTJa KaK
oxHounensl 5a’b u 23ab®c? e moxoxu Apyr Ha Apyra (Hemono6HEIE
OJHOYJIeHBI).

PaccMOTpHM cyMMy ABYX HOZOGHBEIX ofHO4NeHOB 5aZb + 23a’b.
Bocnonbayemcsa memodom 66edeHus HOBOUL nepemeHHOll: MOJIOKUM
a%b = ¢. Toraa cymmy 5a’b + 23a’b MoxxHO mepenmucars B Bufe 5¢ +
+ 23c. 9ra cymma paBHa 28c. Urak, 5ab + 23a%b = 28a%b.

B uem cmbica 3TOro npeobpasosanua? CMBICT B TOM, YTO DaBeH-
cTBo 5a’b + 23a2%b = 28a’b aBnAeTcs BepHBLIM DU MOACTAHOBKE JIIOOBIX
3HA4YeHUI nepeMeHHBIX.

HamM y1aioch CJIOKHUTh HOA0GHEIE OJHOUYJIEHBI; OKa3aJIOCh, YTO 3TO
O4Y4eHBb IIPOCTO: JOCTATOYHO CJIOKHUTh UX K03 unueHTs, a 6yKBeHHYIO
4acTh OCTaBUThL HendMeHHOIf. Tak ke o6CTOUT AEJIO U C BEHIYUTAHUEM
nomo6HEIX ofgHOUYIeHOB. Hanmpumep,

Tabc® — 9abc® = (7 — 9)abc® = —2abcd.

A Kax 6BITh, €CJIM OJHOUYJIEHBI HEMOJOOHBI: MOYKHO JI X CKJIAJBI-
BaTh, BEIYUTATH? YBBI, TOKA Heab3sa! MBI BepHEMCA K 3TOMY BOIIPOCY
nosaHee, B rJjase 5.

Ceituac MBI cOPMYJIIDYEM QJITOPUTM CJIOXKEHUA U BHIYUTAHUSA Of-
HOWIEHOB (BIIpoYeM, OOBIYHO OCTABJIAIOT TOJbKO TEDMHUH «CJIOKEHUEe»,
a 3HAK MHHYC OTHOCAT K K03dhdumueHTy).
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a AJIropuTM™ CI0KeHNS OHOUYJIEHOB w

1. IlpuBecTH BCe OZHOYIEHBI K CTAHAAPTHOMY BHAY.

2. Y6eauTbCcs, 4TO BCe ONHOUYJIEHBI ITOJKOOHBI; €CJIH K€ OHU Hemo-
HOOHBI, TO QJITOPUTM Jajiee He IPUMEHSETCHA.

3. Haiitu cyMmMy K03(DHUIIHMEHTOB MOLOOGHBIX OJHOYJIEHOB.

4. 3anucaTh OTBET: OHOYJIEH, IMOAOOHBIN HAaHHBLIM, ¢ K03(hdHUIIH-

\_  €HTOM, IIOJIyYeHHbIM Ha TPeTbeM Iuare. )

IIpumep 1. YOpocTuTh BEIpa’KeHUE
2a%b — Ta - 0,5ba + 8b- 2a - (—0,5a).

PemeHue. Peub uer o CII0KeHUHU OJHOYJIEHOB, 3HAYUT, OyaeM
JeHCTBOBATh B COOTBETCTBUHU C QJITOPUTMOM.

1) IlepBHlil OAHOUYJIEH YK€ MMeeT CTAHJapPTHBIA BHJ.

Jlss BTOpPOro ofHOUYJIeHa UMeeM

7a-0,5ba = (7-0,5) - (a - a)b = 3,5a%b,
3TO CTAHAAPTHBIN BUJI.

IIpuBegeM K cTaHAZAPTHOMY BUAY TPETHH OJHOUJIEH:

3b-2a-(-0,5a) = 3-2-(-0,5) (a- a)b = —3a’?b.

2) Ionyunnu Tpu oxHowrena: 2a%b, 3,5a%b, —3a’b. OHU MOZOGHBI,
II09TOMY C HUMHM MOXKHO IIDOM3BOJHUTH AajIbHEHIINe AeHcTBU, T. €.
IIePeXOJUTh K TpeTheMy IIary ajJropurma.

3) Haiigem cymmy K03h(dHUOHNEHTOB Tpex MOJYYEHHBIX OJHOYJIe-
HOB: 2 — 3,5 — 3 = —4,5.

4) 3anumem orset: —4,5a%b. @

IIpumep 2. IIpeacraBUTh OJHOYJIEH 27ab’ B BuZe CyMMBI OLHO-
YJIEHOB.

PemeHue. 3qech B OTIHYKE OT PACCMOTPEHHBIX paHee IIPMMEPOB
pellleHre He eJUHCTBEHHOe (a pa3Be B JKU3HM BO BCEX CJYyYasaX BEI MO-
JKeTe HAWTH eqUHCTBeHHOe peieHne? MHoraa pemeHuil HECKOJIBKO, a
WHOT/Ia pellleHns ¥ BoBce HeT). MOXXHO HamucaTh

27ab? = 20ab® + Tab?,
¥ 3T0 Oyner BepHo. MOXXHO HamucaThb

27ab? = 15ab? + 12ab?,
4YTO TakKike Oyaer BepHO. MOKHO HamucaThb Tak

27ab? = ab? + 26ab?
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U JaKe TakK
27ab? = 100ab? — 73ab?.

MoxxHO yKasaTs elje pAj peuieHuii. I'siaBuoe, uyro6el cymma Koaddu-
IIMEeHTOB CKJIAAbIBAEMBIX NMOAOOHBIX ONHOUYJIEHOB Obla paBHa 27.
Kcratu, He 0643aTeJIbHO COCTaBJATh CYMMY JABYX OJHOYJIEHOB
(B ycioBMH BeJb 3TO HE OrOBOPEHO). 3HAYUT, MOXKHO IIPEAJIOMKHUTH,
HanpuMmep, Takoe pemenue: 27ab? = 20ab® + 4ab? + 3ab®.
Wnu raxoe: 27ab® = 2ab® + 8ab? + 22ab? — 5ab’. |

ITonpoGyiiTe caMu NpUAyMaTh elje HECKOJIbKO PelleH’i nmpume-
pa 2.

Mp1 3akaHYHMBaeM udydeHue Tembl «CJioKeHHe M BBIYHTAHUE
onHO4JIeHOB». Ho BB, HaBepHOe, OIlyIlllaeTe KaKyIO-TO HEJOTOBO-
peHHocTh. Majio M ¢ KAKMMH OJHOYJIEHAMH HaAM NpPHUIETCA UMETh
IeJio B JajibHeiIlieM, a BAPYT cpeiu HUX Oyayr Henogo6HbIe? Yro
IieylaTh, €CJIA, COCTABJIAA MaTeMaTHYECKYI0 MOJeJib peajibHOM cuTya-
WU, MBI IIPUILIN K BEIPAYKEHUIO, IIPEJCTAaBIAIOIIEMY CO00i CyMMy
HenoJoOHBIX OTHOYJIEHOB, Hanpumep 2ab + 3a — 5b? MaremaTnku
HAIILJIA BBIXOJ K3 IIOJIOKEHHMSA: TAKYI0O CYMMY Ha3BaJl MHO20UJLEHOM,
T. €. BBeJIM HOBO€ MOHATHE, U HAYYMJINCh IPOU3BOAUTH Ollepamuy Hax
mHorouwireHaMu. Ho 06 aToM peub Bnepeau, B rjiaBe 5.

§18. YMHOXEHME OJHOUNEHOB.
BO3BE/IEHME OAJHOUSIEHA
B HATYPAJIbHYIO CTEMEHb

B § 17 mbl paccMaTpHUBaJIM CJOMXKEHHE M BHIYMTAHUE
onHouwieHoB. OKa3aJ0Ch, YTO 3TH ONEpPally IIPUMEHHMEI TOJbKO K
NoAOOHBIM OJHOUWIEHaM. A KaK OGCTOUT [eJi0 C YMHOYKEeHHEeM OJHO-
ujieHoB? OueHb IIPOCTO: €CJIH MEXKAY ABYMS OJHOYJIEHAMM IIOCTABUTh
3HAK YMHOKEHHS, TO CHOBA IMOJYUYUTCA OJHOUJIEH; OCTAETCH JIHIIb
NIPDUBECTH €ro K CTAaHZAPTHOMY BHUAY (DaKTHUYECKU 3TO MBI yiKe Je-
aann B npumepe u3 § 16). He BruisniBaeT 3aTpyAHEHU U BO3BeJeHUE
OAHOUJIeHA B cTelleHb. IIpH 3TOM HMCHOJB3YIOTCA NpaBuja JeicTBUM
co crermeHsamu (baKkTHuecky B nmpumepe 3 u3 § 14 MBI yiKe BO3BOAUIIHA
OAHOYJIEH B CTENEHb).

Hpunmep 1. Haiitn npoussenenue Tpex ogHouNeHOB: 2a’bc’,

%a‘"’cx3 u a®b.
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Pemenmue.

3 3

(2a%bc®) - (Zaacaca - (@®v) = |2- 1) (a%a®a®) - (b- b) - (c’c)x® =
= 1,5a"b%c8x3. @

Ipumep 2. VYopocturs Beipaxenue (—2a%bc®)®
BUTH €r0 B BUJIe OJHOYJIEHA).

Pemenue. (—2a2bc®)® = —2%(a?)’b%(c?)® = —32a'%5c*°.

MEI MCIIOJB30BAJM, BO-TIEPBHIX, TOT GAKT, YTO IPH BO3BEAECHUHN
[POU3BEJIeHUs B CTelleHb HAJI0 BO3BECTH B 3TY CTeIeHb KaIblii MHO-
skutesb. IlosToMy y Hac moaBuiack s3anmuchk 25(a?)’h3(c?)°.

Bo-BTODEIX, MBI BOCIOJIB30BAJINCH TeM, uTo (—2)° = —25,

B-TpeTbMX, MBI MCIOJB30BAJH TOT (AKT, YTO NPH BO3BEAEHUH
CTelmeHHU B CTeNeHb IOKA3aTeJH NepeMHOKaloTcsa. I10aToMy BMeCTO
(a®)® mur mamucanu a'°, a Bmecro (c®)® Mb1 Hanucanu c¢'®.

(T.e. npexcra-

Ipnmep 3. IlpeacraButs oxHowreH 36a’bic® B Bume mpousse-
IeHUs OTHOYJIEHOB.

Pemenue. 3necy, Kak U B npumepe 2 u3 §17, pemenue He
eINHCTBeHHOe. BOoT HECKOJIBKO BApMAHTOB peIIeHHd:

36ab*c® = (18a?) - (2b%c%);
36a’b*c® = (36abc) - (ab’c?);
36abic® = (- 3b*) - (-12a%c®);
36a%b'c® = (2a?) - (3bc) - (6b°¢*). C
ITonpo6yiiTe caMu MpUAyMAaTh elle HECKOJIbKO DelIeHUi mpuMe-
pa 3.

IIpumep 4. Ilpescrasuts faHHBIK oqHOUYNIEH A B Bune B”, rae
B — opHouneH, ecau:

a) A = 32a%, n = b; r) A= -274%° n = 3;

6) A = a®’, n = 38; o) A= 16a®% n = 4.

B) A = 49a%'c®, n = 2;
Pemenmnue.

a) 32a® = 2%° = (2a)°. Buauur, A = B®, rge B = 2a.

6) a®b® = a®(b?)? = (ab?)®. CnemoBarensHo, A = B3, rne B = ab®.

B) Tak kak 49a%bc® = 72a%(b?)%(c®)? = (Tab®c®)?, 10 A = B2, rae
B = Tab?c3.
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r) Iockonbky —27a%b° = (—8)3a®(b®)® = (—3ab®)?, sakmouaem, uro
A = B3 rge B = —3ab®.

1) C ogHouneHoMm 16a®b® y mac muuero He monyumrca. ITouemy?
HaBaiiTe paccys;xaarb. Eciu 6bI He OBLIO MHOMKUTEIA b5, To samaua
pemrasach 6el Ges Tpyzna: 16a® = 2%(a?)* = (2a%)*; ecnu 681 BMecTO b°
OBLT MHOYKWTeEJb, HallpuMep, b2, 7o MBI pemuan 661 3aja4y TaK:

16a%p'? = 2%(a?)*(b%)* = (2a°°%)".
OZHAKO MHOKHTeJb b® HeJb3sA NpPeACTABUTHL B BHUAE (b")“, rae Bk —
HaTypaJIbHOE YHMCJIO; 3TOT MHOYKHUTEJb, KAK M'OBODUTCHA, «IIOPTUT BCE
neno». 3HaunT, ogHowren 16a®b® nenpss mpejCTaBUTL B Buie B*, rae
B — HEKOTOpHIH# OJHOUJIEH. il

IIpumep nokaseIBaeT, 4TO B MaTeMaTHUKe JajIeKO He Bce MoJrydaercs,
He Jnio0as 3afjaya MMeeT pellleHNe (KaK U B peajbHOM »KU3HM).

KcraTH, ecin MaTeMaTHUKy NpeAJaraioT 3ajaHue, 3aBeJOMO HEeBhI-
noJnHuMoOe (Hanpumep, pasgenuTth 5 Ha 0 MM HalTH TOYKY IIepecede-
HUA DapaJlIeJIbHBIX MPAMBIX), TO OH FOBOPHUT: «3adaua nocmasnena
HeKoppeKxmHo» UM «ITO — HexoppekmHasa 3adaxa». Tor, KTO npex-
JIOKHJI HEKOPPEKTHYIO 3aJady, AOJKeH W3BHHHUTHCS. BOT ¥ aBTOpPH
U3BUHAKIOTCA 3a nmpumep 41). XoTd corjacurech, 4To OH GbLI JaH He
6e3 MOJIb3kI.

Pa3 y»x MBI 3aTOBOPHJIN O KOPPEKTHBIX X HEKOPPEKTHHIX 3ajavyax,
npuBeJeM ellle HeCKOJIbKO IPUMEPOB U TeX U APYTUX, a BbI IIONBITAM-
Tech O6'BACHUTH, IIOUYEMY 3a8/a4a KOPPEKTHA UM HeKOpPpPEeKTHA.

KoppexmHnuie 3adavu:

1. Yopocruts 2ab? - (3ab)3.

2. Yupocrurs 7ab + 8ab + ab.

3. 2,7+ 3,8'

2-6

4. TIpeacraButh oguouwren 13ab® B Bume cyMMBI OHOYIEHOB.

5. IIpeacraBuTh OAHOUYJIEH 48x3ysz B BUJie IIPOM3BEJIEHUS OJHO-
4JICHOB.

6. IIpeacTaBUTh ONHOYJIEH A = 25a* B BuZe KBagpaTa HEKOTOPOTO
oAHO4YJIeHa B.

Breruucaurs

HexoppexmHhuie 3adayu:
1. Croxuts ogHouwneHsl 3ab?, 5ab? u Ta?b.
2,7+ 3,8

2. Beruncauts 6-6
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3. IlpeacraBuTh OfHOWIEH A B BHJie KBaApaTa HEKOTOPOIO OJHO-
ymeHa B, ecnn A = —25a*.

4. Haiiti TOuKy nepeceyeHus npaMelx y = —3x+1uy=-3x+ 5
(cMm. npumep 16) B § 10).

§19. RENEHME OQHOYNEHA HA OAHONNEH

Yro TaKoe OAHOYJIEH, MBI 3HAEM; KaK OJHOYJIEHbI CKJIabI-
BaTh, BBIUMTATh, IEPEMHOKATh U Ja’ke BO3BOAHUTL B CTENeHb — 00-
cynwiu. Ho Bexp mMmeercd ele onHa apudMeTrnuecKas omnepanusa —
IeJeHue, onepanuda, oopaTHad YMHOMKeH!UI0. MOKHO Jiu OBLITH YBEPEH-
HBIM B TOM, UTO OIlepamus JeJeHUs OJHOYJIeHa Ha OAHOUWIEH Bcerja
BBINIOJIHAMA — B TOM CMBICJI€, YTO B YACTHOM IOJIYYUTCS ONHOUIECH?
BoT 00 3TOM M IIOrOBOPHM.

IIpumep 1.Onupascek Ha CBOMCTBA apu(PMeTHUECKUX JEHCTBHUIA,
[ONIbITa€MCHA BHIIIOJIHUTDH JieJieHre OTHOYJIEHOB:

a) 10a : 2; B) 36ab° : (4ab?); n) 4x® : (2xy);
4
6) 18ab : (3a); 1) ;x3y22 : (—2x%y%2); e) a®: ab.

Pemenune. a) BocnossayeMcs TeM, 4TO €Ciii Mpou3BefieHUe ABYX
4YHCceJ NeJIAT Ha TPeThe YHCJIO, TO MOYKHO pasfejIUTh Ha 3TO YHUCJIO
OZVH U3 MHOXKUTeJe#l ¥ MOJyYeHHOe YaCTHOe YMHOMKUTb Ha JPYrou
MHOKUTeNb. (Bcmomamwm? Hampumep, (12-4):3=(12:3)-4=4-4 = 16.)
Nmeem

10a : 2 =(10: 2)-a = ba.
6) Paccyxgada Kaxk B mpumepe a), IoJydyaeM
18ab : (3a) = (18 : 3)*(a : a)b = 6-1-b= 6b.

B) 36a®b® : (4ab?®) = (86 : 4)-(a®: a)- (b® : b?) = 9a® 1. b°" 2 =
= 9a%p3.

HNHorpa yno6Hee BMecTO 3HaKa JeJIeHHA (i) HCIOJIb30BaTh 4EepPTy
npobu. Bor kak Torza OyzeT BEITJISAETHh pellleHne IpuMepa B):

315 3 5

r) 3gech MBI MCIOJb3yeM KOMOMHUPOBAHHYIO 3aIUCh peIleHud,

T.e. ¥ 3HAK JleJIeHUsd, U 4epTy Apobu:

4 Anre6pa, 7 kn. ul. 97
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31ech BCce BEpHO, HO, KAK FOBOPAT MAaTeMATHKH, HEPAULUOHANLHO,
IOCKOJIBKY cpasy 6bL10 fcHO, uTo x°y%z : x3y%z = 1 (pakTHUecKH BEI-

pakeHHue [ieJIUTCA camMo Ha cebs).
4x* 4 2 1

1
4x® : (2 =22 2.2 = 942. 2

I9To He OAHOUJIEH, 3HAUNT, Pas3fesINTh 4x% Ha 2xy Henb3sa (B TOM
CMBICJIe, YTOOBI B YACTHOM ITOJIYYHJICA OTHOUYJIECH).

e) U sra 3amaya HeBHINOJHHMA, TAK KaK MBI [IOKA He yMeeM Je-
JIATh MPH OZHOM M TOM K€ OCHOBAHUM CTEIeHb C MEHBLIINM II0Ka3a-
TeJIeM Ha CTelleHb C GOJIbIINM IIOKA3aTeseM.

Mpbl paccMOTpesH HIeCTh IPUMEpPOB, M3 HUX YeThIpe OKasaJNCh
KOPPEKTHBIMH, a [Ba (IIocJiefHHEe) — HEeKOPPEeKTHHIMH (3TOT TEPMHH
MEI BBeJx B § 18).

IIpoanannsupyeM Terepsb pelieHHbIe IDUMEPHI U NoNpodyeM ¢ 1o-
MOIIBIO 3TOT0 AHAJIN3a BEIACHUTDH, KOTZa MOYKHO pas3iesIuTh OJHOYJIeH
Ha OJHOWIEH TaK, YTOObI B YaCTHOM CHOBA IOJIYUMJICA OZHOUJIEH.

EcrecrBenHO, yno6Hee, uToObl 06a oxHOUJIeHa (U AeauMoe, U
JIeJIATeJIb) ObLJIN 3alIUCaHbl B CTAHJaPTHOM BHe (BIIpoueM, 06 3TOM MBI
ycJIoBHJIKCH emfe B § 17) ¢ OTIMYHBIMY OT HYJIA KoadhdUIeHTaMu.

Ilepeoe nabnrodenue. B nenureie He [0ONMKHO GbITH TepeMEHHBIX,
KOTOPHIX HET B JeJUMOM (II0 3TOM NMpPHUYHUHE MBI «CIOTKHYJIHUCH» B
npumepe 1x)).

Bmopoe na6nrodenue. Ecanu B 1eIMMOM U ieJIATeJIe €CTh OJHA U Ta
JKe epeMeHHasd, IpUuYeM B IeJINMOM OHA BO3BOJUTCH B CTEIIeHb 1, a B
JeJinTese — B CTEIIeHb K, TO YHUCJIO B He JOJIIKHO OBITh 60JbIIIe YuciIa It
(mMo3TOMY MBI «CIIOTKHYJIHUCH» B IpuMepe le)).

Tpembve nabnrwodenue. KoadpdunueHTs! JeJuMoro u AeauTens
MOryT OBITH JIOOBIMM, 3a HCKJIOUEHHEM [eJIUTeJid, PABHOIO HYJIIO

(IOCKOJILKY MBI yMeeM JeJIUTh APYT Ha Apyra Jiio0ble yucia, KpoMme,
pasyMeeTcs, ieJIeHUA Ha HYJIb).
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3HAYUT, eCJIM BaM MPEAJIOMKAT pas3JeUTh OJHOUYJIEH Ha OTHOYJIEH,
TO cHadaJa y6exuTecs, 4TO 3ajjlavya KOppEKTHA, T.e€. IIPOBEJUTe yKa-
3aHHBIE HaOJIIOIeHNs 1 yoequTech, 4TO BCe B MopAAKe. B ciaydae, korga
3ajlaya KOpDpPeKTHa, pellaiiTe ee o obpasmy mpuMmepa 1.

IIpamep 2. Yopocrurs 48a*b°c®d : (36ab3cP).

Pemenune. 1) O6a ogHOUIeHa (M JeIMMoe, U JeJIATeJb) 3amuca-
HBI B CTAHZAPTHOM BH/E.

2) B pmenmMom GuUrypupyioT nepemMeHHEbIe a, b, ¢, d, B qeauTele a,
b, c. JInmHuX NepeMeHHEIX B JieJIATEJIe HET.

3) B menuTtene Her cTemeHei GOJBIINX, YeM Y OAHOMMEHHBIX ITe-
PE€MEeHHBIX B JeJIMMOM.

BriBoA: 3ajaua KOppeKTHa, Oy/ieM ee pemIaTh.

Nmeem

== =2 .. d=é-a3-b2-1-d=éa3b2d. (]
36ab°c® 36 a b c° 3 3

Bbl uyBcTByeTe, uto B § 19, kak u B § 17, ecTh HEJOTOBOPEH-
HOCTh? A 4YTO JKe BCe-TaKH JieJlaTh, €CJIM OJHOUYJIEH Ha OJHOYJIEH He
pasaenunicsa? PasBe MBI 3aCTpaxOBaHBI OT Takoil cutyanun? Iloatomy
MaTeMaTUKH BBeJIM HOBBIH 06beKT — anzebpauyeckyio 0po6s. Becom-
HUTe, BeJb X OOBIKHOBEHHBIE APOOH MOSABHJIKUCH M3-3a TOTO, UTO BO
MHOXKeCTBe HaTypaJbHBIX YHCeJI JeJleHue BBITOJHNMO He BCerja; Ha-
npumep, 14 geanrca Ha 7, a 13 He gennrtca Ha 7. Kak sanuceiBaerca
OTBET BO BTOPOM cCJiydyae, KOrJia HaJo BCe-TaKH pasfejuTb 13 Ha 7?

. 13
OH 3amuceIBaeTcs B BUAe 0OBIKHOBEHHOM npoﬁn 7 A.nr'eﬁpamlecxaa

2x?
Ipo0b BCTpETWJIAaCh HAM B nmpuMepe 1) — 3T0 ‘ObLIO BEIpaXKeHHEe —.
Yy
U xoHeyHO, MaTeMaTHMKHA HAYYMJIUCHh ONEPHPOBATh ITHMH HOBHIMH
o0beKTaMyn — ajirebpandeckumu Apob6amu. Me!r 6ygeM u3ydaTh UX B
8-M KJjacce, a BcTperuMca emje pas B § 32.



TNABA

MHOTIO4JIEHbl. APUDMETHUHECKMUE
I ONEPALMHU HAQA MHOT OMJIEHAMU

§ 20. OcHoBHble NOHATHS

§ 21. CnoxeHne 1 BbIYMTAHHE MHOrOY/IEHOB

i § 22. YMHOMeHMe MHOro4neHa Ha o4HOYNEH
§ 23. YMHOXEeHne MHOro4YneHa Ha MHOrou4neH
§ 24. Dopmynbl COKPALLEHHOrO YMHOMEHHS
§ 25. Meroj BbigeneHns NONHOro KBaApara

§ 26. [leneHne mHoro4neHa Ha o[HOYNEH

§20. OCHOBHbIE NOHATHS

B riaBe 4 MBI y)Ke OTMedYasH, 4TO He JOOble OMHOYJIEHEI
MOKHO CKJIaJbIBaATh ¥ BBIUHTATh, & TOJBbKO IONOOHEBIE; TaK)XKe OTMe-
Yaju ¥ TO, YTO peajibHas 3ajadya MOYKeT IIPUBECTH K TaKoil MareMma-
TUYECKOI MOJiesiN, B KOTOpOi O6yxeT cofepskaThca CyMMa HEIOAO6GHBIX
oAHOWJIeHOB. 1A M3yYeHHUSA TAKMX CYMM B MaTeMaTHKe BBeAEHO
MOHATHE MHOTOYJIeHaA.

Onpedenernue. MEOro4J1eHOM Ha3bIBAIOT CYMMY OJHOYJIEHOB.

IIpuMepsI MHOT'OYJIEHOB:
2a + b; 5a%b — 3ab® — 3ab? + Tc; x4+t + 22 -2,

Pasymeercs, CyII[eCTBYIOT ajre6panuecKre BRIDAKEeHHsA, He SABJIAIO-
2

muecsa MHorouwireHaMu. Hampumep, g, 2x% + 5y — =
Crnaraemblie (OJHOYJIEHBI), U3 KOTOPHIX COCTOUT MHOT'OYJIEH, Ha-

3LIBAIOT WIEHAMH MHOrOWIEHA: eCJIM MX ABa, TO F'OBOPAT, YTO JAaH

aBywiIeH (Hanpumep, 2a + b — aBy4JIeH), eCJIu UX TPH, TO I'OBOPAT,

4TO AaH Tpexwaen (Hampumep, 5a’ — 2cb? + Tc — Tpexunen). C aroit

TOYKH 3PDEHHUA CTAHOBHUTCSA IIOHSATHEE TEPMHUH «OJHOUYJIEH» U TO, 4TO

OJHOYJIEH OGBIYHO CUMTAIOT YACTHBIM CJIydaeM MHOrO4YJIeHa.
PaccMoTpuM MHOTOYJIEH

2ab®- 3a%b — 5a — Ta + 3b% — %a2b3- 6a — 2b7.
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5. |I MHOIO4NEHBI. APUDMETUHECKUE OMEPALIMM HALL MHOTOYNIEHAMM

To, 4TO 3TO — MHOTOYJIEH, COMHEHHIO He IIOAJIEKUT (IIOCKOJBKY 3a-
IMCaHa CyMMa OAHOYJIEHOB), HO HPDABUTCA JIA BaM TaKas 3aIluCh?
Hasepuoe, HeT. Ilouemy?
Bo-nepBuIx, oxaouwaeH 2ab?: 3a%b He 3anmucaH B CTAHAAPTHOM BHJE,
a MBI 3HA€M, UYTO CTAHAADPTHRIA BHJA — Hamnbojee yJoOHasA 3aIUCh
oaHOuNeHa. IIpUBes ero K CTaHAAPTHOMY BHAY, moayuum 6a’b®.
AHaJIOTUYHO HAJO0 IIPUBECTH K CTAHJAPTHOMY BUAY €llle OAUH 4YJieH

1
MHOTOYJIEHS, 8 UMEHHO — o a%b? - 6a. Monyuum —2a%b3.

Teneps 3aIUCh JAHHOTO MHOTOUJIEHA IPMHIMAaeT 6oJiee IPAATHEIHA
pug 6a’b® — 5a — Ta + 3b% — 2a%b® — 2b2.

Bo-BTOpHIX, IIOCKOJBKY OT I€pEeMEeHBI MECT CJaraeMblX CyMMa
He MeHsSeTCHA, NOAOOHEIe OJHOUJIEHBI MOMCHO PACIOJOMUTEL PAKOM,
a 3aTeM CJIOKHTh.

HMonyunm

(6a%b® — 2a%b®) + (—5a — Ta) + (3b% — 2b%) = 4a®b® — 12a + b

IIpaBna, oObIYHO MOLOOHBIE OAHOYJIEHHI B MHOrOYJIEHE He Iiepe-
CTaBJAIOT, UX OAMHAKOBO IMOAYEPKHMBAIOT, 4 IIOTOM CKJIAJBIBAIOT:

6a°b® — 5a — Ta + 3b* — 2a%p® — 2b% = 44%® - 12a + b°.

9Ty mpoueAypy HasdhIBalOT MPHBEXCHHEM NOJOGHBIX WIEHOB.

Eciiu B MHOTOYJIEHe BCE YJIEHbI 3aIlMCaHEl B CTAHAAPTHOM BHJe U
IIPUBEJeHHl MOLOOHKIE YJIEHBI, TO TOBOPAT, YTO MHOTOUJIEH IPUBENEH
K CTAaHAAPTHOMY BHAY (MJIM 3amHMcaH B CTAHZAPTHOM BHUJE).

Teneps Bb MoHNMaeTe, modemy 3anuch 4a®b® — 12a + b? npeamou-
THTeNbHee TePBOHAYAILHOMN 3allMCH

2ab? - 3a% — 5a — Ta + 36 — ~ %" - 6a - 2%

Jlesio B TOM, UTO ITIEPBOHAYAIILHAS 3aIUCh — HE CTAHAAPTHHINA BUJ
MHoroujeHa, a 4a°b® — 12a + b? — craHAapTHHIA BUA.

JI1060i1 MHOTOYJIEH MOYKXHO IIPMBECTH K CTAHJAPTHOMY BHJAY. Yc-
JIOBUMCS B JajbHeHIIeM BCerja ¢ 3TOro HauMHATh — TaK yAoOHee
NPOU3BOAUTD JE€HCTBHUA C MHOTOYJIEHAMHU.

O6LIYHO MHOTOWJIEH 0003HAYAIOT GYKBOM p Mau P — c 3T0il GYKBHI
HayuHAeTCA I'pedecKoe CJOBO polys («MHOTHH», «MHOTOYHCIIEH-
HBIii»; MHOTOYJIEHEI B MATEMATHKE HA3HIBAIOT TaK¥Ke NOJUHOMAMU).

101



s. II MHOIOYNEHbI. APUDMETUYHECKMUE OMEPALIMM HALL MHOTOYNEHAMM

B o603HaueHHe BKJIIOYAIOT U IIePEeMEHHBIe, U3 KOTOPBIX COCTOAT WIEHBI
muorowieHa. Hanpumep, Muorowren 2x% — 5x + 3 ofosmauaior p(x) —
YHTAIOT: «II3 OT MKC»; MHOrowren 2x% + 3xy — y* o6osmauator p(x; y) —
YHUTAIOT: «II9 OT UKC, UTPEK» M T. A.

IIpumep. [lan MHOro4JieH
p(x; y) = 2x - 3xy? — Tx®- 2x — 3x* + 2y* + 5x%y? — 2xy - 442
a) 3amucaTh €ro B CTaHAAPTHOM BHJE;
6) BeruucauTte: p (1; 2); p(—1; 1); p(0; 1).
Pemenue.
a) 2x - 3xy? — Tx® - 2x — 3x* + 2y* + 5x%y? — 2xy - 4y® =
- 6%? — 142 - 3 + 24 + 53" - 8y’ -

= 11x%? - 17x* + 2y* - 8x1°,

9TO CTAHAAPTHHIA BHJ] MHOTOUJIEHA.

6) 3anucs p (1; 2) o3HauaeT, YTO HYKHO HAWTH 3HaUEeHHE MHOTO-
wiena p(x; y) npu x = 1, y = 2. Beiuncienns 6yseM IPOU3BOAUTD AJIA
MHOTr'OYJIEHa, 3alIHCAHHOTO B CTaHAAPTHOM BHJE:

p(x; y) = 11x%y% — 17x* + 2y* — 8x1®.

Nmeem

p(1;2)=11-1%2-22-17-1*+2-2*-8-1-2%=
=44 — 17 + 32 — 64 = 5.
Hrak, p(1; 2) = -5.

Amnajsoruyso
p(-1;1)=11-(-1)2-12-17-(-1)*+2-1*-8-(-1)- 1®* =
=11-17+2+ 8 =4,

T.e. p(-1; 1) = 4.
Haxomnemn,
p(0;1)=11-0%-12-17-0*+2-1*-8-0-13=
=0-0+2-0=2.
Hrax, p(0; 1) = 2. @
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5. |I MHOIO4JIEHbI. APUDMETUHECKUE OMEPALIMM HALL MHOTOYNEHAMMU

§21. CNOXEHME M BLIYUTAHME
MHOTOYNEHOB

B npeavigymem naparpade Mbl BBeJIX HOHATUAA MHOTOYJIE-
Ha U CTAHJAPTHOTrO BHJa MHOro4JeHa. Bul y:ke, HaBepHOe, HAUMHAETe
NPUBBLIKATH K TOMY, 4TO, BBeAd HOBOE MOHATHE, HAZO0 YUYUTHCA pabo-
TaTh ¢ HUM. B yacTHOCTH, OyAeM YUYUTHCA BBIIOJHATH apHdMeTHye-
CKH€e oIlepalnuy HAJ MHOTOUJECHAMH.

HauunaeM co ci10’KeHHA M BHIYATAHWSA. ITO OYEHb IIPOCTHIE OIle-
pamuu: 4ToOBl CJIOKUTh HECKOJIBKO MHOT'OYJIEHOB, HX 3alIMCHLIBAIOT B
CKOOKax CoO 3HAKOM «+» MeXJy CKOOKaMH, PACKDHIBAIOT CKOOKH M
NMPHUBOJAT NOAOGHEIE WieHbl. IIpM BEIYMTAHUM OSHOTO MHOTOYJIEHA U3
IPYTroro mx 3allUCBLIBAIOT B CKOOKax cO 3HAKOM «—» IIepe] BhIUMTAaE-
MBIM, PACKDBIBAIOT CKOOKHM M IIPUBOAAT ITOJOOHBIE UJIEHEI.

IIpumep 1. CroKUTH MHOTOUJIEHBI:

a) p;(x) = 2x% + 3x — 8 u p,(x) = 5x + 2;

6) p,(a; b) = a® + 2ab — b%, py(a; b) = 2a® — a® + 3ab — b% + 5,
ps(a; b) = a® — ab — b® — 4.

Pemenue. a) O603Haunm cymmy MHOro4sieHOB uepe3 p(x). Toraa
p(x) = py (%) +py(x) =
=2x*+3x-8)+Bx+2)=2x2+3x-8+5b5x+2=
=2x%+ (8x + 5x) + (-8 + 2) = 2x% + 8x — 6.

6) OGo3HaumM CyMMy MHOro4JIeHOB 4epes p (a; b). Torga
p(a; b) = py(a; b) + py(a; b) + py(a; b) =
=@*+2ab-b%)+(2a®-a’+3ab-b*>+5)+ (a®?—ab—-b>-4)=
=a’+2ab-b*+2a*-a®+3ab-b*+5+a°-ab-b*-4=

= a? + 4ab - 3% + 24° + 1. (]

IIpumep 2. Haiitn pa3HOCTH MHOTOYJIEHOB
Py =2*+y*+2x+38y+5

Pox;y) =2 -y —5x + 3y - 7.

Pemenue. O603HaYUM Pa3SHOCTH MHOTOYJIEHOB depes p (x; y).
Torga
P (x; y) = p1(x; y) — py(x5 y) =
=P+ +2x+38y+5)-(P-y*-5x+3y-7=
=X+ +2x+3y+5-2*+ P +5x -3y +7=22+Tx+12. @
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s. MHOIOYNEHbI. APUDMETUYECKMUE OMEPALIMM HALL MHOTOYNEHAMM

O6paTtute BHuManue: x° — x> = 0 u 3y — 3y = 0. IToatomy «uc-
Yeaau» OLHOUWIEH X° M oJHOWIeH 3y M3 COCTAaBa 060MX MHOTOUJIEHOB.
B rakux caydasx rosopar: x° u —x3, 3y u —3y eésaumro yruumoxcu-
auch (IpaBja, MIKOJBHHUKHM B TAKHX CIYyYaAX JIOOAT TOBOPHUTH «CO-
KPaTHJIKCh», HO TAK FOBOPUTH HE CIEAYET: TEPMUH «COKPAIlleHHe» B
MAaTeMaTHKe IPUHATO YIIOTPEOIATh TOJIBKO II0 OTHOLIEHUIO K APO6aM;

15 3
HAIpUMep, MOXKHO COKPaTHThb APOOH 30 ¥ TOTAa MOJNydHTCH Z)'

3aMeTHM, UTO CJIOKEHHE M BEIYUTAHNE MHOT'OYJIEHOB BHIIOJHAIOT
IO OAHOMY M TOMY K€ IIPaBHJY, T.€. HEOOXOAMMOCTH B Pa3JINUYEHHH
omepanuii CJIOKEeHUA U BRIYMTAHWUA HET, 3HAUWUT, HET U 0coboii Heob-
XOAUMOCTH B HCIIOJIb30BAHMH ABYX TEPMHHOB «CJIOXKE€HHE MHOrodJie-
HOB», «BBIYATAHHME MHOTOUWJIEHOB». BMecTO HMX MOXKHO yNOTpeOUTH
TEePMHH a12e6paUYeCKAS CYMMA MHO204NeH08. BOT HECKOJIBKO IPUMe-
POB ajre6pandyecKMX CyMM TPE€X MHOTOYWIEHOB D,(x), P,(x), ps(x):

P1(x) + pa(x) + pa(x);
Pi(%) — pa(x) + p3(x);
P1(x) — py(x) — ps(x);
P2(x) = ps(x) + py(x).
Teneps MBI MOYKE€M IIOABECTH MTOI BCEMY CKa3aHHOMY B 3TOM Ila-
parpade B BHA€E CJeQYIOIIEro IPaBuja COCTABJIEHHNSA airedpandyecKoi
CYMMBI MHOT'OYJIEHOB.
4z ™
IIpaBuno 1. Ymobu. 3anucamsv anzebpauiecKyio cymmy
HeCKONbKUX MHO204JleH08 8 8ude MHO204JleHa CMaHOapPMmMHOz0
euda, HYNIHO packpvimb cKOOKU U npuecmu nodoGHbie
ynensl. IIpu amom ecau neped ckobkoil cmoum 3HAK «+»,
mo npu packpvimuu cko60x Hado 3HaKu, cmoawue neped
carazaemvimu 8 ckobrax, ocmasums 6e3 udmenenus. Ecau sce
neped cko6Koil cmoum 3HaAK «—», MO NPU PACKPbLMUU CKOGOK
HYMCHO 3HAKU, cmoAu,ue neped caazaemvimu 6 CKOOKaAX,
3amMeHumMb HA NPOMUBONONOKHHbLEe («+» HA «—», «—» Ha

L «t»).

_J

A Teneps 00A3aTeNILHO BepHUTECh K MpuMepaM 1 u 2 ¥ MPOKOM-
MeHTHDYiiTe (XOTaA OBl AJiA cefA) UX pellleHHe C IOMOILIbIO ITOrO IIpa-
Buia. Caenanu? Torga pacCMOTPHUM 3aKJIIOUUTENBHBIN IIPUMeEP.
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5. u MHOTO4NEHDI. APUDMETUHECKME OMEPALIMM HALL MHOTOYNEHAMM

IIpumep 3. [lansl TpU MHOTOYJIEHA:
pi(x)=2x*+x-3; py(x)=x%—-3x+1; py(x)=>5x*—-2x—8.
HaiiTu anrebpandeckyio cyMMy
P (x) = p;(x) + py(x) — ps(x)-
Pemenue.
p(x)=2x*+x-3)+(x2-38x+1)— (5bx?— 2x — 8) =
—2x°+x-3+x'-3x+1-5x2+2x+8=-2¢x"+6. &

I

§22. YMHOXXEHME MHOTOUYNEHA
HA OfHOM4NEH

Brl, HaBepHOE, 3aMETHJIN, YTO IO CHUX IIOP IJiaBa 5 CTpPOH-
Jach IO TOMY XKe ILIaHy, 4TO M riaBa 4. B o0eux riaBax cHavaya
BBOAMJINCH OCHOBHBIE ITOHATHUSA: B IJiaBe 4 3T0 OBLIIM OAHOYJIEH, CTaH-
IapTHBIA BHJ ogHOUYJEeHa, KOaddHUIMeHT ofHOYJIeHa; B rjaBe 5 —
MHOTOYJIeH, CTAHAAPTHHIA BUJ MHOTOYJIeHa. 3aTeM B rijase 4 MbI
paccMaTpPUBAJIM CJIOKEHHe U BhIYMTAHHE OJHOYJIEHOB; aHAJIOTHYHO B
rjaBe 5 — CJIO)K€HUEe M BHIUNTAHUE MHOTOUYJIEHOB.

Yro 6110 B riiaBe 4 ganpine? Jlajibiiie MBI FTOBOPHJIN 00 YMHOMXKe-
HHAH ONHOUJIEHOB. 3HAYWT, [0 AHAJOTUH, O YEM HaM CJIeAyeT IOoro-
BopuTh Tenepb? O0 yMHOKEHUHU MEIrodyeHoB. Ho 3meck nmpupercs
IeiiCTBOBaTh He cIlellla: CHavaJja (B 3ToM naparpade) pacCcCMOTPHM yM-
HOJKE€HHE MHOTOYJIeHa Ha ONHOYJIeH (WJIM OJHOYJIEHA Ha MHOTOYJIEH,
3TO BCEe paBHO), a MOTOM (B cieAyolleM naparpade) — yMHOMXEHHE
J100bIX MHOTOWIeHOB. Korga BeI B MuIafuInx KJjaccax yYUJIHUCh Iepe-
MHOXKATh YMCJIA, BBl Beib TOXKE NEMCTBOBAJM IIOCTENEHHO: CHaydaJa
VUMJIHMCh YMHOXKATh MHOIO3HAYHOE YHCJIO HAa OJHO3HAYHOE M TOJBKO
IOTOM YMHOKaJIM MHOTO3HAYHOE YHCJIO HA MHOTO3HAYHOE.

IIpucrynum K gesry. Ilpm yMHOXKEHHM MHOTOWIEHA HA OJHOWIEH HC-
OJIB3YIOT paclipefe/ITe/IbHbINA 3aK0H yMHOXKeHud: (a + b)c = ac + be.

IHpumep 1. Bumomnuts ymuOKeHue (22 — 3ab) - (—5a).
Peurenue. BeegeM HOBbIe IIEPEMEHHEIE:
x =2a%? y=-3ab, z=-ba.
Torga KaHHOe NIPOM3BEJleHHE IepenuiieM B Buge (x + y)z, 4To
II0 paclpeneJUTeJbHOMY 3aKOHY paBHO x2 + yz. Temepb BepHeMcA K
CTapbIM IIePEeMEHHBIM:
xz + yz = 2a® - (-5a) + (—3ab) - (-5a).
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Ham ocraercsa auuib Ha¥TH nmpousBeAeHUA ogHouJeHOB. Iloiy-
YuM

-10a3 + 15a%.

IIpuBegeM KpaTKyIO 3anuCh penieHus (TaK MBI U OyJeM 3aluChI-
BaTh B JaJIbHEHIIIEM, HE BBOAS HOBBIX IIEPEMEHHBIX):

(2(12 — 3ab) - (—5a) = 2a?- (—5a) + (—3ab) - (-5a) =
= —10a3® + 15a2b.

Temepp MBI MOK€eM CHOPMYINPOBATH COOTBETCTBYIOIIEE IIPABUJIO
YMHOYKEHHUsA MHOrOYJIEHA Ha OJHOWIEH.

IIpaBuno 2. Ymobet ymMHOM UMb MHO20UIEH HA O0OHOUNEH,
HYNWCHO Kax#Oblil YaeH MHOZOYLEHA YMHONCUMb HA IMOm
O00HOUIEH U NORYYEeHHble NPOU3BE0EHUS CONCUMb.

9To Ke IMPaBUJIO AEHACTBYeT X NPH YMHOMKEHHHU OAHOYJIEHA Ha
MHOTOYJIEH:

—5a(2a? — 3ab) = (-5a) - 2a% + (-5a) - (—-3ab) = —10a® + 15a%
(MBI B3sau IpuMep 1, HO MOMEHAJIM MECTaAMU MHOYKHUTEJH).

IIpumep 2. IlpeacraBuTh 3aaHHBINI MHOTOYJIEH B BHJE IIPOU3-
BeJ€HHA MHOTOYJIEHA ¥ ONHOYJIeHA:

a) 2x%y + 4x; 6) x% + 3y°.

Pemenue. a) 3amerum, 4To 2x2y = 2x * xy, a 4x = 2x - 2. 3Ha-
YUT,

2x%y + 4x =xy - 2x + 2 - 2x = (xy + 2) - 2x.

6) B npumepe a) HaM yZaI0oCch B COCTaBe KayKAOro YieHa MHOro4Jje-
Ha 2x%y + 4x BBHIIEIUTE OMHAKOBYIO YaCTh (OAMHAKOBEIH MHOMHTEJIb)
2x. 3xech e Takoif obmieil yactu HeT. TeM He MeHee U MHOTrO4YJieH

x%? + 8y? MOKHO NIpeCTABUTEL B BHJe NPOU3BeJeHUs, HAPUMeD,
TaK:

x®+3y?=(2x* + 6y%)-0,5
WK TakK:
x% + 8y? = («* + 8y?) - 1.
Ho aTo — uckyccrBeHHOe ITpeobpas3oBaHue u 6e3 Gosbimoit HeoGxoau-
MOCTH He HCIIOJIb3YeTCH. @
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Kcratu, TpeboBaHmNe NMpeACTABUTHL 3aJJaHHBII MHOTOYJIEH B BHJE
NPOM3BeJeHNsA OJHOUYJIEHA ¥ MHOTOUYJIeHAa BCTPEUYaeTCs B MaTeMaTHUKe
JOBOJIBHO 4aCTO, IIO9TOMY YKa3aHHOM IpOIleAype IIPUCBOEHO CIIEIH-
aJlbHOE Ha3BaHWE: 8blHeCceHUue 00U,ez0 MHoMIcumeas 3a ckobku. 3aja-
HUEe BEIHECTH OOIMIi MHOMKHTEJb 38 CKOOKH MOYKET ObITh KOPPEKTHBIM
(xak B mpuMepe 2a)), a MOKeT OBITh U He COBCEM KODPEKTHHIM (KakK
B npuMepe 26)). B cieayromeil riaBe Mel cIeruajJbHO PAaCCMOTPHM
3TOT BOIIPOC.

IIpumep 3. lan MHOrouxeH p(x; y; 2) = ax + by + cz, rae a, b,
¢ — HeKoTophkle Ko3ddunuenTsl, x, y, 2 — nepemeHusle. U3secTHO,
yto p(12; 8; 6) = 48. BeruucauTrs p(l ; i)

Pemenune. IlogcTtaBuM B JaHHLIA MHOTOYJIEH BMECTO II€PEMEH-
HBIX X, Y, 2 UX 3aABJIeHHbIe 3HaUueHud 12, 8, 6 coorBeTcTBeHHO. IloMY-
UM p(12' 8; 6) = 12a + 8b + 6¢ = 48. Tenepb COCTABMM BBIDaXKEHHE

.1 1, 1 1) 1
2’ 3 4 23 4 2
YaCTH 3TOTO PaBeHCTBa Ha 24:

24p[1 1 1] 24( a+l b+zc)=12a+8b+6c=48.

pif & p( ) MOJIyYUM p( —a + %b + %c. YMHOXKHM 06e

2 3 4
1 1 1 1 1 1
2. (]
Hrak, 24p(2 3 4) 48, 3HauwmT, p[z 3 4)

§2 3. YMHOXKEHUE MHOTOYJIEHA
HA MHOTOYJIEH

OBJafieB IPaBUJIOM YMHOMKEHHUS MHOTOUYJIEHA Ha OAHOYJIEH,

HETPYAHO CAeJIaTh CJIEeAYION[UiA IIAar: MOJYYUTEL IPABHJIO YMHOMKEHHUS
JIOOBIX JBYX MHOro4JjieHoB. PaccMOTpHMM cHauajia IIpOM3BEAEeHHE ca-
MBIX MPOCTHIX (IIOCJIE OJHOYJIEHOB) MHOT'OUJIEHOB, & MMEHHO JBYyYJIe-
HOBa +buc +d.

Hrak, mycTs HY>KHO PACKPBLITH CKOOKH B mpousBeaeHuu (a + b)(c + d).
BBenem HOBYIO nmepeMeHHYI0 m = ¢ + d, TOrja MOJyYUM

(@+b)(c+d)y=(a+bym=am + bm.
BepHeMcs K HCXOOHBIM ITIePEMEHHBIM:
am +bm =a(c+ d)+ blc +d)=ac + ad + bc + bd.
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—

Taxum oGpasom,
(a +b)(c +d)=ac+ ad + bc + bd.
AHaJIOrMYHO MOXKHO IIPOBEPHUTH, UTO
(@+b+c)(x+ty)=ax+ay+bx+by+cx+cy

(coenaiiTe aTol), T. e., KaK U B clIiyyae YMHOXKeHUA JBYUJIeHA Ha ABYY-
JIeH, OPUXOAUTCS KAXILIM YJeH IIePBOr0 MHOro4JieHa IOO0YEePeJHO
YMHOMKATh HA KaXKJABIA YJEeH BTOPOTO MHOTOYJIEHA M IOJIyYEeHHEIe
MIpPOMU3BEAECHUA CKJIAABIBATD.

IIpaBuno 3. Ymo6bl ymMHON UM MHOZOYAEH HA MHOZ0UNEH,
HYIHO YMHOM UMb KaHObll waeHn 00H020 MHO2O0YJEHA
noowepedno Ha KaxOvlii ynen OpYyz020 MHO20UNEHA U
noaYyieHnHble NPOU3BEICHUS CAONCUMb.

B pesyJsibTaTe YMHOMKEHUS MHOTOYIEHOB BCET/a MOJIyYaeTcss MHO-
roujeH, HaJIo JIUIIb IIPUBECTH €r0 K CTAHAAPTHOMY BHAY.

IIpumep 1. BEINoJHATE YMHOXKEHHE MHOTOYJIEHOB
pi(x) = 2x% — 5x + 1 u py(x) = 3x — 4.
Pemenne.
Pi(%) - pylx) = (2x* - 5x + 1) Bx — 4) =
=2x2-8x+2x2-(-4) + (-5x) - 3x +(-5x) - (-4)+1-3x+1-(-4) =
= 6x3 — 8x2 — 15x%2 + 20x + 3x — 4 = 6x% — 23x2 + 23x — 4. (W]

Oco0eHHO BHMMATEJbHO HYKHO CJIEJHUTDh 3a 3HAKaMu Koadduiu-
€HTOB TeX OJHOYJIEHOB, KOTOPBIE ITOJY4YalOTCA IIPH PACKDBITHH CKO-
60k. U emje oAMH COBET: €CJid Y OLHOTO MHOTOYJIEHA /M UYJIE€HOB, & Y
JPYroro n 4JeHOB, TO B IPOU3BEJAEHUH JOJI>KHO OBITH (O IpUBEAECHUA
OOAOOHKIX YJIEHOB) MI YJIEHOB; €CJIH K€ MX He M, TO Bhl YTO-TO IIO-
TepAHu, NpoBepsTe. Tak, B pACCMOTPEHHOM ITpMMEPE MBI YMHOMKAJIHA
TpexujieH Ha ABYWIEeH, IOJyYHJIach CyMMa IIIeCTH CJIaraeMbIX (a rocje
MPUBEAEHUA MOAOOHBIX YJIEHOB OCTAJIOCH UEThIPE CJIAraeMhbIX).

Opumep 2. Jans muorounens: p(x) = 2x* + 8x® - 5x2 + x - 7,
g(x) = x* — Tx® + 4x + 1.
Yemy paBHa cyMMa Kod(DdHIHEHTOB MHOrousneHa h(x)=

=(p(x))’q(x)?
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PemeHne. MoxHO, KOHEUHO, EepEMHOXXHUTh MHOTOUJIEHHI p(X),
p(x), g(x), mpuBecTn Npou3BefiecHe K CTAHJAPTHOMY BHJY, BHINIHCATH
[1OCJIeXOBATEJIbHO BCe INOJIydeHHble KO3(hPHUIIUEeHTHI, a8 3aTeM HailTu
ux cymmy. Ho ecth 3HauuTeN bHO G0Jiee KpacHBBIM M palMOHAJILHBIN
crnocob peureHusa. YToObl €ro MOHATh, PACCMOTPHM BCIIOMOTATEJIbHBIN
IpUMep.

Iycts man mHorowneH r(x) = x® + 2x% + 12x* — 13x® — 15x% +
+ 10x — 17; Beruncanm r(1):

M1)=1+2+12-13-15+ 10 — 17 = —-20. Ho o6paTuTe BHUMa-
Hue: 1+ 2+ 12-13-15+ 10 — 17 3To Kak pa3 cymma Koaddumuen-
TOB MHOrOoWwiIeHa r(x). Boobuie, 4To6b HaiiTH cyMMy KoadbduIneHTOB
NPOM3BOJILHOTO MHOTOWJIeHa m(X), JOCTATOYHO BhHIYUCIUTH m(1).

BepHemcsa k Hameit sagade u Beruucaum h(1):

h1) = (P1))Pq1)=2+38-5+1-T2-(1-7+4+1)=-36.

OTBeT: cyMMa KoahdHUIMEHTOB MHOroWwIeHa h(x) paBHa —36.

§24. ©OPMYNbI COKPALLEEHHOTO
YMHOMEHMS

HMeeTcss HECKOJIBKO CJIy4aeB, KOTJa YMHOYKE€HHE OJHOTO
MHOTOYJIeHa Ha APYroil MPMBOJAUT K KOMIAKTHOMY, JIETKO 3aIo-
MHUHAIOIIEMYCA Pe3yJabTaTy. B 3THX cilyduasix HpeANOoUYTHUTE]bHee He
YMHOMATh KaXXKIBII pa3 OqUH MHOTOYIEH Ha APYroi, a II0Jb30BaThCsA
FOTOBBLIM PE3yJILTATOM. PACCMOTDHM 3TH CJIydYaH.

1. KBappar cymmbl ¥ KBagpaT pa3HOCTM

YMHOHM IBY4YJieH a + b Ha ceba, T.e. pacCKpoeM CKOOKH B
npousBegenuu (a + b) (a + b) miau, 4YTO TO ’Ke caMoe, B BhIDaKeHUH
(@ + b)%:

@+b’=(@a+b@a+b)=a-a+a-b+b-a+b-b=
=a’+ab+ ab+ b%=a?+ 2ab + b2

AHaAJIOTHYHO IOJIyYaeM

(@a-b)2=(@-b)(a-b)=a%—ab - ba + b®>=a® - 2ab + b

Hrak,

(a + b)? = a® + 2ab + b% 1)
(a - b)® = a® — 2ab + b2 )
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Ha ob6riunom sA3bike dopmyay (1) yuTaioT Tak: kéadpam cymmol
deyx evipaxncenull paéen cymme ux K6adpamos narc ux ydeoenrnoe
npouseedenue.

®@opmyay (2) YUTAIOT TaK: K6adpam pa3nocmu 06Yx 6bipa’xcenuil
paeen cymme ux Keadpamoe Munyc ux yodeoennoe npouséederue.

ItuM ¢popmMysaM IIPUCBOEHBI ClienMaJibHBIe Ha3BaHUA: opmyie
(1) — xBaapaT cymmsl, dopmyJie (2) — KBagpaT pa3HOCTH.

IIpumep 1. PacKphITh CKOOKH B BhIDA’KEHHM:

a) (3x + 2)% 6) (5a? — 4b%)°.

Pemenue. a) Bocnonssyemcs popmyioii (1), yurs, 4To B poyu a
BeICTynaer 3x, a B poau b — uyucio 2. [Toaxyuum

(Bx +2P2=0Bx)>+2-3x-2+22=9x2 + 12x + 4.

6) Bocmoabayemcs opmyioit (2), yUTSA, 4YTO B POJIM @ BHICTYIaeT
5a%, a B ponu bBricTynaer 4b°. ITonyunm

(5a% — 4b%)% = (5a%)% - 2 - 5a?- 4b® + (4b%)% = 25a* — 40a%b® + 160°. (W]

IIpu ucnoswrsoBaHum GopMyJs KBagpaTa CyMMBI MJIM KBaJgpaTa
PasHOCTH YUYHUTHIBaiiTe, YTO
(—a - b)® = (a + b)}
(b — a)? = (a - b)’.
9ro ciexyer us Toro, uto (—a)® = a?.

OrmeTrnmM, uTo Ha dopmyiax (1) u (2) ocHOBaHBEI HEKOTOPBIE MaTe-
MaTudecKue GOKYChI, ITO3BOJIAIONINE ITPOU3BOANTE BEIYUCIIEHUA B yMe.
Hanpumep, MOXKHO IPaKTHYECKN YCTHO BO3BOAUTH B KBAJApaT JBY3HAY-
HBIe YHCJia, OKaHYuBamooluecd Ha 1, 2, 8 u 9. CmoTrpure:

T12=(70 +1)2=702+2-70 -1 + 12 = 4900 + 140 + 1 = 5041;
912=(90 + 1)2=902+2-90-1 + 12 = 8100 + 180 + 1 = 8281;
692=(70-1)2=1702-2-70-1+ 12 = 4900 — 140 + 1 = 4761;
1022 = (100 + 2)> = 1002+ 2 - 100 - 2 + 2% =
=10 000 + 400 + 4 = 10404;
82 =(50-2)2=50%-2-50"-2+ 22= 2500 - 200 + 4 = 2304.

Ho camerii asieranTHBI# QOKYC CBSI3aH C BO3BeJeHHEM B KBaapaT
ymnces, oKkaHunBalomuxca uudpoit 5. [IpoBegeM coorBeTcTBYyIOIHE
paccyxkaenus nia 852, Umeem

852 = (80 + 5> =80+ 2-80-5 + 5% =
=80 - (80 + 10) + 25 =80 - 90 + 25 = 7200 + 25 = 7225.
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BaMeuaeM, UTO AJIS BRIUUCIeHHA 852 mocTaTo4HO OGBLIO YMHOMXKHTH 8
Ha 9 ¥ K TIOJIyYeHHOMY pe3yJbTaTy IPUIIMCATH cIipaBa 25. AHaJIormy-
HO MOKHO TIOCTYNATh M B APYTUX ciayuyaax. Hampumep, 352 = 1225
(34 = 12 ¥ K moJyUYeHHOMY YMCJIy TIPUIIMCAJH cripaBa 25); 652 = 4225;
1252 = 15625 (12 - 13 = 156 u K TOJYYeHHOMY UMCIY TMPUITMCAIH
cupasa 25).

IIpuBeseM nOKa3aTENBCTBO OTMEYEHHOrO (paKTa.

IIycTts uncio a okanuuBaeTcd nudpoii 5, aTo 3HauuT, yro a = 10b+
+ 5, rae b — 4uc0, MOJMYyYEeHHOEe M3 YHCJIa @ OTOpackIBaHUEM IIOCJIeN -
Heit iudpsl 5 (Hanpumep, 125 = 10 - 12 + 5; sgecs b = 12). Toraa

a? = (10b + 5)% = 100b 2+ 100b + 25 = 100b (b + 1) + 25.

Ilonyuunu, uyTo uuciao b HaAO YMHOXKHUTH Ha b + 1, yMHOXUTH
nonyuyeHHoe nmpousBesieHne Ha 100 u 3aTeM nmpuGaBUTh 25. 3TO paBHO-
CHJIBHO TOMY, 4YTO K uucay b(b + 1) cipasa npunucats 25.

Pa3 y»x MBI ¢ BAMU 3arOBOPHJIM O PA3IN4-
HBIX JIIOOONBITHBIX OOCTOSATENBCTBAX, CBA3AH-
HBIX CO CKYUYHBIMH (Ha mepBHIi B3risg) dop- b b
myaamu (1) u (2), To AOIIOJIHUM 3TOT Pa3roBOP G .’;ﬁﬁf? Ty
CJIERYIOIUM IeOMETPUYECKUM DaCCyKIEeHHEM. : i
Ilycts a u b — nosokuTenvHble yucna. Pac- @ .0 .. a
CMOTPHM KBAJpaT CO CTOPOHOi1 @ + b U BhIpe- T
KeM B JBYX €ro yrjax KBaJpaThl CO CTOPOHA-
MH, COOTBETCTBEHHO PaBHLIMU a M b (puc. 73).

Ilnoiaae KBajgpaTa coO CTOPOHOM a + b Puc. 73
paBHa (a + b)?. BTOT KBaZpaT MBI paspesasu
HA JYeThIpe YaCTH: KBafpaT CO CTOPOHOl a (ero miomazb paBHa a’),
KBaJpaT CO CTOPOHO# b (ero miomaas paBHa b2), JBa IIPAMOYTrOJIbHH-
Ka CO CTOPOHAMHM a M b (ILU10Iagh KaXKAOro TAKOro IMpsAMOYTrOJbHUKA
paBHa ab). Buaunt, (@ + b)? =a? + b? + 2ab, T. e. noNyUMIN DOPMY-
ay (1).

Sl

a

IIpumep 2. Boruucaute HaubGojiee paniuOHAJIBHBIM CIIOCOGOM
(729 — 171)> + 4 - 729 - 171.

Pemenmne. (729 - 171)2 + 4- 729 - 171 =
=7292-2-729-171 + 1712+ 4-729- 171 =
= 729% + 2729 - 171 + 1712 = (729 + 171)2 = 900% = 810 000. (&



5. MHOTIOYNEHBI. APUDMETUHECKMUE OMEPALIMM HALL MHOTOYNIEHAMU

—

Ipumep 3. Pemuts ypaBHenne (3x — 2)° + (4x + 1) = (5x — 3)%
Pemenue. Bocnonsayemca ¢hopMysaMu KBajpaTa CyMMBI M
KBaJpaTa pPasHOCTH:

(9x2 — 12x + 4) + (16x% + 8x + 1) = 25x2 — 30x + 9;

9x2 — 12x + 4 + 16x% + 8x + 1 — (25x% — 30x + 9) = 0;
26x — 4 = 0;
2
x = E. @
2. Pa3HOCTb KBagparToB
YMHOXKHUM ABYUWIEH a + b Ha ABy4IeH a — b:
(@+b)(a-b)=a%—-ab+ ba — b®=a®- b
Hrax,

(@+b)(@a-b)-a*- b2 ) @d)

JIi060e paBeHCTBO B MaTeMaTHKe YIOTPebJAIOT KAK cleBa Ha-
npaso (T.e. JieBasdg 4ACTh PaBEeHCTBA 3aMEHAETCH ero NpaBoil YacThIo),
TaK ¥ CIpaBa HajieBO (T. e. IpaBafd 4acTh PABEHCTBA 3aMeHsIeTCHA ero
neBoii yacThio). Ecau ¢popmyany (3) ucnons3oBaTh cieBa Halpaso,
TO OHA IT03BOJIAET 3aMEeHHTh IpousBeneHue (a + b) (a — b) roroBeIM
pesyabTatoM a? — b%. DTy xke dOpPMyJTy MOXKHO HUCIIONb3OBATH CIIPABa
HaJIeBO, TOTZa OHa MO3BOJIAET 3aMEHHTh PAasHOCTL KBajpaToB a’ — b?
npoussegenuem (a + b) (a — b). Popmyne (3) B MmaTemMaTUKe JaHO
cnenuajgbHOe HA3BAHHE — Pa3HOCTh KBAAPATOB.

3amevwanue. He nyraiiTe TepMUHBI «Pa3HOCTh KBaJPaTOB» U
«KBaZpaT pasHoOCTH». PasHocTs KBajpaToB — 3To a’ — b%, sHauwmr,
peup uzeT o dopmyte (3); KBagpaT pasHocTH — 3710 (a — b)?, 3HauMT,
peus uzaet o popmyJe (2).

Ha o6s1uHOM si3bIKe (popmyJy (3) YMTAIOT CIipaBa HaJIEeBO TaK:
pasnocmbo xéadpamoé 06yx 6biparceHull paéHa npou3eedenuro cym-
Mbl IMUX 6bIPANCEHUL HA UX PA3HOCMD.

IIpumep 4. BomosHuTs yMHOMKEHNE

(Bx — 2y) (3x + 2y).
Pemenue.
(Bx — 2y) (83x + 2y) = (Bx)? — (2y)? = 9x% — 4y°. ']
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IIpumep 5. IlpeacraButh ABydsIeH 16x* — 9 B Buze npousBeze-
HHA ABYYJICHOB.

Pemenue. Umeem 16x* = (4x%)%, 9 = 3%, snauuT, 3agaHHbIH
IBYYJIEH €CTh Pa3HOCTh KBaJpaToB, T. €. K HEMY MOXHO IDUMEHHUTH
dopmyay (3), npoUYNTaHHYIO cIpaBa HajieBo. Torga moayuyum

16x* — 9 = (4x2)% — 32 = (422 + 3) (4% - 3). @
®opmyina (3), kak u dopmyius (1) u (2), ucronb3yeTca UHOrAA
nisa 6eicTporo cuera. CMoTpuTe:
79 - 81 = (80 — 1) (80 + 1) = 802 — 12 = 6400 — 1 = 6399;
42 - 38 = (40 + 2) (40 — 2) = 40% — 22 = 1600 — 4 = 1596.
IIpumep 6. Boruucauths Hanbosiee pamUOHAJBHBIM CIIOCOOOM
6275 - 6269 — 62722,
PemeHnue.

6275 - 6269 — 62722 = (6272 + 3) - (6272 — 3) — 62722 =
= (6272% -38%) — 62722 = -9.
IIpumep 7. HaiiTu oTpumaTe/NbHEI KODeHb ypaBHeHusa x* =
= 631 - 619 + 36.
Pemenue. PaccMoTpuM npaBylo 4acTh YpaBHEHUA:

631 - 619 + 36 = (625 + 6)(625 — 6) + 36 =
= (6252 — 6%) + 86 = 6252 = 25",

Teneps 3ajaHHOe ypaBHEHHEe MBI MOKeM TlepenucaTs B Buze x* = 254,
OTPHMIATEJILHBIM KOPHEM 3TOro ypaBHEHM# SBJISIETCS YMUCIO —25.

OTBerT: x=—-25.

3aBepIuM pasroBop o GopMyJie Pa3HOCTH KBaJApATOB JIOGOMBIT-
HBIM reoMeTpUYECKUM paccyxeHueM. IIycTe @ u b — mosroKUTeNb-
Hble YyucJia, npudeM a > b. PaccMOTpUM HpPSMOYTOJBHHK CO CTOPO-
Hamu a + b u a — b (puc. 74). Ero miomans pasua (a + b) (a — b).
OTpeskeM NMPAMOYTrOJBHHUK CO CTOPOHAMM b M @ — b U HOAKJIEMM ero
K OCTaBIIIeficAd YaCTH TaK, KaK IIOKa3aHO Ha PUCYHKe 75. flcHo, uTO
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nojrydyeHHada QUrypa mMeeT Ty Ke IJIoadb, T.e. (@ + b) (a — b). Ho
3Ty GUrypy MOKHO IIOCTPOMUTH TaK: M3 KBaJpaTa CO CTOPOHOM @ BHI-
pes3aTh KBapaT cO CTOPOHOM b (3TO XOpomuIo BUAHO Ha puc. 75). 3Ha-
YUT, IIOIaAb HOBO# Guryps pasHa a? — b2, Urak, (a + b) (@ — b) =
= a? - b?%, 7. e. monyunau dopmyay (3).

3. Pa3HocTh Ky60B M cymma Kyb6os
VYMHOXMM ABY4YJIeH a — b Ha TpexuieH a® + ab + b*:
(@-b)@*+ab+b)=a-a*+a-ab+a-b>*—-b-a’>—b-ab-
—b-b%>=a®+ a% + ab® - a®b — ab® - b® = a® - b.
AHaJIOTHYHO
(a + b) (@ — ab + b%) = a® + b?

(mpoBepbTe 3TO caMu).

Hrak,
(a — b) (a% + ab + b%) = a® - b3 4)
(a + b) (a® — ab + b%) = a® + b. (5)

®opmyaty (4) OOBIYHO HA3LIBAIOT PA3HOCTHIO Ky60B, hopmyny (5) —
cyMMoii Ky0oB (110 BUAY IIPaBOii YacTH).

ITonpo6yem mepeBecTu Gopmysl (4) u (5) Ha OOBIYHBIN SA3BIK.
Ilpexxne uem 3TO cAeaTh, 3aME€THM, UTO BHIpa’KeHHE a® + ab + b?
IOX0e Ha BhIpakeHme a’ + 2ab + b2, xoTopoe urypuposamo B
dopmyte (1) u gaBajo (a + b)%; Bripaxenue a? — ab + b? moxoxe Ha
BeIpaskenue a’ — 2ab + b?%, koTopoe durypuposano B dhopmyie (2) u
nasaio (a — b)?.

Yr10o0bI OTIMYNUTH (B A3BIKE) 3TH Maphl BHIPDAKEHUN APYTr OT APY-
ra, Kaxxgoe u3 Beipakenuii a® + 2ab + b? u a? — 2ab + b? HasmBalOT
IOJHBIM KBAJAPaTOM (CYMMBI MJIM Pa3HOCTH), a Ka)XkJoe U3 BhIparKeHU
a® + ab + b? u a? — ab + b? HABKIBAIOT HEMOHBIM KBAaJAPAaTOM (CYMMEI
uau pasHoctu). Toraa mosyyaercs cieayroliuii mepesof dopmya (4)
u (5) (IpoYMTAHHEIX CIIpABa HAJIEBO) HA OOBIUHBIH ABBIK:

pa3nocmbd xy606 d6yx évipaxceHull pasHa npou3éedenuio pasnocmu
amux évipaliceHull Ha HenonLHwvLl Kéadpam ux cymmol;

cymma xy6o6 d6yx évipaliceHull paHa NPou36edeHUI0 CYMMbL IMUX
évipascenull Ha HenonKbLU K6adpam ux paznocmu.
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Ipumep 8. BemmonuuTts ymMHOKeHue (2x — 1) (4x2 + 2x + 1).

PemeHnue. Tak KaKk HepBbIi MHOKHUTEJNb €CTh PA3HOCTH OJHO-
yjieHOB 2x U 1, a BTOPOi MHOYKHUTEJb — HEIOJHBIA KBaJpaT UX CyM-
MBI, TO MOXXHO BOCIIOJIb30BaThcA opmyJtoit (4). IToxyuum

(2x — 1) (4x2 + 2x + 1) = (2x)® — 13 = 82® — 1. ]

Ipumep 9. Ilpeacrasuts ayuwren 27a° + 8b% B Buge npous-
BeJeHUsI MHOIOYJIEHOB.

Pemenue. Umeem 27a® = (8a?)?, 8b® = (2b)°. Buaunr, sagannbi
IBYYJIEH eCTh cyMMa Ky6oB, T. €. K HEMy MOXXHO IIPUMEHHUTH GOpMy-
ay (5), mpouuTaHHYIO clipaBa HajieBo. Torga moJydyum

27a% + 8b% = (8a?%? + (2b)® =
= (3a? + 2b)((3a?)? — 8a?- 2b + (2b)%) = (3a® + 2b)(9a* — 6a%b + 4b?). ]

IIpumep 10. Beruucanrps Haubojiee parmMoOHAJIBbHBIM CIIOCOOOM
0,546 + 0,454% + 3 - 0,546 - 0,454.

PemeHue.

(0,546% + 0,454%) + 3 - 0,546 - 0,454 =
= (0,546 + 0,454) (0,546 — 0,546 - 0,454 + 0,454%) + 30,546 - 0,454 =
= 0,546% — 0,546 - 0,454 + 0,4542 + 3 - 0,546 - 0,454 =
= 0,546% + 2 - 0,546 - 0,454 + 0,454 % = (0,546 + 0,454) = 12 = 1.(H]

4. Ky6 cymmbl u Ky6 pa3Hoctm
PaccmoTpuM Beipakenue (a + b)®. Nmeem
(a + b)® = (a + b)’(a + b) = (a® + 2ab + b%)(a + b) =
= a® + 2a% + b%a + a®b + 2ab® + b® = a® + 3a’b + 3ab® + bd.
AHAaJIOrM4YHO mOJIyYaeM
(@ - b)® = (a - b)’(a — b) = (a® — 2ab + b%)(a — b) =
= a® - 2a% + b%a — a% + 2ab? — b = a® — 3a?b + 3ab® - bi.

Hrak,
(a + b)® = a® + 34 + 3ab? + b3 (6)
(a — b)® = a® — 3a% + 3ab® - b>. )

®dopmyay (6) uuTaOT TaK:

KYy6 cymmo. 06yx évipaxcenull paéen Kyby nepeozo evipaxceHusn
nal0Cc ympoerwnoe npouiéedenue K6adpama nepeozo 6bipaiceHUA HA
8mopoe naloc ympoennoe npou3éedenue nepeozo 6biPA}EHUA HA
Keéadpam 6mopozo naioc Ky6 6mopozo 6vipaxcenus.
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Dopmyay (7) unTaOT TAK:
Kxy6 pasnocmu deyx évipaxcenuil paéen KYyGYy nepe60zo 6bLpaANEHUR
MUHRYyc ympoeHnnoe npou3gedenue xéadpama nepeozo GbLpAHCEHUR
Ha 6mopoe NA0C YympoeHHoe npou3éedenue nepeozo bLPaAl3ceHus Ha
Kxeadpam é6mopozo mMuHyc kY6 6mopozo evipajeHus.

AtuM popMyJiaM NPHUCBOEHHI CIienHajJibHbIEe Ha3BaHHUA: GopMy-
ae (6) — ky6 cymmsi, hopmyJe (7) — Ky6 pa3HOCTH.
IIpumep 11. PackpeITh CKOOKY B BHIPAXKEHUH:
a) (2a + 3b)%; 6) (x? — 5y°%)3.
PemeHue.
a) (2a + 3b)® = (2a)® + 3 - (2a)®- (8b) + 3 - (2a) - (3b)* + (3b)® =
= 8a®+ 36a%b + 54ab?® + 27b3;
6) (x* - 55°)° = (x%)® - 3 - (x)*- (5¢°) + 8 - (x®)(5y%)* - (5¥°)° =
= x%— 15x*y3 + T5x%y® — 125,°. 'l
IDpumep 12. Pemuts ypaBHenue x° — 448 = 149% + 3 - 1492,
Pemenue. 3ameTus, uTo 448 = 447 + 1 =3 - 149 + 1 =
=3-149- 1%+ 13, nepenumem fanHOE ypaBHEHME CJIeYIOIUM 06pa3oM:
2 =149+ 31491 + 3 - 149 - 12+ 13. B npaBoit yacTu HmOIyUHICA
Ky06 cyMMeI uncen 149 u 1, T. e. IpuxoauM K ypaBHeHHmIo x° = (149 + 1)3.
Tonyuaem x? = 150%; x = 150 . 'l
B zakiroueHue eife pa3 IOAYEPKHEM, YTO BCe IIOJIyYEHHBIE B 3TOM
naparpade dopmyasl (1)—(7) ucmoab3yOT KaK cjieBa HaIpaBo, TaK U
cIpaBa HaJIEBO, TOJBKO B IEPBOM ciydae (cjieBa HAIpaBO) rOBOPAT,
uyro (1)—(7) — ¢opmyas. cokpauieHH0z0 YMHONCEHUS, & BO BTOPOM
caydae (crpaBa HajneBo) roBopAT, 4To (1)—(7) — gopmynwv. pasnoxrce-
HUA HA MHOX¥CUMEU.

§2 5. MEeTOR BLIAENEHKS
NOSIHOTO KBALPATA

Bo mHorux sajzadax GbIBaeT II0JIE3HO IIpeoOpas3oBaTh 3a-
JaHHOE BHIpAYKEHHE TaK, YTOGbI, OOHAPDYKUB B HEM B Pa3HBIX MecTax
TPH cJaraeMbIX BHAA a?, b? u 2ab, o6’beAMHUTD UX B OQHY TPYIIY
(a? + b? + 2ab), 4TO NO3BOJUT 3aIIMCATh BTy IPYIINY CJIaraeMbIX B BHJE
KBazipaTa cyMMHI (@ + b) 2. B sToM 3akiiouaeTcs ompejesleHHEIH Me-
TOJ PACCYKAEHHM, KOTODHI 0OBIYHO HA3HIBAIOT METOIOM BhIJeJIeHUS
MOJIHOTO KBajapatra. PacCcMOTpUM psifi IPUMEDPOB.
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IIpumep 1. Haiitu HauMeHbIllee 3HAUEHUEe MHOro4jeHa p(x):

a)p(x) =x2—-6x+8; 6)p(x)=2x%+3x—5.

IIpu KaKOM 3HAUYEHHUH X OHO JOCTHIaeTcs?

Pemenue. a)p(x)=x2>—-6x+8=(x2-6x+9)—-1=(x-38)2-1.
Tenepp ACHO, YTO HAMMEHBIIIEE 3HAUECHHUE JOCTUIAE€TCA MHOIO4JIEHOM
npu x = 3; p(3) = —-1.

6) p(x) = 2x* +3x -5 = 2(x2 +gx)—5 - 2(952 +2.%-x]—5.
¥V BhIpa)KEeHUS B CKOOKAaX IJIsl IOJIHOTO KBaJipaTa He XBaTaeT KBajparTa

3
yucna - 3aMeTHB 3TO, cAejiaeM B CKOOKax cieayiolnee: npubaBuM U

BBIUYTEM KBaJApaT 3TOr'o 4Yucja:

p(x)=2(x2+2-%-x+i—i)—5=

16 16
2
o +2.3 s 2 -0 _5-9(x+3) —6l.
4 16 8 4 8
Teneps sICHO, YTO HAaNMeHbIIIee 3HAYEHUE JOCTUTAETCS MHOIOYJIEHOM

3 1
x = - —— = —0—
npu p( 4) 3

4
IIpumep 2. HaiiTu HanGosbilee 3HaUEHNE MHOrO4YJIeHa p(x):
a) p(x) =5—-4x — 4x%  6) p(x) =7 + 4x — 3x%.
IIpn KaKOM 3HAUYEHHUHM X OHO JOCTHIaeTcs?
Pemenue.

a) p(x) =5-4x —4x* =6 — (1 + 4x + 4x¥) = 6 — (2x + 1)%

OrBerT: a) p(3) =-1; 6) p(—3)=-6%

Hanﬁonhmee 3Ha4YeHHue AOoCTHUraeTcsa MHOI'OYJIEHOM IIpH X = —%;
A
6) p(x) = 7+ 4x — 3x* = —3(x2 —%xj+7 -
=-3(x2-2-§x+§-§)+7=-3(x2-2-—x+3)+3+7=
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2
HawuGosbimee 3Hauenmne AOCTHUTaeTCad MHOT'OYJIEHOM IIpH X = 5;

2 1
== 8=.
P (3) 3
1 2 1
OrBerT: a -=|=6; 6 21=8-=-.
) o(-3) ) p(2)= 85
IIpumep 3. Haiitn Ty napy 3HaueHui# (X; y), IPHU KOTOPBIX
mMHorouwreH p(x; y) = 2x%+ 3xy + 5y + 4y + 3 nocTuraer HaMMeHb-
miero 3HauyeHus IPH YCJIOBHHU, UTO X — 3y = 4.

Pemenue. U3 ycioBus ciepyer, uto x = 3y + 4. IlogcraBum
BeIpakeHue 3y + 4 BMeCTO X B JaHHBIH MHOTOYJIEH:

p(y) =28y +4)> + 3By +4)y+ 54> +4y + 3 =
=29y® + 24y + 16) + 3y(8y + 4) + 5y* + 4y + 3 =
=32y’ + 64y + 35 =32y + 2y + 1) + 3 =
=32(y + 1) + 3.

HaumMeHbIillee 3HaY€HHEe MHOrOYJIeHa DaBHO 3, HOCTUTAETCSH OHO
npu y = —1.

Ecimy=-1,Tox=3y +4=1.

OrBerT x=1,y=-1.

IIp u me p 4. [TokasaTs, uTo MHOrowIeH p(a; b) = 72ab — 16a — 83b°
npH JMo6bIX 3HAYEHUAX IIepeMEHHBIX IPUHUMAET HeIl0JOKUTEIbHbIe
3HAYEHU.

Pemenue. p(a; b) = 72ab — 16a% - 83b% = —(16a — 72ab + 81b%) -
- 2b% = —(4a - 9b)? — 2b% = —((4a — 9b)? + 2b%). Bripaxenue
(4a — 9b)? + 2b%, kak cyMMa IBYX KBaJpaToB, IIPH JIOOBIX 3HAYEHUAX
IepeMeHHBIX IPUHUMAaeT HeOTPUIaTeIbHbIe 3HaUEeHNU s, TOIAa KaK BhI-
paskenue —((4a — 9b)? + 2b%) HemoIOKUTENBHO TIPH JTIOOLIX 3HAUEHUAX
a u b, uTo u TpeboBaAJIOCH JOKA3ATh. '

IIpumep 5. KakuMu no/kHBI GHITH pPa3Mephl IPAMOYTOJIbHOTO
y4acTKa, IepuMeTp KOToporo paBeH 60 M, 4TOOBI IJIOIIAakbL yYacTKa
66118 HaubGosbIIe ?

PemeHue. YUacTok IpeAcTaBdgeT CO-
60ii IPAMOYTOJIbHHUK; HYCTh €ro JJHUHA paB-

30 —x
Ha X M, TOTJa ero mupuHa paBHa (30 — x) M
(puc. 76). Ilnomanas S NPpAMOYroJbHUKA
x BeIYMCIIAeTCA 1o dopMyte S = x(30 — x) M.
Pnc. 76 ITopa6oTaeM c BeIpa)keHHeM IJIs IJIOINALH:
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S =2x(30 — x) = 30x — x? = —(x% - 30x) =
= —(x? - 80x + 225) + 225 = 225 — (x — 15)%.
3uaumr, S, = 225 u gocTUraercsd 9To 3HaUYeHHe Npu x = 15, T. e.
KOrZla y4acTOK IIpejcTaBifeT co0oii KBaaparT.

OTBeT: HaubOJNBIIYIO IUIOIEadh MMeeT KBaAPATHBIA y4acCTOK CO
CTOpOHO# 15 M.

§2 6. DENEHVE MHOTOUNEHA
HA OAHOMNEH

CHoBa, Kak U B Hauaye § 22, cpaBHUM ILJIaHBI IOCTPOECHUS
riaaB 4 u 5. Bel, HaBepHOe, 3aMETHUJIH, UTO 3THU IJIAHBI IIOYTH OJHHA-
KOBBI, XOTHA IIOJIHOE COBIaJeHMe HapyIIMJ HPeAbIAYINHHM maparpad
(nocBAIIEeHHbIN crenuduuecKuM GOopMyIaM COKPAIEHHOT'0 YMHO-
JK€HHUdA), Aa U B riiaBe 4 MbI PaCCMOTPEJH BO3BeJeHHE OJHOYJIeHa B
CTeneHb, a B IJIaBe 5 COOTBETCTBYIOIIEro pasroBopa O BO3BEeAEeHUH
B CTelleHb MHOTOYJIeHa He ObLIO, 32 HCKJIOUEHHEM CJIydYaeB, KOrja
IBYYIEH BO3BOAMTCA B KBajapaT ujau Ky6. Ilociie yMHOMXeHUS OLHO-
YJIEHOB B IJIaBe 4 IIJIa peuyb O JeJIeHHM OJHOYJIeHa Ha OgHO4YIeH. Bor
¥ B IJIaBe 5 MBI HOrOBOPHM 00 aHAJOTMYHOM omepamuy — JeJeHHUH
MHOro4JIeHa Ha OJHOYJIEH.

B ee ocHOBe JIE;KUT cJIeAyIOllee CBOMCTBO AeJIeHUA CYMMbI Ha UMCJIO:

a@+b+c)y:m=(@:m)+(b:m)+ (c: m).

9T0 M03BOJISIET Cpa3y cHOPMYIMPOBATH IPABUJIO JEJIEeHUA MHOIO-
YJleHa HA OJHOYJIEH.

IIpaBuno 4. Ymober paszderumsv MHO204L€H HA OOHOUJEH,
HYNHO KaxOblili YleH MHOZOYJeHa pa3deiumb HA 3mom
00HOUEH U NONYYEHHbLE Pe3YSbMaAMmbl CLOHUMb.

B § 19 MBI oT™Meuass, UTO He BCerja MOMKHO Pa3feJIUTh OJHOUJIEH
Ha OJHOYJIeH; 4YTOOBI AejieHHe OGBIJIO BBIMOJHMMO, HEOOXOAMMO CO-
GJIrofieHre IeJIoro psAfa YCJIOBUiI — BCHOMHHTE HUX (MM IOCMOTDPHTE
B § 19), nmpexxze ueM paccMaTpHBATH IPUMeD, KOTOPBIA IPUBEJEH
HuKe. Eciu 3asaua mesleHusa oqHOYJIeHA (IIpocTeiilliero MHOTOYJIeHA)
Ha ONHOYJIEH He Bcerjga Obljia KOPPEKTHOI, TO YTO YK€ I'OBOPHUTH O
JeJeHUY MHOrodJeHa Ha ofAHO4YJIeH. Takoe AejieHUEe BBIMOJHHMO [I0-
CTaTOYHO PEIKO.
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IMpumep 1. Pasgenurs mHorouwnen 2a’b + 4ab? ma ogHounen
2a.

Pemenne.

2 2
(2a%b + 4ab?) : 2a = (2a% : 2a) + (4ab? : 2a) = 220 4 490" _
2a 2a
2 a° 4 a o, 2 9
=>.—b+—--=-b*=1-a'b+2-1-b*=ab+ 2. (@
2 a 2 a

3aech MBI HCIIOJB30BAJIM TOT CIIOCO0 3aIIMCH, KOTOPBIA 06roBopH-
au B § 19. A BoT apyroit cmoco6 (MOXKHO IPUMEHATH U TOT U APYroii,
CMOTPA IO TOMY, KaKOM M3 HUX BaM 0oJIbIlle HPABHUTCS): BBIAEJIUM
B KaXKAOM wieHe MHoroudiesHa 2a’b + 4ab? MHOKHUTENH, B TOUHOCTH
paBHBIH aeautento 2a. [loxyuum

2a%b + 4ab® = 2a- ab + 2a- 2b2.

9Ty cyMMy MOXKHO 3aIMcaTh B BUJe npomusBenenus 2a(ab + 2b2).
Tenepp ACHO, YTO €CJIM 3TO IPOU3BEJEHNE Pa3feJuTh Ha 2a (Ha OgUH
MHOKHTENIb), TO B YACTHOM moayuutcs ab + 2b% (apyroit MHO«H-
TeJb).

IDpumep 2. Paznenurs mHOrowIeH 6x° — 24x% Ha 6x2.
Pemenune.
IlepssoIii criocob.
(6x® — 24x%) : 6x% = (623 : 6x%) — (24x? : 6x?) =
3 2 3 2
= 6i2_24_x2=§.x_2_3‘1.£2_ =1-x—-4-1=x— 4.
6x 6x 6 x 6 x
Bropoii criocob.
6x3 — 24x% = 6x%- x — 6x%- 4 = 6x%(x — 4).
3HauuT, yacTHOE OT AeieHusa 6x° — 24x2 Ha 6x2 paBHo x — 4. (@]

HDpumep 3. Pasgenuts mHOorowres 8a® + 6a%b — b na 2a2.
PemeHnue.

8a® + 6a’b — b = 2a%- 4a + 2a®- 3b - b.
TToCKONBKY B TPeThEM uJIeHe 3aJJaHHOTO MHOTOUJIeHa (Pedb UAeT O

yjieHe —b) MHOXKUTEJb 2a? He BbIfeNAeTCSA, AeJIeHNe HEBO3MOXKHO. DTa
3ajjaua HeKOppeKTHa. PaKTHUYeCKHM MBI CHOBA, KaK 4 B KoHie § 19,
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NPHIILIK K ajJredpandyecKoil po6M — Ha 3TOT pas K anrebpandyecKoi

8a® +6a%h - b

o]0} 44
Ap 242

(]

Wrak, neseHne MHOrOYJIeHA HA OAHOYJIEH BHIMIOJHSAETCA He Bceraa,
a ecJIM ¥ BBINIOJIHAETCH, TO TPeGyeT ompelesieHHbIX ycuuauii. [leaenue
sKe MHOTOYJIeHa Ha MHOro4wieH — elne OoJiee Tpyauasa (1 emie 6osee
peKo BBITIOJHUMAA) OIlepallis, 3TO HaM IIOKa He MO0 CHJIaM.



TNABA

6 PA3JNIOXXEHUME MHOIO4JIEHOB
HA MHOXXHUTEJIU

o m ———

§ 27. Yro rakoe pa3noieHne MHOroYNeHOB Ha MHOXMTENN
M 3@84EM OHO HYIKHO

§ 28. BoineceHue obLyero mMHOXMTENS 3@ CKOBKM

§ 29. Cnocob rpynnmuposku

§ 30. PaznoxeHne MHOro4YneHoB Ha MHOXHUTENH
C NOMOLUBIO (POPMYNT COKPALLEHHOIO YMHOMEHMS

§ 31. PasnorxeHne MHOro4yneHoB Ha MHOXUTENH
C NOMOLLYLIO KOMBMHAaLMM Pa3TMYHBIX MPHEMOB

§ 32. Cokpawiernne anrebpanyeckux apoberi

§ 33. Toxxngecrsa

§27. 41O TAKOE PA3JIOXEHME
MHOTOMNEHOB HA MHOMMTENM
M 3AYEM OHO HY)HO

Ina Hayayia BBHIIIOJHMM 3HAKOMYIO OIE€PAIAIO: YMHOMXHM
MHOrouJieH 2x — 3 Ha MHOrodjied x + 2.
2x—-3)(x+2)=2xx+2x-2-3-x—3-2=
=2%2+4x - 3x-6=2x2+x — 6.
Hrak, 2x — 3) (x + 2) = 2x% + x — 6.
9TO PaBEHCTBO MOYKHO 3aIIMCATH II0-APYroMy, IIOMEHSB €ro 4acTa
MeCTaMH:

2x2 + x -6 =(2x — 3) (x + 2).

Takas samuch O3HAauYaeT, YTO MHorodneH 2x% + x — 6 mpeacrasieH
B BHJle IIPOM3BeeHNA GoJiee IIPOCTHIX MHOTOWIEHOB 2x — 3 U x + 2.
O6GBIYHO B TAKHX CJIYYaAX FOBOPAT, YTO MHOTOYJIEH YAAJIOCh Pa3no-
HUMb HA MHONCUMEU.

Ha camom gese ¢opMyJIMpOBKa «pas3jioKeHHWe MHOroudjJeHa HA
MHOYKHUTEJIN» BaM yiKe 3HAKOMA, MBI HECKOJHKO Da3 MCIIOJIb30BaJH
ee B rjaBse 5, HO TaM ke Mbl TOBOPHJIM, UTO Io3gHee Gosee MogpOOHO
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obcyaum aTy npobiemy (IpobjeMy pasjoKeHHs MHOro4jieHa Ha MHO-
skuTenn). Ito Bpemda npunuio. OgHako cHayasa ybegumcsa B TOM, 4TO
pasyioKeHne MHOro4YJieHa Ha MHOKHTEeJIM — Belllb IToJe3HadA (MHaye
3a4eM HaM 3THUM 3aHUMATHCA?).

IIpencraBbTe cebe, 4YTO BaM IPEAJOKHUJIM PEIIUTH ypPaBHEHHE
2x — 3 = 0. BrI cipaBuTech ¢ aTM 6e3 Tpyaa: 2x = 3, x = 1,5. 3arem
BaM IIPEJIOYKMJIN PelIuTh ypaBHeHUe X + 2 = 0. I ¢ HUM BHI crpa-
BUTECH JIETKO: X = —2. A Telepb BaM IpeAJIaraloT pelInTh YpaBHEHUE
2x2 + x — 6 = 0, T. e. JaTh OTBET Ha BOIPOC, IPH KaKMX 3HAYEHUAX X
tpexwieH 2x? + x — 6 o6pamiaeTca B HyJIb, — BTH 3HAYEHHA X HABHIBA-
0T KODHAMU YpasHeHus. [Ia TaKNX ypaBHEHWH MMEeTCs CIelMaIbHOe
IIPaBMJIO PelIeHUd, HO BBl €ro IIoka He 3HaeTe. Kak ObITH?

Bocrosnp3dyemcsi MOJYYEHHBIM BBIIIE PA3JIOMKEHHMEM MHOTOYJIECHA
2x2 + x — 6 Ha MuHOMKHMTeN: 2x% + x — 6 = (2x — 3) (x + 2). Torza
3aJlaHHOe YpaBHEHHEe MOYKHO IepernucaTh B BHIE

2x-3)(x+2)=0.
Teneps ocTaeTcsi BOCIOJIb30BATHCA CIEAYIOIINM M3BECTHBIM (haKTOM:
€cJIN IIPOM3BeJIeHNe JBYX MHOMKHTeJIed paBHO HYJIO, TO OAWH M3 MHO-
JKHATeJIeH paBeH HyJI0. 3HAUMT, JIn6o 2x — 3 = 0, m6o x + 2 = 0. 3agaua
CBeJIaCh K pellleHMIo ABYX 6oJiee mpocThIX ypaBHeHui. U3 ypaBHeHNsA
2x — 83 = 0 monyuaem x = 1,5. I3 ypaBuenus x + 2 = 0 monyuaem
x = —2. YpaBHeHMe pellleH0, OHO MMeeT ABa KopHA: 1,5 m —2.

I/ITaK, pal3JIOKeHNe MHOro4JeHa Ha MHOXXHTeJH MOXeT IPpHUIro-
AUTBCA HaAM JJIA pEelleHHs ypaBHeHnﬁ.

PaccmotpuMm gpyryio curyanuio. Ilyctes Hy»KHO HaliTH 3HauYeHHe
532 — 47?
61 — 39%°
YucJieHus «B JI00», HO GoJsiee 3 (EeKTHBHO ABAYKABI BOCIIOJIb30BAThCA
hopmy0it pasHOCTH KBaApaTOB:

4YUCJIOBOTO BBIpAYKEHUS MosHO, KOHEYHO, IIPOBOJHUTH BHI-

53° —47° _ (53 -4T)(53+47) _ 6-100 _ 6 _ 3
61° -39° (61-39)(61+39) 22-100 22 11

Pasnoxenne Ha MHOKHTEN ITO3BOJIMJIO HAM COKPATHTH Apo6b. ITo3x-
Hee MBI OLIEHMM 3TO M IIPH BBINIOJIHEHHUH OeHcTBHHA ¢ anrebpamue-
CKMMH APOOAMH.

TaxuMm 06pa3oM, pasjioKeHHe MHOroudJieHa Ha MHOXKHTEJH HC-
osIb3yeTcA AJIA pellleHWsA ypaBHEHWH, A npeobOpasoBaHMsS YHCJIIO-
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BHIX ¥ aire6panuecKux BeIpakeHWii. IIpuMeHseTCA OHO M B APYTHX
CHTyanmuaX, KaK, CKaXkeM, B CJe[[yIollleM IIpuMepe, TJe KJIOU K ycIie-
XY ONATH-TAKH B PAsJIOKEHHH Ha MHOMHTEJIH.

INpumep. JokasaTs, 4To AJd JI060r0 HATYPAJbLHOTO YHCJIA n
Buipaxcerue n® + 3n? + 2n nenurca 6es ocraTka Ha 6.

Pemenue. Ilycts p(n) = n® + 3n? + 2n.

Ecomn=1, 10 p(1) =1 + 3 + 2 = 6. 3uauur, p(l) genurca
Ha 6 6e3 ocraTka.

Eciun=2,Top(2)=22+8:-22+2-2=8+ 12 + 4 = 24,
CiuenoBateisibHO, U p(2) nenurcs Ha 6 Ge3 ocraTka.
Ecin n =3, To p(3) =32+ 3-32+2-3 =27+ 27 + 6 = 60.

IToaromy u p(3) penutca Ha 6 6e3 ocraTka.

Ho BHI Xe OHHMAaeTe, YTO Tak nepedpaTh Bce HATypaJbHbBIE YUCIIA
HaM He ynactca. Kak O6wiTs? Ha momolps mpuxoaAT anrebpanuecKue
METOABI.

HNmeem

n+3n2+2n=nm+1)(n + 2).
B camomMm geite,
n(n+1)=n?+n,

n®+n)(n+2)=n®+2n%+n?+2n=n%+ 3n%+ 2n.
Hrak,
p(n)=n(n+1) (n + 2),

T.e. p(n) ecTs NMpousBeileHNE TpeX HAYIIMX MOAPAJ HATypPaJIbHBIX
yucen n, n + 1, n + 2. Ho u3 Tpex TakMxX 4yKceJ OJHO 00A3aTEJIHLHO
JIeJATCA Ha 3, BHAUMNT, M UX IIPOM3BeAeHue aAeauTca Ha 3. Kpome Toro,
o KpaitHeil Mepe OZHO M3 3THX YHUCeJ — YeTHOoe, T. €. JAeJINTCA Ha 2,
3HAYHUT, ¥ IpOU3BeJeHue feautca Ha 2. Urak, p(n) genurca u Ha 2,
M Ha 3, T.e. fJeJUTCA ¥ Ha 6. )

Bce mpekpacHO, CKaskeTe BbI, HO KaK jgorajarecs, aro n® + 3n? +
+ 2n = n(n + 1)(n + 2)? OTBeT OoYEBHJEH: HANO YUINTHLCSA pPa3JIOKe-
HHUIO MHOTOYJIEHOB Ha MHOKHTead. K ToMy M mepeiiieM: B Ka)IoM
U3 CJeAyIoIUX maparpadoB 3To IJIaBEI MBI GyZeM H3yYaTh TOT MK
WHOH [IPHMeM pas3jioyKeHHs MHOTOUJIeHa Ha MHOMKHTEJIH.
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§2 8. BLIHECEHME OBLUErO MHOMMTENS
3A CKOBKM

IIpexx e yeM HauMHATH M3y4YeHHe 3TOro maparpada, Bep-
auTech K § 22. Tam MBI y2Ke pacCMOTpeJIH IpuMep, B KOTOPOM Tpebo-
BAJIOCHh IIPEJICTABHUTh MHOTOYJIEH B BHJIe IPOM3BEJeHUA MHOTOUYJIEHA U
oxHowiIeHa. Eciin Takoe Ipou3BeleHHE YIAJIOCh COCTABHUTD, TO OOBIYHO
rOBOPAT, YTO MHOT'OWIEH Pa3JIOKEH Ha MHOMKHTEJIH C IIOMOIIBIO 8bl-
HeceHUus 00ujezo MHoMumMens 3a ckobku. PaccMOTpUM HECKOJBKO
HIpPHMEDPOB.

IIpumep 1. Pa3noXuTh Ha MHOXKUTEJIHX MHOTOUJIEH:

a) 2x + 6y; B) 4a® + 6a?; 1) 5a* — 10a® + 154°.

6) a® + a?; r) 12ab* — 18a?b3c;

PemeHnmne. a) 2x + 6y = 2(x + 3y). 3a ckoOKHM BHIHECIHN OOITHIA
IeJINTENIb KO3(DGHNIINEeHTOB YJI€HOB MHOTOUJIEHA.

6) a®+ a?=a?(a + 1). Eciu ofHa U Ta Ke MepeMeHHAA BXOJHUT BO
BCe WIEHbI MHOT'OUJIEHA, TO €e MOYKHO BBIHECTH 3a CKOOKH B CTEIIEeHH,
pPaBHO! HaWMMeHbIIeH M3 MMeoHuXcsa (T. e. BRIOMPAOT HAMMEHBIITHH
U3 UMEIOIIUXCcA IMoKasaTee).

B) 34ech MCHOJb3yeM Te K€ IMPHUEMBI, UTO ¥ IIPH PElIeHWHU IIPH-
MepoB a) u 6): aaA Ko3dhdHUIHEeHTOB HAXOAMM OOIIUHA JeJnTelb
(B IaHHOM cJIy4ae YMCJO 2), AJA IIepeMeHHBIX — HAMMEHBIIYIO CTe-
IIeHb M3 MMeIOIUXcs (B ZJaHHOM ciaydae a?). Ilonxyuaem

4a® + 6a? = 2a?- 2a + 2a4%- 3 = 2a%(2a + 3).

r) OOBIYHO IJIA LEJOYHCJIEHHBIX KO03D(PHIINEeHTOB CcTapaloTcs
HAWTH He IPOCTO OOITHH HeJUTEeNb, a HAU6GONbULULL OOIIIHI NeJINTeNb.
s xoapdpunuentos 12 u 18 num 6yzmer uucao 6. 3ameuaem, 4TO
IepeMeHHas 4 BXOAWUT B o6a 4jeHa MHOro4JieHa, IIpM 3TOM HAWMEHb-
muit moxasaresir paseH 1. IlepemenHasa b Tak)ke BXxoguT B 0ba uieHa
MHoOrouwieHa, IpuYyeM HaMMeHbIIW# moKasaTeasb paBeH 3. HakoHen, me-
pPeMeHHAas ¢ BXOJHUT TOJHKO BO BTOPOI YJIeH MHOTOYJIEHA ¥ He BXOJHUT
B NIePBLIA 4JIeH, 3HAUNT, 3Ty IePEMEHHYIO HeJIb3A BBIHECTH 38 CKOOKH
HU B KaKoi cTteneHM. B uTore nmosyuaem

12ab* — 18a%b%c = 6ab®- 2b — 6ab® - 3ac = 6ab®(2b — 3ac).
1) 5a* — 10a® + 15a° = 5a%(a — 2 + 34?).

B sToM nmpumepe MBI GaKTHUYECKH HMCIOJH30BAJIU CJENYIOLIUH
AJITOPHUTM.
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AJropuT™M OTHICKAHHMSA 00IIEro MHOMKHUTENA
HECKOJBKHMX OXHOWICHOB

1. HaiiTu HauGonpmInNi oOHINHA AeauTeNb KO3(P@HUIIMEHTOB BCEX
OJHOYJIEHOB, BXOJAINUX B MHOTOYJIEH, — OH M OyZeT oOIIuM
YHCJIOBBIM MHOXKHTeJEeM (pasymeeTcs, 3TO OTHOCHUTCS TOJbKO
K CJIy4alo ITeJIOYMCIEHHBIX K03GhPHUIMEeHTOB).

2. HaiiTu nepeMeHHbI€, KOTOPbI€ BXOAAT B KaXJbIi YJIeH MHOTO-
yJjieHa, ¥ BhIOpATh IS KaXKION M3 HUX HaMMEHBIINH (M3 UMelo-
IITUXCS) TIOKAa3aTeJIb CTEIICHM.

3. IIpousBenenune xo3bduMenTa, HAUJEeHHOrO Ha IIEPBOM Ilare,
M cTeleHeif, HalileHHBIX Ha BTOPOM Iare, siBJfeTCHA OOIINM

S MHOXKHTEJIeM, KOTOPBI# I1ejieco06pasHO BHIHECTH 3a CKOOKH.

J

3ameuvanue 1. Bpsane ciaydaeB M0OJe3HO BEIHOCUTDH 38 CKOOKY
B KauyecTBe OOIIero MHOXKHUTENS M ApPoOGHBIH Ko3adbdunuent. Hampn-
Mep:
2,4x + 7,2y = 2,4(x + 3y);

30-%+2c-3a-2p+30).
7 7 7 7
3ameuwanue 2. Cirenyer IOHUMAaTh, 4TO IIaru 1 u 2 ajropurMa

MMEIOT COBEepPIIIeHHO pasHbIil craTyc. B peanpHBIX 3ajauax Koadhdumu-
€HTBI ITOYTH HUKOT/[A He OBIBAIOT I[eJIBIMH YMCJIaMH (a2 OKa3bIBAIOTCS
IeJBIMM OJIarogapA YCHJIMAM COCTaBHTeJNeH 3alauHUKOB, ITOAOMpalo-
IIHX YCJIOBHUA TAaK, 4TOOBI OTBeT OBl mokpacusee). ITosTomy mar 1
MOCBAIIEH JIUIIb MOJIyYeHNIO Hanbosiee MPpUATHOM IJIS TjIa3a 3alucH,
TOrZa Kak mar 2 eCTh HEYTO COAep:KaTebHOoe.

IIpumep 2. PasmokuTh Ha MHOMKUTEJIN MHOTOYJIEH
—xty® — 2x%% + 5x°.

Pemen ue. Bocronssdyemesa chopMyJINPOBAHHEIM AJITOPDHTMOM.

1) Haubonemuit obmuit genurend xoabodunuentos —1, -2 u 5
paBeH 1.

2) IlepemeHHas X BXOAMT BO BCe YJIeHbl MHOrOYJIeHa C NMOKa3a-
TeJAMH COOTBETCTBEHHO 4, 3, 2; ciefoBaTeJbHO, MOXXHO BHEIHECTH 38
cKoGKM x2.

IlepeMennas y BXOJUT He BO BCe YJIEHBI MHOTOYJIeHAa; 3HAYMT, €€
HeJIb3s1 BEIHECTH 3a CKOOKH.
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3) BeIBO: 3a CKOOKHM MOXXHO BBIHECTH x2. IIpaBna, B JaHHOM
caydae IeslecoobpasHee BIHECTH 3a cKoOkM —x2. ITomyunm
__x4y3 _ 2x3y2 + 5x2 = _x2(x2y3 + 2xy2 _ 5). @
Hpumep 3. MoxHO Ju pasfeanTs MHorowieH 5a* — 10a® +
+15a® Ha ogHounen: a) 5a®; 6) 25a%? Ecau na, TO BHIIIOJHHUTH Jelie-
HHE.
Pemenue. a) B upumepe 11) MBI mOIyYHIN, YTO
5a* — 10a® + 15a° = 5a%(a - 2 + 3a?).

3HauNT, 3aJaHHBIII MHOTOWJIEH MOKHO pasfeJuTh Ha Ha®, mpum
ATOM B YACTHOM IIOJIy4MTCA @ — 2 + 3a’.

6) 5a* — 10a® + 15a® = 25a? (%a2 2,430 ]

5 5
3HaYNT, 3aJaHHBIA MHOTOYJIEH MOXXHO pa3fieJIUTh Ha 25a2, npu
1 2 3
3TOM B YaCTHOM IOJIYYHTCS gaz - 54 + gaa. i

ITomo6GHBIE TpUMEPHI MBI paccMaTpuBam B § 26; nmpocMoTpUTe HX,
mokajyicra, ele pas, HO yXXe C TOYKH 3DeHHs BHIHECEHHS 001mero
MHOXXHUTENA 33 CKOOKH.

Pasnoxxenne MHOroujieHa Ha MHOYKHMTEJH C IOMOIIbI0O BEIHECEHU S
00111er0 MHOKHTEJNA 38 CKOOKHM TECHO CBSI3aHO C JBYMsA OliepallusiMH,
KOTOpbIe MBI n3yuayy B § 22 n 26, — ¢ yMHOKeHHeM MHOro4JjeHa Ha
OIHOYJIEH M C JeJIeHWeM MHOro4JeHa Ha OXHOYJIEH.

A Temepp HECKOJIBKO PACIIMPHUM HAIIM IPeJCTaBI€HUA O BEIHECE-
HHUHM 06I11ero MHOYKUTENA 3a CKOOKH. [lesio B ToM, 4TO MHOTAA ajirebpa-
HYecKoe BhIpaKeHHe 3aJ]laeTCs B TAKOM BHJe, YTO B KauecTBe 00Iero
MHOXXHUTeJIA MOXKeT BBICTYNATh He ONHOYJIEeH, 8 CyMMa HECKOJbKHX
OZHOYJICHOB.

IIpumep 4. PaznoXKuTh Ha MHOMXKHUTEIIN

2x (x — 2) + 5(x — 2)%.

Pemenne. Beegem HoByIO nepemennyio y = x — 2. Torpa nosy-
Yum

2x (x — 2) + 5(x — 2)% = 2xy + 5y°.
3ameuaeM, 4TO IIePEMEHHYIO J MOKHO BHIHECTH 3a CKOOKH: 2xy +
+ 5y = y (2x + 5y). A Teneps BepHEMCS K CTApBIM 0GO3HAYEHHAM:

y(2x + 5y) = (x — 2)(2x + 5(x — 2)) =
=(x—-2)(2x + 5x — 10) = (x — 2)(7x — 10).
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B mopo6HbIX ciaydaAx mocyie IpHOOPeTeHUA HEKOTOPOr'o OIBITa
MOKHO He BBOAHTH HOBYIO II€PEMEHHYIO, a Cpa3y HCIIOJL30BaTh CJie-
AYIOOIYIO 3aIIMCh:

2x (x — 2) + 5(x — 2)? = (x — 2)(2x + B(x — 2)) =
=(x—-2)(2x + 5x — 10) = (x — 2)(7x — 10). ()

Hpumep 5. Boruncanrs (2-10% + 3102+ 710 + 5)-(9-10% +
+ 8-10 + 4) — 984 - 2365.

PemeHnue. UnciaoBoe BeipakeHHEe B IEPBBIX CKOOKax — 3To
yuciio 2375, uncioBoe BhIpaXKeHHe BO BTOPHIX CKOOKaX — 3TO YHUCJIO
984. 3aMeTHB 3TO, IIPON3BEJEM BHIUNCJICHUA:

2375-984 — 984 - 2365 = 984 - (2375 — 2365) = 984 - 10 = 9840.(H]

Hpumep 6. loxasars, uto (7° + 14*) : 23 (mRanomMHuUM eme pas,
YTO CHMBOJI : O3HAUAET «JEeJIMTCA Ha»).

Pemenue. Umeem 75 + 14* = 75 + 74- 24 = 747 + 2%) = 7*- 23.
JlenuMoCTh MOJIYy4eHHOT'0 NMpomn3BeieHus Ha 23 Temeph He BHISHLIBAET
HHUKAKUX COMHEHHI. ]

Hpumep 7. Pemmrs ypaBrenue (x — 2)(x + 3)° = (x + 3)x — 2)%.

Pemenne. IIpeobpasyem ypaBHenue k Buay (x — 2)(x + 3)® —
—(x + 3)(x — 2)® = 0 u BEIHeCeM B JIeBOH €ro 4acTH 3a CKOGKH O6Imii
MHOXHUTeN b (x — 2)(x + 3); moayumm:

(x — 2)(x + 3)((x + 3)? — (x — 2)%) = 0;
(x — 2)(x + 3)(x®+ 6x + 9) — (x%— 4x + 4)) = 0;
(x — 2)(x + 3)(10x + 5) = 0.

3HaunT, 6o x — 2 = 0, oTKyAa HaxoguM x = 2; qubo x + 3 = 0, or-
KyJa Haxogum x = —3; an6o 10x + 5 = 0, oTkyza maxogum x = —0,5.

OrseT: -3, —0,5, 2.

§29. cnocos rrynnMpPOBKM

Jna yscHeHHA CYTH crocoba I'DYNIMPOBKHM DACCMOTPHM
ciaeAyOIOUHA IpuMep. ‘
IIpumep 1. Pa3joXuUTh HAa MHOKUTEJN MHOTOUYJIEH
2a® + 6a + ab + 3b.
Pemenue. O6befUHNM B ONHY I'pyNNy IIepBbIe JBa WieHa, a B
IPYTyI0o — IOCJeAHMe ABa 4ieHa MHOTOYJIEHA:

(2a® + 6a) + (ab + 3b).
128



6. Il PA3IOXEHME MHOTOYJIEHOB HA MHOXMWTESIU

3ameuaeM, 4TO B [IePBO# r'pyIille MOKHO BEIHECTH 3a CKOOKU 2a,
a BO BTopoii rpymme — b; nmoayuum 2a (a + 3) + b(a + 3). Tenepp mMu1
BHAHUM, UTO «[IPOABHJICA» OOIMHA MHOMKHUTEJD (@ + 3), KOTOPBIA MOK-
HO BBIHECTH 3a cKoOku. B pesyswrare nmosyuum (a + 3) (2a + b).
INockoapky mponecc npeoGpasoBaHuii B mpuMepe 1 mepemMerkayica
KOMMEHTapUAMU, [IpUBEJEM ellle pa3 pellleHHe, HO yKe 6e3 KOMMeRH-
TapHeB:
2a% + 6a + ab + 3b = (2a® + 6a) + (ab + 3b) =
=2a(a + 3) + b(a + 8) = (a + 3) (2a + b). ]

O6benuEEeRNe WieHOB MHOrowreHa 2a + 6a + ab + 8b B rpymmel
MOYKHO OCYIIECTBUTH pa3iM4YHBIMHM cnocobamu. OZHAKO HYKHO yUH-
THIBaTh, YTO WHOT/A TaKas I'PYHNNPOBKA OKa3bIBaeTCA YAAYHOMN A
MOCJIeAYIOIIEro Pas3jIoyKeHNUsI Ha MHOYKHUTENN, a nHorzAa HeT. IIpoBegem
aKcrmepuMeHT. O0beIMHUM B OAHY TIDYIIY MEPBBIA U TPETHM UIEHBI
paccMaTpHBaeMOro MHOTO4WIEHa, a B APYrylo Ipynmny — BTOPOH M
YyeTBePTHIii:

2a% + 6a + ab + 3b = (2a + ab) + (6a + 3b) =
=a(2a + b) + 3(2a + b) = (2a + b) (a + 3).

PasnokeEne Ha MHOMKHTENIH MOJIYYUJIOCh, MPYININHUPOBKA OKa3a-
Jlach yIOa4yHOM.

Temnepps 00beAUHNM B OJHY I'PYIINY IEePBLIN ¥ YeTBEPTHIH YJIEHEI,
a B IPYryio — BTOPOM U TpeTHii:
2a% + 6a + ab + 3b = (2a% + 3b) + (6a + ab) = (2a® + 3b) + a (6 + b).

9Ta rpynnupoBKa SBHO HEyJauHa.

IToasenem mrorun. YieHbsl MHOrOUYJIeHa MOXKHO I'PYNIUPOBATH TaK,
Kak HaM xodercsd. Horjga yzaercsa Takasd IPYNIMPOBKA, YTO B KaXK-
IOii TpyIile IOCJIe BHIHECEHHA OBGIAX MHOMXKHTelel B CKOGKax ocTa-
eTcsl ONWH H TOT K€ MHOI'OYJIeH, KOTOPHIH, B CBOIO OUepedb, MOMET
OBITh BBIHECEH 3a CKOOKHM KakK oOmmuii MHOXHUTeab. Torma ropopsdr,
4TO passioKeHHe MHOro4JIeHa Ha MHOYKHUTEH OCYII{eCTBIEHO CNOCO60OM
2pYynnuposxu.

IIpumep 2. Pa3noXuTh Ha MHOXKHMTEJIN MHOTIOYJIEH

xy — 6 + 3x — 2y.
Pemernue.
IlepBhiii crioco6 PYNITNPOBKU:
xy — 6 + 3x — 2y = (xy — 6) + (3x — 2y).
I'pynnupoBka HeyjauyHA.

5 Anrebpa, 7 k. ul. 129
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Bropoii criocob rpynnupoBKH:
xy—-6+3x—-2y=(xy+3x)+ (-6 —2y) =
=x(y+3)-2(+3)=(@y + 3) (x—2).

TpeTuii crocob rpynnupoBKH:
xy—6+3x—-2y=(xy—2y)+ (-6 + 3x) =
=yx-2)+3(x-2)=(x—-2)(y + 3).

OrBeT:xy — 6 +3x -2y =(x—-2)(y + 3).

Kax BuamTe, He Bcerjga ¢ IepBOT'0 pasa I'pYNIIMPOBKa OBIBaeT
ynauHoii. Ecam rpynnupoBka oxkasajiach HEyJauyHOM, TO OTKaKHUTeCh
OT Hee, HINUTe MHOH cmocob6. ITo Mepe mpuobGpeTeHNA ONBITA BH
OyZere OBICTPO HAXOAUTHh YAAUYHYIO I'PYNNHPOBKY, KaK 3TO CHAeJaHO
B CJIEAYIOIEM IIpuMepe.

IIpumep 3. PasnokuTh Ha MHOXKXWTEJIN MHOT'OYJIEH
ab? — 2ab + 3a + 2b% — 4b + 6.

Pemenne. CocTaBUM TPH IPYNIELI: B IIEPBYIO BKJIOUYNM IIepPBBIA
¥ YeTBEpTHIA UWIEeHbI, BO BTOPYIO — BTOPOH M IATHIA, B TPETHIO —
TpeTHUi M LIEeCTOMH:

ab? — 2ab + 3a + 2b% — 4b + 6 = (ab® + 2b%) + (—2ab — 4b) +
+(38a + 6) =b%*a + 2) - 2b(a + 2) + 3(a + 2).
Bo Bcex rpynmnax okasajics oOLIMi MHOMXKHUTEJH (a + 2), KOTOPBI#
MOXKHO BhIHeCTH 3a cKoGkH. IToayuum (a + 2) (b2 — 2b + 3).

OTBeT: ab® — 2ab + 3a + 2b%> — 4b + 6 = (a + 2) (b® — 2b + 3).

HMHorga mojsie3HO IPOBEPUTH cebA, T.e€. B IMOJYIEHHOM pasjioie-
HHMH Ha MHOXXHTEJIH BBLIMOJHUTH OIePAIlUI0 YMHOKEHUS MHOTOUJIEHOB
(pacKpHITh CKOOKM) M y6equThCA, YTO B pe3yJjbTaTe IOJIYYUTCA TOT
MHOT'OYJIEH, KOTOpbI# 6bLI 3amaH. A ecau Her? Torma Hamo MCKaTh
OMIMOKY B Pa3JjIOKeHHMH HA MHOYKHUTEJIH.

Hpumep 4. PasioxuTh Ha MHOKHTeNM MHOTOWIEH X2 — Tx + 12.

Pemenue. HaBepHOe, BH AyMaeTe: KaKOe OTHOIIIEHNE HMeeT 3TOT
npuMep K crocoby IpynIHpOBKM, BeAb 31eCh U IPDYINNPOBATh-TO He-
yero? 3To BEpHO, HO MOXKHO CJleJIaTh HeGOIbIIOH «(OKyC»: ecay IIpes-
CTaBHUTBH cJIaraeMoe —7x B BUJie CYMMBI —3X — 4X, TO IIOJIYYUTCA CyMMa
yKe He Tpex (Kak B 3aJaHHOM MHOT'OUYJIeHe), a YeThIpeX CJaraeMhbIX.
ITH YeThIpe CJIaraeéMbIX MOYKHO pacHpelesUTh 10 ABYM Ipynnam:

¥ -Tx+12=2x>-3x—4x + 12 = (¢ - 3x) + (—4x + 12) =
=x(x—-3)-4(x—-3)=(x—3) (x —4).
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IIpumep 5. Pemuth ypaBHeHUE:
a) x2-Tx+12=0; 6) x*-2x2+3x-6=0.
Pememnue. a) Pasnoxum tpexunen x2 — Tx + 12 Ha MHOXKHUTEIH
TaK, KaK 3TO CAeJIaHO B Impumepe 4:
x2-Tx+12=(x - 3) (x — 4).

Torza 3ajaHHOE YpPaBHEHNEe MOYKHO Ilepemucats B Buze (x — 3) (x — 4) = 0.
Temnephb sICHO, YTO MCXOQHOE YPaBHEHUE HMeeT JBa KOpH:: x = 3, x = 4.
6) Pasnoxum MHOrouwneH x° — 2x% + 3x — 6 Ha MHOMKHUTEJNH:

2 -2x* +3x-6=(x*—-2x%+ (8x - 6) =
=x%(x-2)+3(x—-2)=(x - 2)(x% + 3).

Ilepenumem Teneps 3afaHHOE YypaBHEHUE B BHJE

(x—-2)(x2+3)=0.

Tak KaK IpoU3BeJeHHe DABHO HYJIIO, TO PaBE€H HYJIIO OAUH U3 MHOXHU-
teneit. Ho x? + 3 npu mo6bIX 3HAYEHUAX X ABJIAETCH TOJOMKUTENb-
HBIM YHCJIOM, T. €. B HYJIb OGPATUTHLCA HEe MOXKET. 3HAYHUT, MOKET BHI-
TIOJIHATBHCA TOJBKO paBeHCTBO X — 2 = 0, OTKyAa mojy4daeMm: x = 2.

OTrBeT:a)3, 4; 0) 2.

IIpumep 6. IlocTpouts B cucreme KoopauHat xOy rpaduk
nuHelHOM dyHKmuu y = p? + 3px, ecaM U3BECTHO, YTO ITOT rpaduK

IIPOXOAMUT 4Yeped TOuKy (2; —5) u mepecekaeT ock abcmucc B TOUYKe,
pacmoJioxkeHHoi JeBee Touku (1; 0).

Pemenue. Ilockoasky rpadbuk IMpoxXomAUT uyepe3 TOUKY (2; —H),
IOJXHO BBHINIOJHATLCA cooTHomeHnue —5 = p2 + 3p- 2, 1. e. p? + 6p +
+5=0.

IToxgo6Hoe ypaBHeHMe, IPUMEHHUB CIIOCO6 IPYNIMUPOBKH, MBI yiKe
pemuiIy BhIllle — B IpuMepe 5a). 34eCh MBI TOXK€ IPUMEHUM CIOCO0
TPYNIIAPOBKH:

p®+6p+5=0;
®*+p)+ (5p+5)=0;
plp+1)+5@p+1)=0;

(»+ 1@+ 5)=0.

SuauuTt, 6o p+1=0,T.e. p=-1,mu60p + 5=0, T. e. p = —5.

Ecnu p = —1, To 3agaHHasA JuHeilHaA GyHKIUA NPUHUMAET BUA
y=1- 3x; ecu p = —5, To 3ajaHHas JUHeHAA GYHKONA IPDUHUMAET
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o

Ry

Puc. 77

+15=0.

Bug y = 25 — 15x. OcTayock U3 3TUX ABYX
JNHEeNHMX GYHKUIUNA BHOpPaATh Ty, rpaduk
KOTOpPO# mepecexkaeTr och abciucc B TOUKe,
pacmoJsioxxeHHO# seBee Toukm (1; 0).
IIpamas y = 1 — 3x mepecekaeT och abeiuce

B TOUYKe (%;O), a npamas y = 25 — 15x —
B TOUKeE (-g—, 0); aeBee ToukH (1; 0) pacnmoso-

1
JKeHa JINIITh TOYKa (E; 0). 3Ha4YUT, UCKOMas
auHeiHaa GyHKIUA — 30 y = 1 — 3x, ee

rpaduk n3obpakeH Ha pUCyHKe 77. ]

Ipumep 7. Iocrpouts rpaduk ypaseenus x2 + 2xy — 8x — 6y +

PemreHne. PasimoXuM JIeByIO 4aCTh YyPaBHEHUSA Ha MHOYKUTEJIH,

npeaBapyUTeJIbHO NIpeACTABUB OJHOYJIEH —8x B BHE -3x — 5x:

22+ 2xy —8x— 6y +15=2x2—-8x + 2xy — 6y — 5x + 15 =

= («% — 8x) + (2xy — 6y) — (5x — 15) = x(x — 3) + 2y(x — 3) — 5(x — 3) =

MOXXHO 3aIlMcaThb TaK:

= (x — 3)(x + 2y — 5).
3HaynT, ypaBHeHHNe, rpaduk KOTOPOro HaM HaJ0 IOCTPOUTH,

(x—-3)x+2y—-5)=0.

I'padpuk aToro ypaBHeHUs —

o0beiNHEeHNE ABYX IIPAMBIX : IPAMOI

x = 3 (upAMas, NapajuleJbHas OCU

opAvHAT) ¥ mpamoit x + 2y — 5 = 0.

JIJisi IOCTPOEHUs BTOPOM NpsAMOM

cjenyeT HaiTU ABe TOYKH, el

npuHagjexamnmue: ecid y = 0, To

x =5;ecau x =1, Toy = 2.

no toukaM (5; 0) u (1; 2). 'padux

\|5\Q< WUTak, CTPOMM BTOPYIO NIPAMYIO
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IIpumep 8. HaiiTu mapsr neaslx unucen (x; y), KOTOphle yAOB-
JIeTBOPAIOT ypaBHeHHIO 9y + 10x — 6xy = 8.

Pemenue. IIopaboraeMm c jieBoil 4acTbi0 ypaBHEHUS:
9y + 10x — 6xy = (9y — 6xy) + 10x = 3y(3 — 2x) + (10x — 15) + 15 =

=3y(3 — 2x) + 5(2x — 3) + 15 =15 — 3y(2x — 3) + 5(2x — 3) =
=15+ (2x - 3)(5 — 3y) = 15 - (2x — 3)(3y — 5).

3HauYuT, 3aJaHHOe ypaBHEHHE MOXKHO IIepenucaTh TakK:

15 — (2x — 3)(3y — 5) = 8, oTkyna crenyet, uto (2x — 3)(3y — 5) = 7.

Hac uHTepecyiOT TOJBKO I€JIOYHMCJIECHHBIE DEIleHUs ypaBHEHHUA,
3HAYUT, 00a MHOXKHTEJISA B JIEBOH YaCTH YpPaBHEHHUA NOJIKHEI OBLITH
LEJIBLIMM YUCJIAMH, KOTODBIE IIPH IIEPEMHOMKEHUHU JAaloT B pe3yJeTaTe 7.
Kakmne gBa mesbIX uuciaa JaayT 7 B mpousBeaeHun? Ectp aumsb 4
Bo3ModkHOCcTH: 1 m 7, Tul, -1 u -7, -7 n —1. PaccMOTPUM KaKAkIi
U3 3TUX YEeThIPEX CJy4YaeB II0 OTJEJIbHOCTH.

1) 1 u 7. 310 3HauwuT, uto 2x — 3 =1, 3y — 5 = 7. Orciona cienyer,
yro x = 2, y = 4.

2) 7 n 1. 9ro 3Hauur, yro 2x — 3 =7, 3y — 5 = 1. Orcioxa caexyer,
yro x = 5, y = 2.

3) -1 u —7. 3ro 3Hauurt, uto 2x — 3 = -1, 3y — 5 = —7. Orcioga

cienyer,4yro x = 1, y = g. 9Tra napa Hac He ycTpauBaer.
y 3

4) —7 u —1. 9ro 3uaumr, uto 2x — 3 = -7, 3y — 5 = —1. Orcioma

4
cjaenyer, 4to x = —2, y = —. 9Ta I1apa HaC TaK)ke He yCTpaMBaeT.
Y 3 y

OTrBerT: (2; 4) u(5; 2).
IIpumep 9. HokasaTh, 4TO nNpy JI060M HATYypaJbHOM 3HaUe-
HUM n BHINOJHAETCA cooTHomeHue (n! + 6n® + 11n% + 6n) : 24.

Pemenune. IToxoxuil mpumMep, HO HONpOINE, MBI PACCMOTDEJIH
Bhime, B § 27. Tenmepp HaMm 1o cujaM OoJiee CIOXKHBIA nmpumep. Ilo-
paGoraem ¢ muorowresom n* + 6n® + 11n? + 6n, noneTaeMca pasio-
HTHb €ro Ha MHOXKHTEJH — 3TO BCET/a I0JIe3HO IIPH PEeleHUH 3afay
Ha JeJMMOCTb:

n*+6n®+ 1102 + 6n = n(n® + n? + 50 + 5n + 6n + 6) =
=n(n%n+ 1)+ 5n(n + 1) + 6(n + 1)) = n(n + 1)(n? + 5n + 6).
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e————

Tenmeps pPa3jIoKUM Ha MHOXKHTeNIH Tpexuiel n? + 5n + 6:

n+5n+6=n>+2n+3n+6=n(n+2)+3(n+2)=
= (n + 2)(n + 3).
HUrak, n* + 6n3 + 11n2 + 6n = n(n + 1)(n + 2)(n + 3).
Cpeau yeTsIpex IOAPSAJ HUAYINNX HATYPaJbHBIX uHucesa n, n + 1,
n + 2, n + 3 06A3aTeJILHO IPUCYTCTBYET XOTA OBl OJHO YUNCJIIO, JeJIsAIe-
ecd Ha 3, ¥ ABa YETHHIX UMCJIA, IPAYEM OJHO U3 3THUX UETHHIX YHCEJ

Jaske NeJMTCA Ha 4. 3HAUUT, IPOM3BEJIeHNe 3THX YeTHIPeX UHCeJl Je-
auTca Ha 2+ 3 -4, T. e. Ha 24. UTak, (n* + 6n® + 11n%2 + 6n) : 24. (@

IIpumep 10. iMeloTca ABa CIlyIaBa ¢ Pa3JIMYHBIM IIPOIEHTHHIM
coiepKaHUeM MeJH, OQMH — Maccoit 12 kr, Apyroit — Maccoi 8 Kr.
OT mepBOro M BTOPOrO CIJIABOB OTpe3asli KYCKHM DaBHOH MacChH M
NIOMEeHAJHN MecTaMH. B peaysbTaTe IMOJYYHJIOCHh JBa HOBHIX CIIJIaBa
C TEMH JKe MaccaMM, HO y»Ke C PaBHBIM ITPDOLEHTHBIM COJEpKaHUEeM
meau. KakoBa Macca KaXXKAOro U3 OTPE3aHHBIX KYCKOB?

Pemenue. IlepBuit aTan. Cocmasnenue mamemamuieckoil
Mmodenu.

BBeaeMm Tpu mepeMeHHBIE: X KI' — Macca KaXJoro U3 OTpe3aHHBIX
KYCKOB; iy % — coaep:KaHue MeAM B IIePBOM CILJIaBe, 2 % — COAepaKa-
HHe Meau Bo BTopoM cIiaBe. Ilocyie TOro kak oT KasKJAoOro U3 mepBo-
HavaJbHBIX CILIABOB OTpPe3ajil IO KYCKYy MacCoi X KI' M IIOMEHSJIU
MecTaMH, IIOJYYMJIUCH ABa HOBHIX CILJIaBa: UX CTPYKTypa cxeMaTuue-
CKM IIpeACcTaBJieHa Ha pucyHKe 79. O6Ccy UM 3TH CXEMEI.

Ha pucyske 79, a npeacraBiieHa CTPYKTypa TPEThero CIJjiaBa: OH
cocrouT U3 (12 — x) Kr mepBOro cmjasa ¢ y %-M coaepxXaHUeM Mean
M M3 X KI' BTOPOro cIjiaBa ¢ 2 %-M coaep:KaHueM Meau. MOXXHO moja-
CUYHUTATh Maccy A Meau B TPEThEM CILIaBe:

A= (L(m - x)+ ix) Kr.
100 100
Ha pucynke 79, 6 nmpeacraBjieHa CTPYKTypa 4eTBEPTOro CILjaBa:
OH COCTOMT U3 (8 — X) KI BTOpPOro cIjiaBa ¢ 2 %-M coiepKaHueM Megu
¥ M3 X KI IIepBOro cIjiaBa ¢ y %-M coaep:xaHueM meAu. MOXXHO IIOA-
CUMTATh Maccy Meau B B UueTBepTOM CILIaBe:

2 Y
=[Z(8 — x)+ =X 3
B ( (8 x) x) Kr
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(a2 - = xr, x xr, @ wxn z e,
0, 0, Y 70 MEoH
y % menu 2 % menu Menm
a 6

Puc. 79

HacTynunia caMelif OTBETCTBEHHBINI MOMEHT. YTo 3HAaYMT, 4TO IpO-
LEeHTHOe COJepIKaHHWe MeAY B TPEThEM M YETBEPTOM CIIJIaBaX OAUHA-
KOBO? JTO 3HAUMT, YTO OTHOIIIEHWE MAacChl MeAU B TPETHEM CILJIaBe K
Macce TPEeThero CIjlaBa PaBHO OTHOIIIEHHIO MacChl MEAHW B YETBEPTOM

A B “
cIJIaBe K Macce 4eTBepTOro CiJjaBa: 1z = 3 W3 3T0if nmpomopuun
caenyer, uro 24 = 3B, T. e.

212 - )+ Zox | = 3558 - 2) + {2
100 100 100 100
9To ypaBHeHHe — MaTeMaTHuYecKasa MOJAeJb 3aa4yM.
Bropoii aran. Paboma c cocmaénenHoil modenvio.

YMHOXXHM o6Ge yacTm ypaBHeHHs Ha 100 um pacKpoeM CKOOKH B
ofenx yacTaXx ypaBHEHUA:

24y - 2xy + 2xz = 24z — 3xz + 3xy;
(24y — 242) + (5xz — 5xy) = 0;
24(y — 2) — 5x(y — 2) = 0;
(y —2)(24 - 5x)=0.

ITo ycnoBuio y # 2, HO TOorjga U3 NOCJEJHEr0 YpaBHEHUA CJIELYET,
ur0 24 - 5x = 0, T. . x = 4,8.

Tperuit aran. Omeem Ha onpoc 3adayu.

Ham Hy:XHO 6BLTIO HAHTH MacCy Ka)XJOro M3 OTPe3aHHBIX OT 060-
X CILIABOB KYCKOB, 3Ty BEJIMYMHY MBI 0603HAYMIM OYKBOH X, Tak
4YTO OTBET Ha BONIPOC 3afayd yXKe IOJyYeH: OT Ka’KJOro U3 CIJIaBOB
oTpe3ayu (M moMeHAJM Mecramu) o 4,8 kr. OO6paTuTe BHHMaHUe,
4YTO B COCTABJIEHHOM YPaBHEHWUH ObLIO TPH MepEeMEHHKEIX, U3 KOTOPHIX
IBe HaC He MHTEpPecOBaJiM, Aa, BIIPOYEM, OHM M HMCYEe3JH B IIpolecce
npeo6pa3oBaHUid.

OrBerT: 4,8 Kr.
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§30. PA3NOXEHME MHOTOYJIEHOB
HA MHOMMTENM
C MOMOLLBIO hOPMYH
COKPALLEHHOTO YMHOMEHMS

B § 24 MBI mosryuniam ceMb (GOPMYJI COKpPAIIEHHOTO YMHO-
)xkeHus. TaM ke MBI OTMETHJIH, 4YTO JII000i M3 3THX (POPMYJ MOMKHO
MOJIb30BAThCA KaK JJIA COKPAIeHHOr0 YMHOXKE€HHUA MHOTOUYJIeHA Ha
MHOTrOYJIEH (ecJM IPUMEHATh GOPMYJbl B TOM BHIe, B KOTOPOM OHH
651y 3amucaHbl B § 24), TaK ¥ 1A pPa3IoOKEHNsT MHOrO4JIeHa Ha MHO-
JKUTEJH, ecIM UX MepenucaThb CIeLyIomuM obpasom:

( a®—b?=(a—b)(a+b) W 1)
a® — b® = (a — b) (a® + ab + b?); 2)

a® +b3 (a + b) (a® — ab + b?); 3)

a + 2ab + b = (a + b)% 4)

a® — 2ab + b2 = (a — b)% (5)

a® + 3a%b + 3ab?+ b = (a + b)3; (6)

L a® — 3a% + 3ab®?— b® = (a - b). y )

IlepByio m3 3THX GOPMYJ MOYKHO IDMMEHSATH K BRIPDAXEeHUIO,
peACTaBJAIOIIEMY co00ii pa3nocmb Keadpamos (6e3pa3IuyHO Yero —
YuceJi, OQHOYJIEHOB, MHOTOYJIEHOB), BTOPYIO M TPETHIO — K BBIpake-
HUIO, IpEeJCTaBAAomEMyY coboii pasHocmb (cymmy ) Kyb608; 4eTBepTYIO
M OATYI0 (GOpMYJBl NPUMEHAIOT K TPeXuJeHy, IPeJCTaBJIAOIEeMY
co0o0il noamuslil k8adpam, T. e. cCOAEPKAIIEMy CYMMY KBaJpPaTOB ABYX
BhIPaYXEHHUI U YABOSHHOE IIPOU3BEIeHNe TeX JKe BhIPAXKeHUIl; IIeCTyIO
H celbMYI0 POPMYJIEl IPUMEHSAIOT K MHOT'OUJIEHY, IIPEACTABIIAIOINIEMY
coboii noamuwviil Kyo.

IIpumep 1. Pa3joXuTh Ha MHOXKUTEJINU:

a) 64x2 - 9; B) (2x — 1) -

6) x5 — 4a%; r) (a + 3)2 - (b - 2)%

Pemenue. Bo Bcex yeThIpex mpuMepax BOCHOJIb3yeMcs hopmy-
Jgoi (1) (pa3HOCTH KBaJgpaTOB):

a) 64x2 - 9 = (8x)%> — 32 = (8x — 3) (8x + 3);

6) x® — 4a* = (x%)% - (2a%)? = («® - 2a?) (x® + 24?);

B) Cx—-12-25=2x-12?-52=(2x-1)-5)-((2x—-1)+5) =
=2x-6)2x+4)=2(x-3)-2(x+2)=4(x— 3) (x + 2).
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3mech, Kpome (GOPMYJIBI PA3HOCTH KBaJpaTOB, MBI MCIIOJH30BAHA
IIpHeM BhEIHECEHHUA O0Iero MHOMKHTeJd 3a CKOOKM — [JId ABYYJIEHOB
2x - 6 u 2x + 4.

r)@+32-b-22=@@a+3)-(b-2)-{(a+3)+((®-2)=
=@+3-b+2)(a+3+b-2)=(@-b+5)(a+b+1).

IIpumep 2. PasjoXuUTh HA MHOMKHUTEJIH:

a) 12543 — 8b3; 6) a® + 27b% B) x° — a®.

Pemenmue. 3gecy Bocnonbsyemcs opmynamu (2) u (3) (pasHocTb
u cymMMa KyGoB).

a) 125a% — 8b® = (5a)® — (2b)® = (5a — 2b) : ((5a)? + 5a - 2b + (2b)?) =
= (5a — 2b) (25a% + 10ab + 4b%).

6) a® + 27 = (a?)® + (3b)® = (a? + 3b) - ((a®)? — a?- 3b + (3b)?) =
= (a® + 3b) (a* — 3a’b + 9b*).

B) IlepBniii cnoco6:

xG _ aﬁ — (x2)3 _ (a2)3 — (xZ _ aZ) . ((x2)2 + x2 . a2 + (a2)2) —
= (x — a) (x + a) (x* + x%a® + a?).
Bropoii crocob:
x6 _ a6 — (x3)2 _ (a3)2 — (x3 _ a3) (x3 + a3) =
= (x — a) (x? + xa + a®) (x + a) (x* — xa + a?). (]

3amevwanue. B npumepe 2B) npu ofHOM crnocobe peleHUA

MOJYYMIIOCH Pa3JIOKeHue
(x — a) (x + a) (x* + x%a® + a?),
a IpH Jpyrom crocobe — pasjoxKeHHe
(x — a) (x + a) (x* + xa + a?) (x* - xa + a?).

PasymeeTcs, 3TO OLHO M TO »Ke: B CJeAyloineM maparpade Mbl

nokaxceM, Kak oT MHorouneHna x! + x%a%? + a* mepeiitn K mpomaBe-

nennio (x2 + xa + a%*)(x? — xa + a?). Bupouem, u ceituac BbI MoKeTe
ybeauThCcA, UTO

x* + x%% + a* = (2® + xa + a?) (x% — xa + a?).
JlJ1a 9TOro JOCTATOYHO PaCKPHITh CKOOKHM B IIPaBOM YAaCTH PaBeH-
cTBa (cAeJsiaiiTe aTO).
IIpumep 3. Pasnoxkurh Ha MHOXKUTEJIH:
a) a? — 4ab + 4b% B) 4x* — 12x%y + 9y%
6) x* + 2x2 + 1; r) 25a% + 10ab + 4b2.
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Pemenue. Barnx npumepax JaHR TPEXWIEHE, IS MX PasJjioxke-
HHA Ha MHOXKHUTEJN GyaeM mosib3oBaThed opmynamu (4) u (5), ecan, Ko-
HEYHO, yOeauMcs B TOM, YTO TPEXUJIEH ABJISETCA IOJHBEIM KBaJpaToM.

a) a® —4ab + 4b> =a® + (2b)® - 2-a- 2b = (a — 2b)°.

Ms1 yO6eamInch, 4YTO TPEXUJIEH COAEPIKUT CYMMY KBaJpaTOB OJHO-
wieHOB a u 2b, a TakKe yABOEHHOE IIPOM3BEAEHNE 3TUX OAHOYJIEHOB,
3HauYNUT, 9TO NOJHBIA KBaJpaT, IPUYEeM KBaJpaT Pa3HOCTH.

6) x*+2x2+1=(x})H2+12+2-x%-1 = (2% + 1)}

B) 4x* — 12x% + 9% = (2% + (3y)? - 2 2x%- 3y = (2x% - 8y)%;

r) 25a% + 10ab + 4b? = (5a)? + (2b)® + 5a - 2b.

Tak kax 10ab — 3T0 He yABOEHHOE NPOU3BeAEHNE OJHOYJIEHOB 5a
¥ 2b, TO JaHHBIA TpexuJeH He ABJAETCA IMOJHBIM KBajgpaToM. Pas-

JIOMKHUTH €ro Ha MHOMXHTEJNH ¢ IHoMoIubio dopmyna (4) mwiau (5) MBI He
MOJKEM.

IToguepkHeM elle pas: €CJ¥ XOTHTE BOCIOJIb30BaThCs GOpPMYyJIaMHA
(4) nam (5), To cHauaia yOegUTECh, YTO 3afaHHBIN TPEeX4JIeH eCTh IOoJ-
HBI# KBajpaT. B mporuBHOM ciyuae dopmyssl (4) 1 (5) npuMeHATH
HeJb3A — MMEHHO TaK 06CTOANO Jesio B mpumepe 3r).

Ipumep 4. Joxasars, uto (27° + 28%) : 55.

Pemenue. 273 + 283 = (27 + 28)(27% - 27 - 28 + 28%) =
=55 (272 - 27- 28 + 282,

ITonyueHHOEe mpou3BeZieHHEe NeJIUTCSA Ha 55, uTo M TpeGoBayoCh
IOKa3aTh. @

§ 31. PA3NOXEHME MHOTOUYNEHOB
HA MHOXMTENM C MOMOLLbIO
KOMBMHALIMM PA3MIMYHBIX MPMEMOB

He Tak y»x yacTo 6bIBaeT, 4TOOKI IIPM pellIeHNH MaTeMaTH-
YeCKOro Impumepa INPHUMEHAJICS TOJBKO OAMH IIDHEM, Yale BCTpeua-
10TCA KOMOMHMPOBaHHBIE IPUMEDHI, I'le CHa4Yaja MCIOJIb3yeTcs OAUH
npueM, 3aTeM APyroi U T. A. YTobhI yCIIEIITHO pemiaTh TaKue IpuMe-
pBI, MAJIO 3HATHh CAMHM IIPHEMBI, HafIO eIle YMeTh BbIpaboTaTh nmiaH ux
TocJiefOBATEJbHOrO IpUMeHeHuA. VIHBIMU CJI0OBaMH, 3AeCh HYKHBI He
TOJIBKO 3HAHUSA, HO U ONBIT. BOT Takne KOMOMHUPOBaHHBIE IPUMEPHI
MBI M1 PACCMOTPHMM B 3TOM Itaparpade.
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IIpumep 1. PasznoXuTh Ha MHOXXHUTEJN MHOTOUYJIEH

36a%® — 96a'b* + 64a%b°.

Pemenmne. 1) Cuauana 3aiiMeMcs BeIHECEHMEM OOIIero MHOXKH-
TeJd 3a ckoOKku. Pacemorpum koadpdunuentsr 36, 96, 64. Bece onu
IeNsaTcsa Ha 4, MpUYeM 3TO — HaMOOJbIIMi OOIUM JeuTesb, BhIHE-
ceM ero 3a CKOOKHM. Bo Bce 4JIeHBI MHOrouJieHa BXOJAUT IepeMeHHas a
(B mepBsIii a®, Bo BTOpOit a*, B Tpernit a?), moaTOMy 3a CKOGKHM MOMKHO
serHecTH a?. TOuHO Tak e BO BCe WIEHH MHOrO4YJeHa BXOLUT Iepe-
MeHHas b (B mepBhii b3, Bo Bropoii b, B Tpermit b®) — 3a ckobkm
MOXHO BhIHecTH bS.

Hrak, 3a ckoOku BeiHeceM 4a?b3. Torza moayuum

36a°b® — 96a*b* + 64a%b® = 4a%®(9a* — 24a’b + 16b7).

2) Paccmorpum TpexwieH 9a! — 24a%b + 16b%. BoiacHUM, He SB-

JifeTcA JIX OH NOJHHEIM KBajgpaToM. iMeem
9a* — 24a% + 16b% = (3a?)? + (4b)® — 2 - 3a?- 4b.

Bce ycnoBus nmosHOro KBagpara coOJIIOfEHBI, CJIeLOBaTeJIbHO,

9a* — 24a% + 16b% = (3a? — 4b)>.

3) KomOuHupya aBa mpuema (BbIHECEHHE OOIEro MHOMKMTEJs
3a CKOOKM M HCIOJIb30BaHMe (GOPMYJIbI COKPAIEHHOr0 YMHOXKEHHST),
IOJIy4aeM OKOHYATEeJbHBIN pe3yJIbTaT:

36a%° — 96a%b* + 64a%b° = 4a%b®(3a? — 4b)%. (]
Ipumep 2. PasioxXuTh HA MHOXXHTeNN MHOrowiteH a? — ¢ +
+ b2 + 2ab.

Pemenmne. 1) CHauasa nmonpo6yeM BOCIOJIb30BATHCA CIIOCOGOM
rpynnupoBKH. Jlo CHX mop YeThIpe cjlaraeMbIX Mbl pa36HUBaJIM HA IPyI-
sl no napam (cM. § 29). IlonbiTaeMcs ¥ 34eCh CAEJIATh TaK JKe:

a®—c*+ b? + 2ab = (a% - ¢ + (b? + 2ab) =
=(a-c)(a+c)+ b+ 2a).
JTa rpynnupoBKa HeyaauHa, HEeT 00Ilero MHOXKUTEJI.

ITonpo6yem mo-apyromy:

a® - c? + b? + 2ab = (@ + b?) + (—c? + 2ab),
3J1ech TaKKe HMYEro XOpollero Her.

TpeTbs MONBITKA:

a? - c? + b? + 2ab = (a® + 2ab) + (—c? + b?) =
=a(@a+2b)+ (b -c)( +c),
M 3eCh HEeT OO0Ilero MHOMKHUTEJI.
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OpHako Bce-TaKM cnocol6 rpyNIUpPOBKM B 9TOM IpUMepe cpaboTa-
er. Beab HMOTKy/Ia He cJlefyeT, YTO IPYNIIMPOBATH cJaraeMble MOXKHO
TOJIBKO IIO IMapaM, 3TO MOXKHO CHAeJIaThb ¥ TaK:

a? - c®+ b® + 2ab = (a® + 2ab + b%) — ¢ = (a + b)® - 2.
Temneps Bbl OTYETIMBO BHJHUTE CTPYKTYPY AAHHOTO MHOTOUJIEHA:
PasHOCTb KBaJpaTOB.

2) K nmonyyeHHOMY BHIpajK€HHMIO IpUMEHUM (opMysIy pasHOCTH
KBaApaToB:

@+b)l-c2=@@a+b)-c)((@+b)+c)=(@+b-c)(a+b+c).
Urak, koMOMHNpYs nBa npueMa (IpynIMpPOBKY M KCIOJIbL30BaHUE

¢GOpMyJI COKpPAIIEHHOTO0 YMHOYKEHMs — KBaJpaT CyMMBI M Pa3HOCTH
KBaZ[paToOB), MBI MOJIYYMJIM OKOHYATEJbHbIN De3yJIbTaT:

a?-c*+b?+2ab=(a+b-c)(a+b+ec). ]

Hpumep 3. PasjnoxuTh Ha MHOMXHTeNIH ABydYIeH x* + 4y*.

PemeHue. IIpoanainsupyeM CTPYKTypy AJaHHOro ABywiIeHa. YTo
rakoe x*? 9ro (x%)?. Uro Takoe 4y*? 9o (2y%). 3uauuT, uMeeM cymmy
kBagpatoB (x%)? + (2y%)%. O6bIuHO, yBHIEB CyMMy KBajJpaTOB ABYX
BhIPaXKeHMi (UMces, OJHOUIEHOB, MHOTOYJIEHOB), MATEMATHUK HIIET
yABOeHHOe NpOM3Be/leHHe dTHX BLIPAXKEHWi AJIA TOro, YTOOHI MOJy-
YHUTH MOJHEIM KBajpaT (06 3TOM MBI y2Ke IrOBOPHJIH Bbiiie — B § 25).
B 1aHHOM CIyuae TAKMM yABOSHHEIM IIpousBeeHueM 6yaer 2 - x2 - 237,
T.e. 4x%y%. Ho ero B mpumepe Her. UTo ke genaTn?

IIpn6aBMM K 3aJaHHOMY MHOTOYJIEHY TO, 4TO HAM HYXHO, HO,
YTOGHI HUYETo He M3MEHHMJIOCh, TYT e U BEIYTEM:

(x%)? + (2y%)% + 4x%y? — 4x%y°.

S9T0 AaeT BO3MOXKHOCTH CIPYNIIMPOBATH IepBhIe TPH UJEeHa TaK, YTO
BHIJEJIUTCS TIOJNHBIA KBazpaT. [lanbHeiinlee pellleHNe UAET N0 ILUIAHY
npumepa 2:

xt 4yt = () + (20 = () + (27 + axy?) - day’ =

= (2% + 2y%)?% - (2xy)® = (x% + 2y% - 2xy) (2® + 2y + 2xy). (@
IIpumep 4. PasjoXUTh Ha MHOXKUTEJNH TPEeX4JieH
x* + x%a® + a'.

Pemenue. [IpuMmeEuM MeTOA BbIIeJIEHUS IIOJIHOTO KBajgpaTa (CM:

§ 25). Ina sroro npeacrasum x2a® B Buge 2x2a? — x*a?. Mosyunm
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2+ x2a’ + a* = x* + 2x%a% — x%® + a* = (x* + 2x%a® + a*) — x%a® =

= (x? + a?)? - (xa)? = (x* + a® - xa) (x? + a® + xa). al

A Temepb BepHHTECH, MOMKAJIYHCTA, K 3aMEeYaHUIO, KOTOpoe OBIIO

caenaHo B § 30 (mocse npumepa 2). Kak BuANTEe, MBI BBIIOJHUIHA
JAaHHOe TaM ofelljaHMe.

Ilpumep 5. Pemnts ypasHenue x2 — 6x + 5 = 0.

Pemenue.

Ilepsuiii ciocob. Ilpeacrasum —6x B Buae cyMMbl —x — 5x, a 3aTeM
MPUMEHUM CIOCO0 IpYNINPOBKH:

x*-6x+5=x*-x-b56x+5=@&%2-x)+(bx+5)=
=x(x—-1)-5(x—-1)=(x —1) (x — 5).
Toraa 3aflaHHOEe YpaBHEHUE IIPUMET BUJ
(x-1)(x-5)=0,
OTKy/Ja HaXO0AuM, 4To Jubo x = 1, nqubo x = 5.

Bropoit cioco6. IlpumernM MeTo BhIAeIeHUs IIOJHOrO KBaapara,

JAJIS 4ero npeAcTaBuM ciaraemoe 5 B Buge 9 — 4. IToayuum
X-6x+5=x*-6x+9-4=(x*-6x+9)-4=
=(x-8)P2-22=(x-3-2)(x-3+2)=(x—-5)(x—1).

CHoBa npuuuiu K ypaBuHernuio (x — 1) (x — 5) = 0, umerouniemy
kopHH 1 1 5.

OrBerT: 1, 5.

IIpumep 6. Pasio’XKuTh Ha MHOXKHUTEJIHX MHOI'OYJICH

2+ x2 + 2x + 2.

Pemenue. 3aech eCTh CMBICI IPEACTABATE X2 B BUAe —x°> + 2x2;
TOTAA NOSIBUTCA BO3MOYKHOCTH IIPEACTABUTH OAHY T'PYIIY CIaraeMbIX
B Buge x° — x2, a apyryio — B Buge 2x2+ 2x + 2. Uro aro gaer?
CmoTpure:

P+ +2x+2=(" -2+ Cx%2+2x +2)=x%(x2-1) +

+2x*+x+1)=xX(x-1DP+x+1)+2x*+x+1)=
=%+ x+ 1)(x% - 22 + 2). ]

IIpumep 7. Pemrnts ypaBHeHme: a) x* — 13x%2 + 836 = 0;
6) x* + 14x? - 15 =0.

Pemenue. a) IIpeacrasum —13x2 B Buge —9x% — 4x%:

x* — 13x% + 86 = x* — 9x% — 4x% + 36 = (x* — 9x?%) — (4% — 36) =
= 2%(x% - 9) — 4(x% — 9) = (22— INx® — 4) = (x — 3)x + 3)x — 2)(x + 2).
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3HaunuT, 3aflaHHOE ypaBHEHUE HaM yAajoch Npeo6pas3oBaTh K CIeny-
omemy BuAY: (x — 3)(x + 3)(x — 2)(x + 2) = 0. Tenepr MoKHO Ge3
ocoboro Tpyia ykKasaTb KOPHM JaHHOTO ypaBHeHus: 3, —3, 2, —2.

6) 3mech MOXKHO HCIIOJbL30BATH Ty K€ MAEI0, UTO M B IIyHKTE a):
npeacrasuth 14x% B Buge 15x% — x?; npegocTaBUM BaM BOBMOXKHOCTB
CaMUM JOBECTH 3Ty HJel0 A0 JIOTHYECKOr'o 3aBeplieHuA. A MBI, pagu
pasHooOpa3usi, BOCIIOJIb3YEeMCS METOJOM BBIJEJIEHUS IOJHOTO KBaj-
para:

x4+ 14x2 - 15 =(x*+ 1422 +49) - 49 - 15=(x + T) - 64 =
=P+ T-8(2+T7+8)=(x%— IX22 + 15) = (x — 1)}x + 1)x% + 15).
3HauuT, 3aJlaHHOEe yYPaBHEHHE HAM yJaJoCh IIpeodpas3oBaTh K CJedy-
fomemy Buay: (x — 1)(x + 1)(x? + 15) = 0. Ypasmenue x> + 15 = 0
He MMeeT KOpHeH, 3HaUYNUT, 3aflaHHOe ypaBHEHUE MMeeT ABa KODHA:
1, -1.
OrBeT:a) 3,-3,2,-2;6) 1, —

3ameuvwanue. IpuoTkpoeM cekper, KaK B IpuMepe 7a) MEI
zoraganuck npeacraButh —13x2 B Buge —9x% — 4x%, a B mpumepe 76)
npefcraButh 14x% B Buze 15x% — x2. O6paTure BauManue: 9 - 4 = 36,
a 15+ (—1) = —15; B 0b6oux ciyuyasix mpousBeJeHHUe PaBHO CBOOOLHOMY
ujleHy ypaBHeHHs. MexJy IPOUYUM, Ty Ke M0 MbI MCIOJIb30BAJIH
B npuMepax 4 u 6 us § 29 (nposepsTel).

Ipumep 8. Pemmmnth ypaBHernme x° + 9x% + 27x + 19 = 0.

Pemesune. ITOT npuMep HECKOJBbKO CJIOKHee, 3eCh NPUAETCHA
NPpUMEHHUTH He yKe IPUBBIYHBIA BaM MeETOJ BBIJEJE€HHSA IOJHOI'O
KBaJ[paTa, a MOXO0XKYIO UJAeI0: BHIJEJUTH IIOJHBIH KyO6:

X+ 9x%+27x+ 27 -8=(x + 3)° -
A rtemepd Bocmosib3yeMcs HopMyJIoii pasHoCTH Ky6OB:
(x+3)P%-23=((x+3) - 2)((x + 3%+ 2(x + 3) + 2%) =
= (x + 1)(x® + 8x + 19).

3HauuT, 3ajlaHHOE ypaBHEHNE MOYKHO IIepEeNUCATh TaK:

(x + 1)(x® + 8x + 19) =
Orcroga cienyer, uro jgu6o x + 1 =0, 1. e. x = —1, gubo x2 + 8x +
+ 19 = 0. ITocnexguee ypaBHeHHE He HMeeET Kopneﬁ. Yr1o6EI B 3TOM
yGeAnTHCS, MepenuiIeM KBaApaTHLIA TpexuieH x2 + 8x + 19 B Buge
(x + 4)? + 3. D10 BHIpaXKeHHE HOJOMKUTENbHO (T. €. OTJIUYHO OT HyJI)
[pH JIIOOBIX 3HAYEHUAX IIEPEMEHHOI. -
OrBeT: x = —1.
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§32. COKPALUEHKE
AJNFEBPAMYECKMX APOBEMA

HoBoe noHATHE B MaTeMaTHKe pPeIKO BOZHUKAET «H3 HH-
yero», «Ha MycToM mecTe». OHO MOABIsfEeTCA TOrAa, KOTAA B HeM
omymaerca o6beKTHBHAA He0OXOAUMOCTh. VIMEHHO TaK IOABHINCH B
MaTeMaTHKe OTpHIaTeJbHbIe YMCJa, TAK MOABWIKCH OOLIKHOBEHHBIE
M AeCSATUYHLIE JPOOH.

IIpeAnochUIKA A1 BBeleHUS HOBOTO IIOHATHA <«ajreGpamdecKas
Apobb» y Hac mmerorca. [laBaiite BepHeMcda K § 19. O6cysxmas Tam
JeJleHNe ONHOWIEeHAa HA OZHOUIEH, MbI PACCMOTDEJH DS IPHMEpOB.
BhifeTuM ABa U3 HHX.

1. Pasgennts oxuounen 36a®b® Ha omHousmen 4ab’ (cM. mpumep
1B) us § 19).

Pemranu MBI ero tak. Bripaskenue 36a®b® : 4ab? sanucanu, uc-

335

4ab®
9To mosBoaMIO0 BhIpaskeHHsa 36 : 4, a® : a, b® : b? Takxke Bammcars
C MCHOJb30BaHMEM UYepTHI APO6H, UTO CHeNasio pellleHHe NpHUMepa
6oJiee HATJIAAHBIM:

oJab3ysl 4yepTy Apodu: (Bemb A : Bu % — OJHO M TO Xe).

36a’° 36 a® b° _
4ab® 4 a b

2. Pasgenurts ogHowied 4x° Ha ogHOWIEH 2xy (cM. npumep 1x) u3
§ 19).

HeiicTBys 110 TOMY *Ke 06pa3ny, MbI IIOJYIHIH

3 2
4x® : 2xy = dr _ 4 x 1 _gp l_22

2xy 2 x y y y
B § 19 MBI oTMeTHIN, YTO OJHOYJIEH 4x® me yIaJIoCh pa3fesIUTh
Ha OZHOWIEH 2XxYy TaK, YTOOBI IoJiyymniicad ogHouwJeH. Ho Beap mare-
MaTHYeCKHe MOJAEJH MOTYT COAEP’KaTh ONEepaluio AeIeHUs JI0ObIX
ONHOYJIEHOB, He 00A3aTeJbHO TAKUX, UTO OAUH JEJUTCA HA APYTOii.

HO.’:)TOMY MaTeMaTHKHN BBEJIM HOBO€ IIOHATHE — IIOHATHEe aJlr'eﬁpan-
2

yecKoii gpobu. B vactHOCTH, — aJyirebpanueckasi Apobb.

Yy
Teneps BepHeMcda K § 26. O6cyxkaasi TaM omepanuio JejleHUS
MHOTOYJIeHa Ha OJHOYJIeH, Mbl OTMETHJIHM, UTO OHAa He Bcerja BhI-
noasuMa. Tak, B npuMepe 2 u3 § 26 peup mia o JejleHUH ABYYJIEHA
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6x® — 24x% ga ogHouseH 6x2. DTa onepanusa oKasasach BRIIOJHHEMOI,
U B pe3yJbTaTe MBI MOJYYUJIN ABYUJeH X — 4. 3HAUYHUT,

6x® — 24x? 4
— =x — 4.
6x2
6x® - 24x°
HNHBIMU cJIoOBaMH, anreﬁpanqecxoe Bmpaxcelme T yaa-

JIOCh 3aMeHUTH 6oJiee MPOCTHIM BHIPpAa’KEHHEM — MHOTOYJIEHOM X — 4.
B To e BpeMsa B npumepe 3 u3 § 26 He ygaioch pasfeyHuTh
8a® + 6a’h - b
2a®
yAaJIoch 3aMeHUTH 6oJjiee IMPOCTHIM BHIPAYKEHHEM, IPUIILIOCH TaK U
OCTaBHUTH €ro B BHJe ajirebpamuecKoit Apobu.

Yro ke KacaeTcs olepaluu AejIeHUA MHOTO4YJIeHa Ha MHOTOUWIEH,
TO eJUHCTBEHHOE, UYTO MBI MOXKeM ceifuac CKa3aTh: OAUH MHOTOYJIEH
MOJKHO pas[eJIuTh Ha APYroi, eciay 3TOT APYrOM MHOTOYJIEH ABJISET-
cAd OHUM M3 MHOXXHUTeJIeH B Pa3JIOKeHHH [IePBOI'0 MHOTOYJIEHA Ha
MHOXHUTEJIH.

Hanpumep, x® — 1 = (x — 1) (x® + x + 1). 35aunt, x* — 1 MoxHO
pasfesuTh Ha x% + x + 1, monyunres x — 1; x3 — 1 MosxHO pasnenuTs
Ha x — 1, moayuntca x% + x + 1.

AnreGpanyeckoii APo6GhI0 HA3BIBAIOT OTHOIIEHNE ABYX MHOIOYJIE-

muorousen 8a® + 6a%b — b Ha 2a?, T. e. BHIpaXKeHHe He

P
HOB P n Q. Ilpm aroM mcrosb3yior 3anuch —, rae P — uucaumenwn,
@ — 3HameHnamend anzebpauueckoii dpobu.

IIpumeps! anrebpandyeckux apobeii:

2x* 8a*+6a’h-b x+y
) 2 ’ .
y 2a x-y
HMuoraa anreépandecKyro ApoOb ygaeTcs 3aMeHUTh MHOT'OYJIEHOM.
Hanpumep, Kak MBI y’Ke YyCTaHOBHUJIU paHee,

6x® - 24x%
6x°
3 2 2
(muOrounen 6x° — 24x“ ynanocs pasnesuTs Ha 6x°, mpu 9TOM B UacT-
HOM IoJiy4aeTcs x — 4); MBI TaKKe OTMeYaJli, YTO

=x-4

x* -1

- =x-—-1.
22 +x+1

Ho Tak 6pIBaeT CpaBHHATEJIbLHO PEIAKO.
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6. |I PA3JIOXEHWE MHOTO4YNIEHOB HA MHOMMWTE N

Bl'IpO‘IeM, IIoxXoxKas CHTyanusa yxXe BCcTpedyajacb BaM — IIDH

U3yYeHUN OOBIKHOBEHHEBIX Apobeii. Hanpumep, aApo6hb ry MOYKHO 3a-

40
MEHHUTH IeJILIM 4YucjioMm 4, a apods 3 — IeJILIM YHCJIOM 5. A BOT

2
Ipo0h gz IeJILIM YHMCJIOM 3aMeHHTh He yjgaercs, XOTs 3Ty Apobb

MO’KHO COKDATHUTh, Pa3fieJINB YHUCJINUTENb U 3HAMEeHaTeJb Ha YUCIo 8 —
_ 4

24 3 Touno Tak
JKe MONCHO coxpawjamb anzebpauieckue 0pobu, pasdeaus o0HOo8De-
MEHHO Yucaumenv u 3Hamenamensb Opobu HA ux o6U Uil MHONUMEND.
A 1A 9TOrO HAJO PA3JIOKHUTH U YHUCINTENb, U 3HAMEHATEJNb ApPOGH
Ha MHOKHUTEJH. 3[leCh HAM M IIOHAJOOUTCS BC€ TO, UTO MBI TaK JOJTO
obcy kJanu B 9TO riase.

OﬁlI.IHﬁ MHOXXHUTEJIb YNCJIUTEJIA U 3HAMEeHaTeJd:

IIpumep 1. Coxparurs ajnrebpamueckyio 1pobb:

12x%y* a’® + 2ab + b* % - xy
) 8x%y" ) Groa-b’ S e
Pemenne. a) Hailigem o6muii MHOXKHUTENb AJS OLZHOYJIEHOB
12x%y* n 8x%y°; oaro 4x%y*. Torma
12x%y* = 4x%y* - 3x; 8x%yS = 4x%y*- 2y.
3Hauyur,
12x°y* _ 4x’y' -3x _ 3x
8x%y°®  4x’yt -2y 2y

YucauTe b U 3HaMeHaTeNb 3aJlaHHOM aynredpandyecKoit Apodu co-
KpaTmin Ha oOmuit MEOKHTeNb 4x%y%.

Pelterue 3TOro npuMepa MOYKHO 3alIMCATH IIO-APYrOMY:
122%* 12 x* y* _ 38 . 132
8x%y° 8 « Y 2 y 2y

6) UroObI COKPATUTDH APOOH, PA3JIOMKUM ee YUCINTE]Ib U 3HaMeHa-

Teab HA MHOXKHTeNHU. Ilomyunm

a®+2ab+b _  (a+b)’® _(a+bla+b) _a+b
(a + bYa - b) (a+b)a-b) (@a+ba-b) a-0>

(apobb cokpaTuau Ha OOGLIMi MHOXKHUTEJD @ + b).
A remeps BepHHuTeCh K 3ameuanuio 2 us § 1. Bugure, nanaoe ram
obemanre MbI HAKOHEI[-TO CMOIJIX BBIMOJHHUTbD.
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P -xy _ x(x-y _ x(x - y) 1
B)x‘—xa_ 3 _ 3y _ P N 2 2
Y. ox(x"-y) xx-y)x+xy+y) x"+xy+y
(coxkpaTnau Jpo6b HA OOLTMiT MHOXKHTE b YUCIUTE A U 3BHAMEeHaTed,
T.e. Ha x(x — Y)). (u
Hrak, a5 TOro 4ToObI COKPATUTH ajrebpandecKyio Apodb, ciaexyeT
CHAaYajia pa3JjIo’KUTh HA MHOXKHTENH ee YUCJIHNTEeJNb U 3HaMeHaTelb
(ecnim oHm He coBmazaioT). Tak uro Ball yclex B 3TOM HOBOM JeJje
(coxpaieHnn ajredpamdyecKux Apodeil) B OCHOBHOM 3aBHUCHUT OT TOTO,
KaK BbI YCBOMJIM MaTepHaJj NpeAblAymux naparpadoB 3Toil riasbl.

IIpumep 2. Cokparurs anrebpandyeckyo Jpodb:
a® +b° .
2) 2 b —a% + 2ab®

6 a* - 10a® + 169

y e L
a® + 6a + 13

a® -6a®>+12a -9
a* - 3a® + 3a°

B)

Pemenue. a) PazaokuM Ha MHOXKHUTEJH YUCIHUTEIb APOOH:
a® + b° = (@®?® + (b%)® = (@® + b?)(a* — a®V® + bY).
Pa3ioxuM Ha MHOMKHTEJIHN 3HaMeHaTeJb Apobu:
2a® — b® — a®b + 2ab® = (2a® + 2ab?) — (a®b + b®) = 2a(a® + b?) -
- b(a? + b?) = (a? + b?)(2a - b).
Tenepb MOXXHO COKPATUTh JaHHYIO APOOb:
a® + b° _ (@ +b’)a* - a®® +b') _ a' -a’’ +b'

2a® - b® - a’b + 2ab® (a® + b*)(2a - b) 2a - b

6) Pa3iokuM Ha MHOMKHUTEJIH YHUCIUTENb ApO6uU:

a® — 10a® + 169 = ((¢®? + 132 + 264?) — 26a% — 10a® =
= (a® + 13)? — 36a® = (a? + 13 — 6a)(a® + 13 + 6a).

OobpaijaeM Ballle BHUMaHHE, YTO 3/eCh MBI B OUepeqHOI pa3 BoOC-
IIOJIb30BAJIUCh METOJIOM BhIZICJIEHUS ITOJIHOTO KBajpara.
Yro kacaercA 3aJaHHOMN Apobu, TO ee yxKe MOXXHO COKPATHUTh:

a* - 10a® + 169 _ (a® - 6a +13)(a’ + 6a +13) _

> 5 a’ — 6a +13.
a® + 6a +13 a® + 6a +13
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B) Pasio:kuM Ha MHOYKHUTEJM YMCJIHUTENb APOOH; AJIsI 3TOro, Kak
B IpuMepe 8 u3 npeAbIAyIero nmaparpacda, BbIAEJNM MOJHBIM KYy0:
a®-6a’>+12a-9=(@’-6a>+12a-8)-1=(a-2°-1=
=((@a-2)-1)((a-2°+(a-2)+1)=(a - 3)a®— 3a + 3).
PasnoxuM Ha MHOKUTEJN 3HAMEHATeNlb Jpo6u:
a* — 3a® + 3a% = a*@? - 3a + 3).
Tenepbs MOYXHO COKPATUTh JAaHHYIO APOOH:
a’-6a®+12a-9 _ (a-3)a’-3a+3) _a-3
a* - 3a® + 3a? a%(a® - 3a + 3) a?

. Cl

§33. Tompectea

B aTom naparpade MBI IO3HAKOMUMCS ellje C OOHUM aJire-
6pandecKUM TepMHHOM. MBI 3HaeM, HaipuMep, 4TO

a?-b*=(a-0b)(a+d),
x?—4x + 4= (x - 2
(a + b)c = ac + be.

HanucanHble paBeHCTBA BEDHBI IIpH JIOOBIX 3HAYEHUAX BXOAALIUX
B UX COCTaB IepeMeHHBIX. Takme paBeHCTBa B ajreépe Ha3bLIBAIOT
moxcdecmeamu. JIeByio u MpaByIo 4aCTH TOXKAECTBA HA3LIBAIOT BHIPA-
JKeHUAMH, Mo#O0ecmeeHHO PAGHbLMU APYT APYTry (MJIHA IPOCTO MOXC-
decmeennvimu). Hanpumep, a2 — b2 u (a — b) (a + b)— ToxkZeCTBEHHO
pPaBHBEIE BbIpaKeHHsi. BcsKyio 3aMeHY OZHOI'O BBIDAXKE€HHUS ApPYTUM,
TOXKJECTBEHHO DaBHBIM €My, Ha3bIBAIOT MoxdecmeeHHbiM npeobpa-
308aHuem BHIPDAYKEHUS.

Bce, yeM MBI 3aHMMaJIUCh B IJIaBax 3—7: NEMCTBHUSA CO CTEIEHSA-
MH, C OJHOUJIEHAMH, C MHOT'OUJIEHAMH, — BCE€ 3TO OBLIO M3yUYEeHHEeM
TOXKAECTBEHHBIX IIPeo6pa3oBaHU.

B maTemaTuke uacTto ObIBaeT TaK, UTO, MCIIOJb3ys HEKOTOPBIM
TepMHH, BAPYT OOHADPYXHBAIOT, YTO K HOBOI CUTYaIlUN OH CTAHOBHUT-
Cs He OYeHb IPHUCIOCOOJIEHHBIM, TPeOyeT yTOUHEHUsI. ITO OTHOCUTCH
U K TEepMHHY «TOXJAecTBo». [lid paGoThl C MHOTOUJIEHAMH AaHHOE
BhiIIle onpefieseHue abcoaoTHO TouHoe. OQHAKO yoKe AJist paboThI ¢ aj-
rebpanyecKUMH APOOSMH B MOHMMAaHUM 3TOr'0 TEPMHUHA IOHANOOUTCA
KOPPEKTHUPOBKA, IPUAETCS CAeJaTh HEKOTOPble YTOUHEHUS.
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x(x -1)
(x-2)(x-1)
KDaTUTh HA X — 1 — oOmuii MHOMXKUTEIb YNCAUTEJIA B 3HAMeHaTeA.
Takum 06pa3oM, UMeeT MECTO PABEHCTBO

PaccMmoTpuMm anrebpandyeckyoo Ipo6b Ee Mo HO co-

x(x-1) _  x
x-2)(x-1) x-2 @)

fABisieTcd M dTO PABEHCTBO ToXAecTBoM? BBexsa Bhillle 3TOT
TEepMHH, Mbl OTMETHJIH, YTO TOXKJECTBO — 3TO PaBEHCTBO C IIepeMeH-
HBIMH, BepHOe IIpU J100bix 3HaueHUsX nmepemeHHbIXx. Ho nmpo paseH-
crBo (1) aToro cKasaTh HeJlb3s, OHO He HMeeT CMbIcJa npu x = 1, npu
X = 2, T. e. OHO BEDHO y’Ke He IpH JIOObIX 3HAUCHUAX IepeMeHHOH x.
YxazaHHbIe 3HaU€HUSA He ABJIAIOTCA ZONYCTHMBIMH AJIs1 BHIDaYKeHUil,
BXOJAMINX B cocTaB paBeHcTBa (1). Ecim ke OorpaHMYUTHCA TOJBKO
donycmumbimu 3HAUYEHUSIMU NEePEeMEHHON X, TO HpH JIOGHIX TaKUX
3HAYEeHHUAX paBeHCTBO (1) oKakeTcA BEPHBIM.

YuurriBas noo0HbIEe CUTYalluN, MATEMATHKH YTOUHUIYN IIOHATHE
TOK/JeCTBa.

Onpedenenue. ToxgectBo — 3TO paBEeHCTBO, BEPHOE NPU J10-
6bix donycmumblx 3HAUEHUAX BXOASAIMMX B €r0 COCTaB IIePEMEHHBIX.

B atom cmbIcie paBeHcTBO (1) — ToXAecTBO. BOT Ta KOppPEKTHPOBKA
MOHATHUSA «TOXKAECTBO», O KOTOPOIl MBI YIIOMUHAJIN BBIIIIE.

BepHeMca K ociegHEMY IpUMepyY IpeabiAyIero naparpada. B mys-

a® +b° (@® + b*)(a* - a®® + b*)
KTe a) MbI BUJEJIH, UTO —5—5— : = % =
2a° - b° — a®b + 2ab (a® + b°)(2a - b)
_a- a®® + b* T. €. HOJYYHUJIHA TOXKIAECTBO al + 0" =
%a—-b y a 2a® - b® — a®b + 2ab’
4 232 4
a -ad +b
e v KaxkoBsI 371eCh AOIyCTUMBbIE 3HAUEHHUS NIEPEMEHHBIX ?
a —

Bo-nepBbixX, JOJYKHO BBEINOJIHATHCA ycioBue 2a — b # 0. Bo-BTOpHIX,
ApoGb MBI COKpaTHIN Ha a + b%, 3HAUUT, HOJMMKHO BBIMOTHATHCA YCJIO-
Bue a’+ b®# 0 uan, uro TO *Ke caMmoe, (a; b) # (0; 0). BrnpouemM, eciu
2a — b # 0, To, B uactHoctH, (a; b) # (0; 0). IlepBoe ycyoBue 6oJee
OrpaHHYHUTEIbHOE, YeM BTOpPOE, TAK UTO JOCTATOUYHO OCTABHUTH IIEPBOE
ycaoBue: 2a — b # 0.

(a® - 6a +13)(a® + 6a +13) _

a’ +6a +13

= a® — 6a + 13. KaxkoBHI 3/1eCh JONYCTHMbIe 3HAYEHHUS IIepeMeHHOMH?

B nysakTe 6) MBI BHAEJNH, YTO
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IlomxHO BRINOMHATHCA yciaoBue a? + 6a + 13 # 0 . Ho ono aBro-

MAaTHYeCKH BHINOJHSAETCSH, IOCKOAbKY a’ + 6a + 13 = (a + 3)% + 4.

(a® — 6a +13)(a® + 6a +13) _
a’® + 6a +13

= a’? — 6a +13 sBigeTcA TOXAECTBOM IIpH JIOOHIX 3HAUYEHHMAX Iepe-

Yrto 3TO 3HAUYMT? ITO 3HAYHUT, YTO

MEeHHOMH.
IIpumep 1. Iloctpours rpadmk ypaBHEeHHUS:

_ 2 _ 2 _ _ a2
a) xy + 4x — 2x 2y=0; 6)y+2y 2x — x

x -2 x -y

= 0.

Pemeunne. a) PaccMoTpuM uucianTensb aiarebpamueckoil gpobu
B JIEBOM YacTH ypaBHEHHS:

xy + 4x — 2x% - 2y = (xy — 2y) — (2x% — 4x) = y(x — 2) — 2x(x — 2) =

= (x - 2)(y — 2x).
— 2 — -— —
3Hauur, xytdx-20 -2y  (x-2)y-2x) y — 2x. Iloguepk-
x -2 x -2
— 2 —
HEM, UTO TOMKJEeCTBO Xy taxr-2x -2 _ Yy — 2x EMeeT MeCTO JIMIIb
npu x = 2. x-2
IIpoBeeHHBIE PACCYKAECHUA MO3BOJIA- y4 /

10T 1IepedOPMYJINPOBATH YCJIOBUSA 3aJauym:
HaM HY’KHO IIOCTPOUTH rpaduK ypaBHEHUSA
y — 2x = 0 npu yciyosuu, uro x # 2. I'pa-
durkom ypaBHennsa y — 2x = 0 aBasercsa 4
npsiMas, a ycjJoBHe x # 2 03HadaeT, 4TO
Ha 3TOH HOpAMOil HeJNb3sA 6pPAaTh TOUKY
¢ abcumccoii x = 2. 'paduk 3agaHHOTO

94\ N

™G
2N

ypaBHeHus m3o0pakeH Ha pucyHke 80. 9 3 >
O6paTuTe BHUMaHUE: TouKa (2; 4) oT™Meue- /
Ha CBETJILIM KDPY’KOUKOM — «BBIKOJIOTAS
TOYKA».
6) Kak u B nyHKTe a), HAYHEM C YHUC- Puc. 80

gurens anrebpandeckoit gpobn:

V+2y-2x-x2=@ -2+ 2y-2x)=
=(y—x)(y+x)+2(y—x)=‘(y—x)(y+x+2)-

2
3HauMT, Y+ -2x-x _ (y-0)y+x+2) _ -(y + x + 2).
x-y x-y
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6. “ PA3JIOEHUE MHOIMO4YNEHOB HA MHOXMTESM

2 2
+ 2 - 2x -
IToguepkHEM, UTO TOXKAECTBO y y-x-r o —(y + x + 2) umeer
x-y

MecTO JUIb npu x — y # 0.

IIpoBeseHHBIE paCCYKACHUA 1103~
BOJAIOT nepedopMyIHpPOBATh YCJIO-
r4 BUS 3aJa4M: HAM HYXXHO IIOCTPOUTH
rpaduk ypaBHeHusa —(y + x + 2) = 0,
T. e. rpaduK JuHeHON GYyHKIUHN
Y = —x — 2 IpHU YCJOBHUHU, YTO Y # X.

1 I'padukom nuHelHON QYHKOUH

7 S y = —x — 2 ABidercd npaAMas, a
= ycJoBHe Yy # x O3HaYaeT, YTO Ha
7 NE 9TON NpAMOil HeJNb3A OpPaTh TOUKY,
KOOPAMUHATHI KOTOPO# yAOBJIETBODPA-

IOT YCJOBHIO Yy = X, T. €. IPUHAA-

Jexxamnyo npsmoit y = x. I'paduk 3ajaHHOrO ypaBHeHHA N300pakeH
Ha pucyHKe 81; ofpaTmTe BHUMaHHE: TOUKA IePeCeYEeHUS NMPSIMBIX
Y=-x—2Hu Y =x — «BHIKOJIOTAsI TOUYKA». (]

yﬂ

',
I
RYy

Puc. 81

IIpumep 2. JokasaTth, 4TO IpH X * 1 UMeeT MeCTO TOXAECTBO
x — 6x° + 5x” 2)

x + 2x% + 3x® + 4x* + 5x° = 5
(x-1)

_ B
Pemenue. Yrobsl noxasarh, uro A = ¢’ HYKHO yCTaHOBHTS,

yto AC = B. Bocnoysb30BaBHINCH 3THM 3aMeYaHHEM, PACCMOTPUM
npousBefieHne MHOrowreHoB (x + 2x2 + 3x% + 4x* + 5x%)(x — 1)%
HNmeem
(x + 2x% + 8x3 + 4x* + 5x%)(x — 1)2 =
=(x+ 2x2 + 3x® + 4x* + 5x%)(xZP - 2x + 1) =
=23 + 2x* + 3x% + 4x% + 5x7 — 2x% — 4x® — 6x* — 8x° — 10x% + x +
+ 2x% + 3x® + 4x* + 5x°.

OcTraJioch MPUBECTH MOKOGHBbIE WiIeHbI; moayuuMm x — 6x® + 5x7.
TosxaectBo (2) moKa3aHO. )

Hpumep 3. Joxasars, uroecmma +b+c =0, 10 a® + b2 + ¢® =
= 3abc.

Pemenune. a® + b + ¢ = (a® + 3a% + 3ab? + b%) — 3a%b — 3ab® +
+ ¢® = (a + b)® — 3ab(a + b) + c®. CrpynnupyeM B NOJyueHHOH cymMMe
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6. II PA3JIOXEHWE MHOITO4YJIEHOB HA MHOXMTEN

cnaraemsle (a + b)? u ¢3; 370 MO3BOMUT MPUMEHUTH HOPMYTTYy CYyMMBI
Ky6oB:

(a + b)® — 3ab(a + b) + c® = ((@a + b)® + %) — 3ab(a + b) =
= ((a + b) + c)((a + b)? — (a + b)c + c?) — 3ab(a + b) =
=(a + b+ c)a® + b% + c* + 2ab — ac — bc) — 3ab(a + b).

Ho no ycaoBuio a + b + ¢ = 0, 3Ha4uT, B IOJIy4€eHHOM BHIDaKE€HUU
mmepBoe NMpoU3BeAeHue PaBHO HYJIIO, & BO BTOPOM IIPDOM3BeJeHUU BMe-
cro a + b MoykHO HanucaTth —¢, T. e. —3ab(a + b) = —3ab(—c) = 3abc.
B urore nonysaem a® + b + ¢* = 3abc. @



TNABA

®OYHKUMSA y = x*

§ 34. Dynkuyms y = X’ u ee rpagmk
§ 35.pagpuqeckoe peleHmne ypaBHeHHH
§ 36. Yro o3HayaeT B maremaruke 3anuce y = f(x)

§34. oYHKUMS y = x* U EE TPADMK

B riaBe 2 MBI BBeJIM TepMHUH «JMHeHHas GyHKIUA», II0-
HUMas MOJ 3THUM JIMHeiHOe ypaBHeHUe BUJA Y = kx + m c AByMs
nepeMeHHBIMHU X, y. IIpaBna, mepeMeHHble X, Y, Urypupymomnue B
3TOM ypaBHeHHMHU (B 3TOH MaTeMaTHUYeCKOH MOJesH), CUUTAJIHUCH He-
pPaBHONpPABHBIMHU: X — He3aBUCHMAasd IepeMeHHad (aprymMeHT), KOTO-
poil MBI MOTJIM NMPUAABATH JiOOble 3HaUeHUs HE3aBUCHMMO HHU OT 4ero;
Y — 3aBHCHMAs IlepeMeHHAas, IIOCKOJIbKY ee 3HadeHHe 3aBHCEJIO OT
TOro, KaKoe 3HaueHHe IepeMeHHOI x ObL10 BhIGpaHo. Ho Torga Bo3-
HHKAaeT eCTeCTBEHHBI BOIPOC: a He BCTPEYAIOTCs JIU MaTeMaTude-
CKHe MOJeJId TaKOro ’Ke ILIaHa, HO TAKHMe, Y KOTOPHIX Y BHIpaskaeTcs
yepe3 x He 1o opmysie y = kx + m, a KAKUM-TO UHBIM cIocoGom?
OTBer sceH: KOHEYHO, BcTpeyaioTca. Eciu, HanpuMep, X — CTOPOHA
KBajJpaTa, a y — ero IIomaap, To y = x2. Eciu x — cropoHa Ky6a,
ay — ero o6wsem, To y = x°. Ecim X — OHA CTOPOHA IMPAMOYTOJb-
HUKa, IIomaab Koroporo pasHa 100 cM?, a Yy — Apyrasa ero cTopo-

100
Ha, T0 y = —. IloaTOMYy, €cTecTBEHHO, IIPUXONUTCA U3ydaThb U MOLEIID
x
100
y = x2, u Mogens y = x°, ¥ MozileTb Y = ——, W MHOTHe ApYTHe MOJEJH,
X

MMeIoIe TAKYIO Ke CTPYKTYPY: B JIEBOM YaCTH DABEHCTBA HAXOLHUTCS
TlepeMeHHas y, a B IPaBOM — KaKoe-TO BbIpasKeHUe ¢ IepeMeHHOH X.
Hst TakuX MojeJieil COXPaHAIOT TepMUH «DYHKIUA», ONyCKas IpH-
JlaraTeJIbHOE «JIMHeHHas».

3amevwanue. Briie MBI yiKe He pa3 TOBOPHUJIM O TOM, KaK
006CTOUT [1eJI0 B MaTeMaTHKe C HOBBIMHU NOHSATHSAMM, HOBHIMH TePMH-
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7. || DYHKUMS y = X2

Hamu. YacTo ObiBaeT TaK: BBeJIM HOBOEe NOHATHE, paboTaioT ¢ HUM,
HO 3aTeM, [0 Mepe AaJIbHEMHIIero u3y4eHus MaTeMaTUKU, HAYUHAIOT
0CO3HAaBaTh, YTO BBeJeHHOe IIOHATHE TpedyeT yTOYHEHUs, Da3BUTHA.
WmMeHHO TaK 06CTOSAIO HEJIO C MIOHATHEM «TOXJAecTBO». TOUYHO Tak
ke 06CTOuT Jlejio U ¢ MOHATHEM «QYHKIUsaA». MBI elle JOBOJIBLHO
JoJiro 6yeM NpUBBIKATH K HEMY, HabupaThcd OnbITa, paboTaTh ¢ 3TUM
NMOHATHEM, IIOKA He IPHUJEM K CTPOroMy ompefeleHuio (3To 6yzer
B 9-M KJacce).

B aTom naparpade mMb1 paccMOTPUM GYHKIUIO Y = x*n IIOCTPOUM
ee rpadukK.

Hdanum He3aBHUCHMMOM IepeMeHHOH X HECKOJIbKO KOHKDETHBIX
3HAYEHU# M BHIYMCJIMM COOTBETCTBYIOII[ME 3HAUEHHUS 3aBHCHMOM Iie-
pemenHoit y (10 dopmyte y = x?):

ecau x = 0, To y = 02 = 0;
eciux =1, Toy=12=1;
eciu x = 2, To y = 22 = 4;

eciu x =3, Toy = 32 =9;

ecrtm x = -1, 0y = (-1)2=1;

ecmu x = -2, To y = (-2)% = 4;

eciu x = -3, oy = (-3)2 = 9.

Kopoue roBopsi, Mbl COCTaBMJIN CJIEAYIOIIYIO TAOIHUILY:

x 0 1 2 3 -1 -2 -3
y 0 1 4 9 1 4 9

ITocrpoum Haiinennsre Touku (0; 0), (1; 1), (2; 4), (3; 9), (-1; 1),
(—2; 4), (- 3; 9) Ha KoopAUHATHOII IWIocKocTH X0y (puc. 82, a). 3Tu Tou-
KM PAcCIIOJIO}KEHbI Ha HEeKOTOpPOM JIMHWM, HauepTuM ee (puc. 82, 6).
9Ty JUHUIO HA3BIBAIOT AapaboJIoH.

Koneuno, B uzeane Haio 6BLIO AATh apryMEHTY X BC€ BO3MOQIKHEIE
3HAYEHUS, BBIYUCJIUTH COOTBETCTBYIOINE 3HAYEHUS IIePeMEeHHOH y U
IIOCTPOUTH IToJIyyeHHbIe TouKH (x; y). Torga rpaduk 6611 661 a6COTIOT-
HO TOYHBIM, 6e3ynpeunsiM. OJHAKO 3TO HepeaJbHO, BeAb TAKMX TOUEK
6eckoHeuHO MHOro. ITo3TOMy MaTeMaTUKH IOCTYIAlOT Tak: 6epyT Ko-
HEYHOe MHOYKECTBO TOYEK, CTPOAT X Ha KOODAUHATHOM IJIOCKOCTH M
CMOTPAT, KaKas JUHUS HaMeYaeTcd 3TMMHU TouKaMu. Ecim KOHTYpHI
9TOH JIMHUY IPOABJIAIOTCA JOCTATOYHO OTYETJIMBO, TO 3Ty JIMHHUIO IIPO-
BoaAT. BoaMoxkHel i omubku? He 6e3 aroro. Iloaromy u Hamo Bce
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—
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-3-2-10] 1 2 3 -3-2-10] 1 2 3

Puc. 82

ry6ixe M rayb6ske M3ydyaTh MaTeMaTHKY, YTOOBI ObIJIM BO3MOXKHOCTHU
nsberath OIMIKOOK.

ITonpobyem, risinss Ha PUCYHOK 82,0, omucaTh reOMeTpHUYecKue
cBoiicTBa mapaboJibl.

Bo-mepBrIX, oTMeuaeM, 4To mapaboJia oGysiajaeT CUMMeTpHUEH.
B caMom peste, ecoi IPOBECTH BBIIIE OCH X JIIOOYI0 IPAMYIO, apaj-
JIeJILHYIO OCH X, TO 3Ta IpAMas IepecedeTr mapaboyly B ABYX TOYKax,
PAacIloJIOKeHHBIX Ha PaBHBIX PACCTOAHHUAX OT OCH Y, HO IO pa3HhEIe
cTopoHb!I oT Hee (puc. 83). Kcraru, T0 ke MOYKHO CKa3aTh U O TOYKaX,
OTMeueHHbIX Ha pucyHKe 82, a: (1; 1) u (—1; 1); (2; 4) u (—-2; 4); (3; 9)
u (—3; 9). T'oBopAT, YTO OCh Y ABJIAETCS OCHI0 CHMMETPHH NapaboJsl
y = x° uIu 4TO NAPabona cuMMempuUYHA OMHOCUMENbHO OCU Y.

Bo-BTOpHIX, 3aMeYaeM, YTO OCb CHMMeTpHUH KaK Obl pazpesaer
napa6osiy Ha AiBe YACTH, KOTOPble OOBIYHO HA3LIBAIOT BETBAMH Napa-
60JIEI.

B-TpeTbux, oTMeuaeM, 4To y napaboJisl ecTh 0ocobas TOUKa, B KO-
TOpPOM CMBIKaIOTCSA 00e BEeTBH M KOTOpAs JIEKUT HA OCH CHMMETDHUH
napa6oasl — Touka (0; 0). YuursiBas ee 0COOEHHOCTb, €ii TPUCBOMJIN
clenuajgbHOe Ha3BaHNe — BepIIMHA MapaGoJsl.

B-ueTBepTHIX, KOT/la OJHA BETBb MApabOJIbl COeJUHAETCA B BEpIIIN-
He C ApYroil BeTBbIO, 3TO IPOUCXOAUT IJIAaBHO, 6e3 m3ysioma; nmapabosa
Kak OBl «IprmiKuMaeTcsi» K ocu abemucc. O6GbI4HO roBOpAT: napabona
Kacaemcsa ocu abcyucc.

Teneps nonpobyem, riasasa Ha pucyHoK 82,06, onucaTbh HEKOTOPEIE
cBoiicTBa GyHKIMM Yy = x°.
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7. ll DYHKLMS y = £

Bo-nepBrix, 3ameuaeM, uTo y = 0 mpu x
u npu x < 0.

=0,y>0nmpux>0

Bo-BTOpDREIX, OTMe4aeM, 4TO Y ... = 0, & Y., HE CYIIEeCTBYeT.

B-TpeTpuX, 3aMeuaeM, 4TO Qynkyua y = x° ybvié6aem HA Lyie

(—00; 0] — mpu 3TUX 3HAYEHHUAX X, ABUraAch 1o Imapabosie cieBa Ha-
IIDaBO, MBI «CITyCKaeMcs ¢ TOpKu». PYynKyua y = x° 603pacmaem Ha
ayue [0; +00) — mpu 3THX 3HAYEHUSAX X, JBUTrasch II0 napaboJe ciaeBa
HampaBO, MBI «IIOXHUMAEMCS B TOPDKY».

IIpumep 1. HaiiTu Haubosbillee 1 HaUMeHblllee 3HAUeHUA QPYHK-
muu y = x%

a) Ha orpeske [1; 3];

6) ma orpeske [-3; —1,5];

B) Ha oTpeske [—3; 2].

Pemenne. a) Ilocrpoum nmapa6oay y = x% u Brigenum Ty ee
YacTh, KOTOPasd COOTBETCTBYET 3HAUEHMAM IIepEMEHHOH X U3 OTpe3Ka
[1; 3] (puc. 84). Ana BeAeNeHHOMN YacTu rpaduKa HAXOAMM Ypouy = 1
(mpu X = 1), Yyoue = 9 (mpu x = 3).

6) IToctpoum mapa6ony y = x2 u BEIAEJMM Ty ee 4aCTh, KOTOpas
COOTBETCTBYET 3HAUEHHMSAM IepeMeHHO# x u3 orpeska [-3; —1,5]
(puc. 85). Ina BHIZeNeHHOH YacTH rpaduKa HAXOAUM Y. = 2,25
(mpu x = —1,5), Ypous = 9 (mpu x = —3).

B) ITocTpoum mapa6ony y = x? u BBIAENUM Ty ee 4acTh, KOTO-
pas COOTBETCTBYET 3HAYEHHAM NepeMeHHON x u3 orpeska [—3; 2]

(puc. 86). [Ina BbIfeIeHHON YacTH rpaduKa HaXomuM Y.... = 0 (mpu
x=0), Ypuus = 9 (mpu x = —3).

(]
3y RY ZNI 77 )
] v 9 3 9 3
\ LR a0 N v il |
\ IR Py HEA I h
> > \ > \ >

>

1
I~
—
4
]
g
- N
e
1

) :
X ol i RN X ¥
0 18] [0 1 | 83-371150 -3 (9] 2
Puc. 83 Puc. 84 Puc. 85 Puc. 86
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7. ll OYHKUMS y = X

Coeem. YToOn KakABIH pa3 He CTPOMTH rpaduK QYHKI AU
y = x° 1o TouKaM, BHIpEXKbTe U3 IJIOTHOH GyMaru ma6aoH mapaGos.
C ero noMonibio BEI OyZeTe oueHb OGBICTPO YePTHUTh mapaboiry.

3ameuvwanue. Ilpegnaras sBaMm 3aroroBuTh mabnon mapabonsl,
MBI Kak Gbl ypaBHHBaeM B ImpaBax QYHKIHMIO Yy = X’ U JuHeHHYIO
dyHrnuio y = kx + m. Benp rpadpukom JuneiiHON GYHKOUN SABJA-
eTcs mpAMas, a AJsA U300pakeHUs NPAMOM MCHOJb3yeTcA OObIYHAA
JuHeHKa — 3TO M ecTh MabiyoH rpaduka dyHknum y = kx + m. Tak

nycTh y Bac 6yger u ma6ioH rpaduka dyHknum y = x°.

Npumep 2. HaiiTu Touku mepeceueHus mapa6onsl y = x° u

OpAMOR Yy = x + 2.

Pemernmune. IloctrpouM B OfHO# cucTeMe KOOpAMHAT mapadosy
y = x* u npamyio y = x + 2 (puc. 87). OHM mepeceKaOTCA B TOUKAX
A u B, npyyeM IO 4epPTEeKY HETPYAHO HAWTH KOODAUHATHI 9TUX TOYEK
A u B: pna touku A umeem x = -1, y = 1, a gna Touku B umeeMm
x=2,y=4.

OTBeT: mapabona y = x> u npaMas y = x + 2 IepeceKaioTCsa B
IByX Toukax: A(—1; 1) u B(2; 4).

Bawxnoe 3amevwanue. o cux nmop Mbl C BaAMH AOBOJBHO
CMeJIO JieJIaJii BBIBOJLI C IIOMOIUBIO 4yepTerka. OLZHAKO MaTeMaTHKH
He CIMIINKOM J0BepsioT depre:kam. OGHapy:KUB Ha pucyHKe 87 naBe
TOYKH IepecedeHusa MapaboJibl M IPAMON M ONMpeneMB C IIOMOIIBLIO
PHCYHKA KOOpDAMHATHI 3TMX TOYEK, MATEeMATHK OOBIYHO IpOBepAeT
ce6sa: Ha caMoM Ju gese Touka (—1; 1) JeKUT Kak Ha NpAMOM, TaK U
Ha mapa6oJie; neHfCTBUTENHHO JIu TOUKA (2; 4) JIeXKUT U Ha IIPAMOM, U

7Y 77
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Puc. 87 Puc. 88
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7. u DYHKLMS y = £

Ha mapa6osie? [Iis 3TOr0 HYXHO IIOACTABUTH KOOPAMHATHEI TOYeK A U
B B ypaBHeRue OpsAMOil U B ypaBHeHHe napaboibl, a 3aTeM ybenuTn-
cd, 9YTO ¥ B TOM, U B JAPYTrOM CJIydyae IIOJYYUTCHA BEDHOE DPABEHCTBO.
B npumepe 2 B o6omx ciydasx mojJyyaTcA BepHble paBeHcTBa. Oco-
GeHHO YacTO NMPOBOAAT TAKYIO IPOBEPKY, KOT/Aa COMHEBAIOTCS B TOU-
HOCTH 4epTerka.

Hpumep 3. IMocrpouts rpaduk bysknun y = —x2

Pemenue. CpaBaum dyskuuu y = x2 u y = —x2 IIpu ogHOM M
TOM JKe 3HAUeHHH apryMeHTa, HallpUMeD IIPU X = @, epBaA QyHKIUA
IOpMHUMaeT 3HaueHue a’, a Bropad — 3Hauyenue —a’. 3HauurT, Ha rpa-
(duKe nepBoit GyHKIUH ecTh TouKa (a; a?), a Ha rpaduke BTOPOit DyHK-
nuu — Touka (a; —a?). DT TOYKM pacmoyIoKeHbl HA KOODAUHATHOM
miockocTy xOy CUMMETDHYHO OTHOCHUTEJNBHO ocH abcnucc (puc. 89).
3HauuTt, rpaduk QyHKIUN Y = —x? CHUMMeTpUYeH rpaduky GyHKIUNA
y = x® orHocuTenbHO ocu abemuce (puc. 90). 3ro Ta ke mapabona ¢
TOH »Xe BEepUIMHOH M C TOH Ke OChI0 CHMMETDHH, HO TOJIbKO BeTBU
napaboJibl HanmpaBJieHbl He BBEDX, & BHHS. 'l

B 3akJjoueHHe OTMETHM OJHO JIIOOONIBITHOE CBOMCTBO ITapaboJIsI.
Eciu paccMaTpuBaTh apa6oy y = x2 KaK 3KpaH, KaK OTPaKaIoULyIo

1
IIOBEPXHOCTD, & B TOUYKE (O; 1 IIOMECTHUTh UCTOYHHK cBeTa (puc. 88),
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Puc. 89 Puc. 90
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7. u DYHKUMS y = »2

TO JIy4H, OTpa)kadch OT I1apaboJibl-aKpaHa, 06pa3yIoT MMapaiebHbI’
1
nmydox cBeta. Touky (0; 1 HA3BIBAIOT POKYCOM napabonbvl. ITa unes

HCIOJIb3yeTCs B aBTOMOOGMJISAX: oTpa)kalollias IIOBEPXHOCTH Gaphl
uMeeT napabosimyeckyio ¢opMy, a JIaMIOYKY IOMeEIIaloT B GoKyce —
TOTAA CBET OT aphl PACIPOCTPAHSAETCA HOCTATOYHO HAJIEKO.

§3 5. rPA®MYECKOE PELIEHME YPABHEHMM

IToxpiTOsKkMM HalIu 3HAHWA O rpaduKax GyHKIU. MbI ¢

BaMHU HAYYUJINCh CTPOMUTDH Ipad@UKH CJeAYIOmNX QYHKIIUMA:

y = b (upamyio, napajjieJIbHYIO OCH X);

y = kx (IpAMYI0, IPOXOAAIIYIO Uepe3 Hauaji0o KOOPAMHAT);

y = kx + m (nupsamyio);

y = x%, y = —x? (mapa6ouy).

3HaHUe 3TUX IPad@MKOB IO3BOJIUT HAM B cjIyyae HeOOXOXWMOCTH
3aMEHHUTh aHAJUTHUUYECKYIO MOJEJIb reoMeTpuuecKoii (rpaduueckoit),
HaIpUMep, BMECTO MoJenu y = x° (KoTopas NpeJicTaBisfeT coboH
PaBEHCTBO C ABYyMs NepeMeHHBIMH X WU Y) paccMaTpuBaTh napaboiy
B KOOPAWHATHOM IIOCKOCTH. B wacTHOCTH, 3TO MHOrJa MOJIE3HO AJA
pellleHus ypaBHeHuit. Kak 3To jgemaercsa, o6CyAUM HA HECKOJBKHUX
npuMepax.

Ipumep 1. Pemuts ypaBHenue x° = x + 2.

PemeHue. Paccmorpum dyHKINYN Y = xXu Yy = x + 2; mocTpoum
uXx rpad@uKH U HalifieM TOYKM IlepecedyeHHsi rpa@uKoB. ITy 3azady
MBI ¢ BaMu ysKe pemianu (cM. npumep 2 u3 § 34 U COOTBETCTBEHHO
puc. 87). Ilapa6ona y = x u npamasa y = x + 2 mepeceKaloTCA B TOY-
kax A(—1; 1) u B(2; 4).

Kaxk xe HafiTH KOpDHU YpPaBHEHUA x? = x + 2, T.e. Te 3HAUEHHUSA X,
DK KOTODBIX BHIPAXKEHHA X° U X + 2 NPUHUMAIOT ONUHAKOBBIE UHC-
JioBbIe 3HaueHUA? OdueHBb IIPOCTO, 3TH 3HAUEHHUA ysKe HalifleHbI: x; = —1,
x, = 2. 910 abcuuccel Touek A u B, B KOTOPBIX IlepeceKaloTcs IOCTPO-
eHHbIe rpaduKu.

OrBeT: x; = -1, x, = 2.

MdaxKTHUYEeCKH MBI HCIIOJb30BAJIH CJIeI[yIOIlIHﬁ aJITOpUTM:

1. Beestu B paccMoTperye GYyHKIMK Y = X2, y = x + 2 (418 ApyTOro
ypaBHeHudA OyayT, pasymeeTrcsd, HHbIE QYHKIINH).
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2. IlocTpousn B OJHOM cHcCTEME KO- ye
opauHAaT rpaduKku GyHKOUHE y = x2,
y=x+ 2.

=1
y§x2
[ —

-~
s\

3. Hamau TOuKM mepecedeHHs rpa-
GHUKOB.

4. Hamau abcuucchl TOYEK Iepeceue-
HHA — 3TO U eCTh KOPHM ypaBHEHHUI.

"N

IIpumep 2. PemtuTh ypaBHEHHE 1/
2 7
x*-x+4=0. \},/
PemeHnue. 3xecy npuaercsa JOIOJI- Y 2 4 ]x

HUTH BBIDAOOTAHHBIM AJITOPUTM elle OJX-
HHUM IIaroM (IIOAroOTOBHTEJNbHBIM): HAXO
IepenucaTh ypaBHeHNe B BUAE, JJIA KOTO-
pPOTr'0 UMEETCS aJIrOPUTM. JOTOT BHUJ TAKOB:
x? = x — 4. Teneps Bce B mopanKe, nei- Puc. 91
CTBYEM B COOTBETCTBUM C QJITOPUTMOM.

1) Beenmem gBe dynknum: y = x°, y = x — 4.

2) IlocTpouM B OXHOI cucTeMe KOOpAMHAT rpaduku GyHKIUM
y=xuy=x— 4 (puc. 91).

3) Touek mepecedyeHHs Y MOCTPOEHHBIX IMapabojbl U NPAMOM HeT.

Kaxk BB AyMaeTe, UTO 03HAYAET ITOT reoMeTpudecKuil hakT AJs faH-
HOI1 anre6panyecKkoii 3ajaun (fy1s ganHoro ypasuenus)? Ioraganuce?
A Temeph coOmocTaBbTe CBOIO AOTAAKY C TeM, YTO HHUIKEe 3alllCaHO B
OTBeTe.

14

OTBeT: ypaBHeHHe He UMeeT KOpHeMH.

3amewanue. CymecTByloT TaK Ha3bIBaeMble KBaJipaTHEIE ypaB-
HeHus — ypaBHeHud Buga ax’ + bx + ¢ =0, rue a, b, ¢ — uucya, a # 0.
OHu pemaloTcA IO CHeNHAJLHBIM GOpMYJaM AJA OTHICKAHHUS KOp-
Hel, HO 3TUX GopMyJ MBI MOKa He 3HaeM. TeM He MeHee HEKOTODbIE
KBajJipaTHble ypaBHeHHusl MBI yke pemmiu. Tak, B § 31 MbI pemuiu
ypaBHeHHe x2 — 6x + 5 = 0 MeTOZOM pABJIOKEHHS HA MHOMKUTEJH.
A B HacrosaleM naparpage MbI PeIIUIH ellje JBa KBaJpaTHBIX ypaB-
HeHus — rpadUyecKHMM MeTOZOM. DTOo ypaBHeHme x2 — x — 2 = 0
(cM. mpumep 1; npaBaa, TaM ypaBHEHUEe OBLIO 3alIMCAHO MO-APYrOMYy:
x%* = x + 2 — Ho BHI Ke IOHMMAETe, YTO BTO TO e CAMOe) U ypaBHe-
Hue x2 — x + 4 = 0 (cM. npumep 2).
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§3 6. 4TO O3HAYAET B MATEMATHKE
3AMMCD y = F(x)

Msyuas kaxkoi-1u60 peanbHBIN Mponecc, 00bIYHO o6paima-
IOT BHUMaHUe Ha JBe BeJIMYMHEI, yJacTByIOIye B Ipoiecce (B 6onee
CJIOKHBIX IIpOIeccax YYacTBYIOT He JBe BeJIMUYHHBI, a TPH, YeThIpe
U T.JA., HO MBI IOKa TaKHe IIPOIeCChl HE pacCCMaTpPHUBaeM): OJHA U3
HHUX MeHsdeTcA KaK Obl caMa co6o0if, He3aBMCMMO HHM OT 4ero (Takyio
TIepeMeHHYIO Jale Bcero o60o3nauaoT 6YKBOH X), a Apyras BeJIMUYNHA
OPUHHUMAET 3HaUeHUA, KOTOPhIe 3aBHUCAT OT BEIOpAHHBIX 3HAYEHUI ITe-
PEMEHHOI1 X (TaKyio 3aBUCHMYIO IIepeMEeHHYIO Jalre Bcero 0603HauaoT
6ykBOii y). MaTemMaTHuecKOi MOJENbIO pPeajlbHOTO IIpolecca KaK pas
M ABJAETCA 3aIMCh HA MAaTEMAaTUYECKOM sI3bIKe 3aBHCHUMOCTH Y OT X,
T.e. CBASM MEXKJY NepEeMeHHbIMHU X H Y.

Eine pas HamOMHHM, YTO K HACTOAIEMY MOMEHTY MBI M3YUHJIU
ciepyiomiue MaTeMaTudeckue moxenu: y = b, y=kx,y = kx + m,
y= x2, y= —x2. Ectb Jmt Yy 3THX MaTeMaTUYeCKHUX Mojejiel uTo-i1ubo
o6mee? Ects! AX cTpyKTYpa OAMHAKOBA:

y = f(x).

ATy 3amuch cleAyeT MOHUMATh TaK: UMeeTcA BhIpaskenue f(x) c mepe-
MEHHOM X, C IOMOIIbI0 KOTOPOTO MbI HAXOAUM 3HAYEHUA [IEPEMEHHOM Y.

MareMaTHKU IPeANOYUTAIOT 3aUCh Y = f (x) He cayuaitro. Ilycrs,
HampuMep, f(x) = x%, T. e. peus uzer o dyuknuu y = x2. Ilycrs HAM
HAJI0 BBIIEJINTH HECKOJIbKO 3HAUYEHU I apI'yMeHTa H COOTBETCTBYIOIINX
3HaueHUH pyHKOuH. [{o cMX MOp MBI MHCAJIM TaK:

ecrmx=1,Toy =1%2=1;

ectmx=-3, Toy=(-82=9mur. a.

Ecau ke ucnonb3oBaTh o603HadeHue f(x) = x2, To 3amUCH CTAHO-
BUTCA OoJiee 3KOHOMHOIM:

fQ=1=1;
f(-3)= (-3 =9.

HTak, MBI MOBHAKOMMJINCH emle C OQHUM (parMeHTOM MaTeMaTuye-
CKOro sA3hIKa: (ppasa «3HaueHMe QYHKIMH J = X2 B TOYKe X = 2
paBHO 4» 3aIACHIBaeTCA Kopoue: «ecid f(x) = x2, 1o f(2) = 4».

A BOT 06pasern o6paTHOro nepeBoAa: ecau f(x) = x2, To f(-3) = 9.
ITo-apyromy — 3HauyeHHe (yHKIHUH y = x° B Touke X = —3 paBHO 9.
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HMpumep 1. lana byaknus y = f(x), rae f(x) = x°. Boruuc-
JIUTh:

a) f(1); n) f(a—-1);
6) f(—4); e) f(3x);
B) f(a); x) f(-x).
r) f(2a);

Pemenue. Bo Bcex cayuasax miaH AefiCTBHHM OAMH M TOT Ke:
HY>KHO B BhIpaKeHHMH [ (X) MOACTABUTL BMECTO X TO 3HAYEHHE apry-
MeHTa, KOTOpOoe YKa3aHO B CKOGKAaX, U BHIMOJHUTh COOTBETCTBYIOIIIAE
BBIYMCJIEHUA U IpeoOpa3oBaHMs.

a) f)=1=1;

6) f(—4) = (—4)° = —64;

B) f(a) = a¥

r) f(2a) = (2a) = 8a%;

n fla-1)=(a- 1%

e) f(8x) = (8x)® = 27x3;

x) f(-x) = (-x)* = —«°. ]

3amevwanue. Pasymeercd, BMecTO GYKBBI [ MOXXHO HCIIOJIB30-
BaTh JIO0YI0 APYryio GYKBY (B OCHOBHOM M3 JIATHHCKOTO ayiaBHUTa):
g(x), h(x), s(x) u T. A

Hpumep 2. Janwr ase dyuknuu: y = f(x), rae f(x) = x2, n
y = g(x), rae g(x) = x°. JlokasaTsb, 4TO:

a) f(-x) =f(x); 6) g(—x) = —g(x).

Pemenue. a) Tak kak f(x) = x%, 1o f(-x) = (—x)? = x%. Urax,
f(x) = x2, f(—x) = x2, sHauwmr, f(-x) = f(x).

6) Tak kak g(x) = x°, To g(-x) = (—x)® = —x3. Urax, g(x) = x°,
g(-x) = 2%, 1. e. g(—x) = —g(x). ]

Hcnonbp3oBaHne MaTeMaTHUYeCKOH Mozenu BHUAa Y = f(x) oKasbl-
BaeTcA yAOOHBIM BO MHOTHMX CJIY4afAX, B YACTHOCTM TOrZ4, KOTAa pe-
JIBHBIA IIPOIECC ONMMCHIBAETCA PA3JIMYHBIMM (GJOPMYJIaMHU HA PasHBIX
IPOMEXKYTKAX U3MEHEHNA He3aBHCHMO# IMepeMeHHOI.

IIpumep 3. Jana pyaknus y = f(x), rae
2x, ecain x < 0;
f) = {xz, ecau x > 0.
a) Berumcants: f(-5), f(-2), f(1,5), f(4), f(0).
6) IToctpouTh rpaduk byHruum y = f(x).

6 Aunre6pa, 7 k1. yl. 1‘1
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Pemenwue. a) Yro Takoe f(—5)? ITo 3HaueHHUe 3aJaHHOMU DYHK-
nuu B Touke X = —5. Ho dyHKnUA 3aaHa He OMHUM BBHIpa’KeHHEM,
a aByma: 2x u x2. KakuM M3 HUX BOCIOJB30BaThbCA? DTO 3aBHCHUT OT
BBEIGpAaHHOrO 3HaUYEHMs aprymeHTa. Mul BeIGpaau x = —95, a 4ncyo —5
yZoBJIeTBOpAET HepaBeHCTBY X < 0; B 3TOoM ciydae GyHKIMS 3aAaeT-
cA BBIDa’KEHHEM, CTOAILINM B MEepBOM CTpOKe, T. e. f(x) = 2x. Torga
f(=5)=2-(-5)=-10.

AnajyiornyHo BerunciseMm f(—2): ecau x = -2, To x < 0 u, 3Ha4urT,
f(x)=2x,T.e. f(-2)=2-(-2) = 4.

Beruncaum f(1,5), T. e. 3HaueHre QyHKIUM Yy = f(x) B Touke
x = 1,5. OTo 3HaUeHMe X yAOBJIETBOpAET ycaoBuoo x > 0 u, ciego-
BaTeJbHO, QYHKIIUA 3aa€TCA BHIPA)K€HHEM, CTOAIIMM BO BTOPO
CTpOKe, T. e. f(x) = x%. ITosTomy f(1,5) = 1,52 = 2,25.

Amnanornuno Haxogum f(4): ecau x = 4, To x > 0 1, 3HauwurT,
f(x) = x%, . e. f(4) = 42 = 16.

Ocrajyioch BeruucauTh f(0). 3Hauenue x = 0 ymoBaeTBOPAET yCJIO-
Buio x > 0, ciefoBaTensHoO, f(x) = x2, T. e. f(0) = 02 = 0.

6) Mu1 ymeem cTtpouts rpapuku pyHKmui y = 2x (puc. 92) n
y = x% (puc. 93). 3agannas byrknua y = f (x) coBnanaer ¢ byHKIUeH
y = 2x npu x < 0 — ara yacTp rpaduKa BeIZieJIeHA Ha DHCYHKe 92.
Banannaa dyHkuua y = f(x) coBmagaer ¢ yHknueir y = x> npu
x 2 0 — aTa yacTh rpaduka BeifiesieHa Ha pucyHKe 93. Eciu MbI Te-
nepb n3o6pasuM obe BbIeJIEHHbIE YACTH B OMHOI CHcTeMe KOOPAUHAT,
TO MOJIyYuM Tpedyemeulii rpabuk dyHrumu y = f(x) (puc. 94). |

KoHeuHO, MaTeMaTHUKHU He CTPOAT NOg06HBIE IPadUKH TAK JOJITO.
OOBIYHO Bce JAeJjiaeTcA cpady B OOHO# cucTteme KoopaumHaT. ToJBKO,

ya , ya ys 1
5 / /
74 3 [ 4
‘Q/ ‘._ I -
'- %
/ F Vi I
-2 7 h )
0 x 3 / ‘ R
5 1 0 1 x
p 0 2
Puc. 92 Puc. 93 Puc. 94
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ecTecTBEHHO, npsamasa y = 2x 6epeTcs He IEJNUKOM, a JIUIIb IPH yCJIO-
BuM x < 0, T. e. Ha IpoMexRyTKe (—°°; 0), u mapa6osna y = x% 6eperca
He I[eJINKOM, a JIMIIb IpH ycJoBum x > 0, T. e. Ha mpoMexXyTke [0; +°),
Bor Tak, «mo kKycoukam», U BoclpomsBoguTcs Bech rpaduk. IToaro-
My QYHKIIMM TaKoro TUIIa, KaK B IpuMepe 3, HA3HIBAIOT KYCOYHbIMU
dynryuamu.

IIpumep 4. lana dyaxnusa y = f(x), rae
x+2,ecanm 4<x<-1;

fx) ={x*, ecmm -1<x <0
4, ecim 0<x<4

a) Borumcaurs: f(-4), f(=2), 1 (=0,5), 7(0), 7 (1), f(5).

6) IToctpouTs rpadpuk byHKIUU Yy = f(x).

B) CKOJIBKO KOpHeil mMeeT ypaBHeHME f(X) = a IJiA pPasaWudHBIX
3HaueHU a?

Pemenue. a)3Hauenue x = —4 ynoBIeTBOpseT yJIoBMIO —4 < x < —1,
a B 3TOoM ciayuae f(x) = x + 2. Iloatomy f(—4) = -4 + 2 = -2,

3HayeHNe X = —2 yAOBJIETBOPSAET ycjoBHio —4 < x < —1, a B aTOM
cayuae f(x) = x + 2. 3uauur, f(-2)=-2+ 2 = 0.

3uauenne x = —0,5 ynosiaersopser ycaosuio —1 < x < 0, a B aTom
cayuae f(x) = x%. CnenoBarensHo, f(—0,5) = (—0,5)* = 0,25.

3HaueHne x = 0 ygosieTrBopAeT ycaoBuio —1 < x < 0, a B aToM
ciyuae f(x) = x% Torzma f(0) = 0% = 0.

3HaueHne x = 1 ygoByerBopAeT ycjuoBuio 0 < x < 4, a B aToM
cayuae f(x) = 4; B yacTtHocTH U f (1) = 4.

3HaueHMe X = 5 He yJOBJIETBOPSAeT HM OJHOMY U3 MMeEIOIIUXCH
ycaoBuii: HE nepBomy —4 < x < —1, HH BTOpOMYy -1 < x < 0, HH
TpetheMy 0 < x < 4. IlosTomy BeruMcJIUTH f(5) MBI He MOXKeM, 3mo
3a0anue HeKOppeKMHO.

6) I'paduk dpyaxuum y = f(x) mocTpoum «mo Kycouxkam». Ha pu-
cyHKe 95 m3obpakeH rpadpuk dyHknmuu y = x + 2, rae x € [—4; —1].
Ha pucynxe 96 mpeacrasieH rpaduk dbyakmuu y = x2, rae x € (—1; 0]
Ha pucynke 97 usobpaskeH rpaduk ¢pyHkunu y = 4, rge x € (0; 4].
Hakxonern, Ha pucyHKe 98 Bceé «KYCOYKH» BOCCOEIMHEHBI B OJHO
nesoe — B rpaduk dyrKmum y = f(x).

BoT Tak ¢ mMOMOIIBIO U3BECTHBIX I'PAMMKOB «II0 KYCOYKaM» MOXKHO
CTPOUTH IrpaUKM HA KOOPAUHATHOM IJIOCKOCTH.
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ye ye l l yu yn
. y_?:x"2
E F ol y=4
i 41<
Y, A % i
PR Xl G
» » 1
4 ) -1 |0 > > 1
9 -1 (0] X (0] 4 {;
-1 |0 4
Puc. 95 Puc. 96 Puc. 97 Puc. 98

B) OTBeT Ha MOCTABJIEHHBIA BOIPOC MBI CMOJKEM IOJYYHUTH C IO-
Mo1sio rpaduka GyHKuUM Yy = f (x), mpeacTaBJIeHHOro Ha pucyHke 98.
PdaxTHYECKHU peUb HIET O TOM, CKOJIbKO TOYEK IlepeceyeHus UMeeT 3TOT
rpad¥uK c IpAMoii y = a, mapaJuleJbHOM oc abcuce. Mb1 BUAKM, 4TO,
ecnu a < -2, unu 1 <a <4, wiu a > 4, To rpadur Gyaruuu y = f(x)
He IepeceKaeTca ¢ NpAMoi y = a (TpH TaKkWe MpAMbIe IPOBEeAEHbI Ha
puc. 99); npu yKasaHHBIX 3HAYEHUAX @ ypaBHeHUe f(x) = a He UMeeT
kopHeii. Ecim —2 < a <0 unu @ = 1, To npamas y = a uMeeT ¢ rpa@uKoOM
dyuxuun y = f (x) ogHy Touky mepeceyeHus (puc. 100); coorBeTCTBEH-
HO ypaBHeHUe f (x) = a umeeT oguH KopeHb. Eciu 0 < a < 1, To npamas

yl\ l l yl
y=a;
4 4
= a,
1 1 yrl
-4 o] 1 4 x -4 (o) 4 x

5 a7kl o B e o

y=a
Puc. 99 Puc. 100
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u¥ L)
4 4-1¢ y=4
" I S Lo R 1
-2 -2
i |
Puc. 101 Puc. 102

Y = a uMeeT ¢ rpadpukoM pyHKIUM Yy = f(X) ABE TOUYKHU IlepeceyeHus
(puc. 101); cooTBeTcTBeHHO ypaBHeHuMe [ (X) = a UMeeT ABa KOPHA.
Haxonen, eciu a = 4, To ypaBHeHMe f(x) = a uMeeT 6eCKOHEYHO MHOT'O
KOpHeil — KOpHeM OYyAeT CIYXKHUTH Ji000e YHCJIO U3 HMOJyWHTEepBaja
(0; 4] (puc. 102).

ITonsemem mroru: ecaim a < —2, 1 <a < 4, a > 4, To ypaBHeHHe
f (x) = a He uMeeT KopHeii; ecan —2 < a < 0 uiu a = 1, To ypaBHEeHUE
f (x) = a umeet oguH KopeHb; ecau 0 < a < 1, To ypaBHeHuUe f(x) = a
MMeeT ABa KOPHH; ecaM a = 4, To ypaBHeHHMe f(x) = a umeet Gecko-
HE4YHO MHOTO KOpHeii. |

OnuireM ¢ MoMouUbI0 MIOCTPOEHHOTO Ha pucyHKe 98 rpaduka He-
KOTOphIe cBoiicTBa (pyHKIMHU Yy = f(x) — Takoe oNmHCaHHE CBOICTB
00BIYHO HAa3bIBAIOT YmeHuem zpagurxa. YreHue rpapuxka — 3TO
cBOeoOpa3HbIil mepexol OT reoMeTpHuecKoil mozenm (oT rpacpmuue-
CKOM MOJZIeJIN) K CJIOBECHOM MozeM (K OMHMCAaHUIO CBOMCTB QYHKIIUH).
A mocTpoeHue rpaduKa — 3TO I€pPexoJ] OT aHAJMTHUUYECKOH MOAesu
(oHa mpefcTaBJieHA B YCJIOBMH IIpHUMepa 4) K reOMeTPUYECKOH.

WUrak, npucrynaeM K 4YTeHUIO rpaduxa pyHronum y = f(x)
(cm. puc. 98). .

1. HesaBucumas IepeMeHHasi X «IIpo0eraeT» Bce 3HAYEHUA OT —4
Io 4. upIMM cioBaMu, JJIA KaXXKJOTO 3HAUYEHHUA X U3 oTpeska [—4; 4]
MO’KHO BBIYHCJIHUTDH 3HaueHue GyHKuuu f(x). F'oBopar Tak: [—4; 4] —
o6racmb onpedenieHus QYHKYUL.

IToueMy mpM pellleHMH IpuMepa 4 MBI cKasayu, yto HauTu f(5)
Heab3a? Jla moToMy, YTO 3HAYEHHE X = 5 He NPUHAIJIEKUT 00JIacTH
ompejesieHNs QYHKITUH.
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2. Ypaue = —2 (9TOro 3HaUEHNA PYHKIMA JOCTUTAEeT IPU X = —4);
Ynans = 4 (9TOr0 3HaueHNA QYHKIMA ZOCTHUraeT B JIOGON TOUKE MOJY-
uHTepBaia (0; 4]).

3.y=0, ecnu x = -2 1 ecu x = 0; B 3TUX TOYKAX rpaduK QYHK-
num y = f(x) nmepecexkaer och X.

4.y >0, ecsiu x € (—2; 0) unu ecam x € (0; 4]; Ha BTUX TPOMEKYT-
Kax rpaduk GyHKIUU Yy = f(x) pacmoyioKeH 8blule OCU X.

5.y <0, ecin x € [-4; —2); HA 3TOM IPOMEXKYTKe rpaduK DYHK-
uuu y = f(x) pacnoJiosKeH Hujxice ocu X.

6. ®ynxnua Bo3pacraeT Ha oTpe3ke [—4; —1], yOpiBaeT Ha oTpe3ke
[-1; O] 1 mocTosiHHA (HM BO3pacTaeT, HU yObIBaeT) Ha MOJYUHTEDBAaJe
(0; 4].

Ilo mepe Toro kaxk MbI ¢ BaMu OymeM M3y4yaTh HOBbIE CBOMCTBaA
¢yHKIMii, mpomecc YTeHUus rpadpuxa GyneT cTaHOBUTHCA Gojiee HACHI-
IIEHHBIM, COJePXKaTeJIbHbIM U WHTEPECHBIM.

O6cyuM OfHO M3 TAKMX HOBBIX cBoiicTB. I'paduk pyHKIIMM, paccMo-
TPeHHO# B mpuMepe 4, COCTOUT U3 TPeX BeTBeil (U3 TPeX «KYCOYKOB»).
IlepBas u BTOpas BeTBM (OTPE30K NPAMOH y = x + 2 U yacTh mapaboJis)
«COCTBIKOBAHBI» YJA4HO: OTPE30K 3aKaHuyuBaeTcsa B Touke (—1; 1), a
y4JacToK mapa6Gojibl HAYUMHAETCA B TOH ke TOYKe. A BOT BTOpasd M Tpe-
Ths1 BETBH MeHee YAaYHO «COCTHIKOBAHBI»: TPEThS BETBbH («KYCOYEK»
FOpPM3OHTAJIBHON IpaAMOiT) HaunHaeTca He B Touke (0; 0), a B Touke
(0; 4). MaTeMaTHKM roBOPAT Tak: «byHKIUa y = f(x) npemepnesa-
em pa3spvie ipn x = 0 (unm B Touke x = 0)». Ecinu dyHKIUA He UMeeT
TOYEK paspbiBa, TO ee Ha3hIBAIOT Henpepuiéhoil. Tak, Bce dyHKINH, C
KOTOPBIMM MBI MO3HAKOMMJIMCH B IpeABIAyNIuX naparpadax (y = b,
y=kx,y=~Fkx+ m,y=x% y=—x?), — HenpepbIiBHbIE.

3 _ 9x?

IIpumep 5. [Jana pysxknusa y = —
TaTh ee rpaduk.

Pemenue. Kak BuauTe, 31ecr GyHKINA 3afaHa JOCTATOYHO
CJOKHBIM Beipa)kenueMm. Ho maTremaTnka — efWHaA WU IeJbHas
HAyKa, ee pasfiejibl TECHO CBA3aHLI APYT ¢ ApPyroM. Bocmosb3yemcs

TeM, YTO MBI H3yYaJiH B IryiaBe 6, M coKpaTuM ajredpandyeckyio Apobb

. IlocTpouThs M MpoUM-

x% — 2x?

. Ameem
x -2

2 -2 x(x-2) 9
f(x) = x -2 x-2 =
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HNrak, Ha camoM geie f(x) = x2. IIpaBna, Hafo yUeCThb, YTO TOK-

x% — 2x?
x -2
CnenoBaTebHO, MBI MOXeM nepechopMYJINPOBATh 3aJJady TaK: BMECTO

x® — 2x?

x_2 6yaem paccMaTpuBaTh GYHKIMIO y = X2, The

ZIeCTBO = x? crpaBe;TMBO JMIIL NIPH OTPAaHUYEHHH X # 2.

byHKIHY Y =
x # 2.
ITocTpouM Ha KOOpPAMHATHOH IJIOCKOCTH
xOy napa6ony y = x2. Ilpamas x = 2 mepe-
cexaeT ee B Touke (2; 4). Ho mo ycioBuio
x # 2, 3HAUAT, TOUYKY (2; 4) mapa6Gosbl MBI
IOJI’KHBI MCKJIIOUYUTH M3 PACCMOTPEHUA, A \
Yyero Ha 4YepTe)ke OTMETHM 3Ty TOUKY CBeET-
JbIM KpyXKoM. Takum o6pasom, rpagpux
GyHKUMHM mOoCTPOeH — 3To napabosa y = x?
C «BBIKOJIOTOH» Toukoil (2; 4) (puc. 103). \
IlepeiizeM K OMHMCAHHMIO CBOMCTB QPYHK-
nun y = f(x), T. e. K YTEHHIO ee rpaduKa.
1. HesaBucumasa mepeMeHHas X MPHUHU-
MaeT Jiio0ble 3HaUeHHUA, KpoMe X = 2. 3HaUuT, Puc. 103
obsiacTs ompeziesieHUA QYHKIMUA COCTOUT M3
JBYX OTKPBITHIX Jiyuei (—o0; 2) u (2; +00).

©

x2
N\N

Y=
——

>

I

Ly

2. Yuaun = 0 (mocTuraerca mpu x = 0), y,_,.c He CyILIecTBYeT.

3. ®yHKIUA MpeTepHeBaeT pa3psiB IpH X = 2 (B Touke X = 2); Ha
(—°°; 2) u Ha (2; +°°) oHa HempepbLIBHA.

4. y=0,ecmn x = 0.
5. y> 0, eciim x € (—°; 0), ecnu x € (0; 2) n ecau x € (2; +°).

6. ®yuxkuua yowiBaerT Ha Jyde (—°°; 0], Bo3pacTraeT Ha IIOJYHUH-
TepBajie [0; 2) 1 Ha OTKPHITOM Jyue (2; +00). @



TNABA

8 CUCTEMbI ABYX JIMHEMHbIX YPABHEHMM
| C ABYMS NEPEMEHHBIMM

§ 37. OcHoBHbIe noHsTUs

§ 38. Merog nogcraHoBkM

§ 39. Merog anrebpanyeckoro cnoxeHus

§ 40. Cucremsl AByx nuHEHHbIX ypaBHEHMH
C ABYMS NepeMeHHbIMHU KaK MaTeMaTH4ecKHe
MOLenu peanbHbiX CHTyaums

§37. OCHOBHbIE NOHATHS

B § 8 MBI BBesIM MOHATHE JIMHEHHOIO YPaBHEHHUSA C JBYMSA
nepeMeHHLIMH — TaK Ha3bIBAIOT paBeHCTBO ax + by + ¢ = 0, rxe a, b,
¢ — KOHKDEeTHbIe YNCJIa, a X, Y — IepeMeHHble (HeM3BEeCTHBIE).

IIpuMeps! IMHEHHBIX YPaBHEHUH ¢ AByMdA IepeMeHHBIMHU:

2x -3y +1=0;
x+y—-3=0;
s—5t+4=0
(3mecr mepeMeHHBIe 0003HAUEHBI IO-APYIrOMY: S, { — HO 3TO POJIM He
Hurpaer).

B ToM ke § 8 MBI BBeJIM NMOHATHE DELIEHUA JUHEHHOro ypaBHe-
HUSA C IByMA MepeMEHHbBIMM — TaK HA3bIBAIOT BCAKYIO Iapy 4uces (x; y),
KOTOpas yAOBJIETBOPSAET YPABHEHHIO, T. €. o0palllaeT PaBeHCTBO C Iepe-
MeHHbIMHM ax + by + ¢ = 0 B BepHOe uncioBoe paBeHcTBo. Ha nepBom
MecTe BCcerza MHUIIYT 3HaueHUe IepeMeHHOoM X, Ha BTODOM — 3Ha4YeHUe
nepeMeHHOM Y.

IIpuBeneM mpHMeDHI:

1. (2; 3) — pemrenue ypaBHeHus 5x + 3y — 19 = 0. B camom geue,
5:2+ 3-3 — 19 = 0 — BepHOe YUCJIOBOE PAaBEHCTBO.

2. (—4; 2) — pemenue ypaBHeHud 3x — y + 14 = 0. [leficTBUTE -
HO, 3:(—4) — 2 + 14 = 0 — BepHOe YKUCJIOBOE PABEHCTBO.

3. (O; —%) — pemenue ypaBHeHus —0,4x + 3y + 7 = 0. Umeem

7
0,4-0+ 3- (_5) + 7 = 0 — BepHOe YHCJIOBOE PABEHCTBO.

168



8. CUCTEMbI [IBYX JIMHEMHbIX YPABHEHWA C ABYMS MEPEMEHHBIMM

4. (1; 2) He aABaAeTcA pelleHMeM ypaBHeHudA 2x — 3y + 1 = 0.
B camom pmene, 2°1 — 3-2 + 1 = 0 — HeBepHOE YMCJIOBOE PaBEHCTBO
(mosyuaerca, uyro —3 = 0).

B § 9 MBI oTMeuasu, YTO MaTeMaTHYECKYIO MozeJ b ax + by +
+ ¢ = 0 npu b # 0 MokHO 3aMeHUTH Oosiee mpocToii: y = kx + m. Ha-
npumep, ypaBHeHue 3x — 4y + 12 = 0 MoxHO npeo6pasoBaTh K BHLY
y= %x + 3.

I'padurom suHeitHOrO ypaBHeHMs ax + by + ¢ = 0, ecnu xoTd
651 ofvH N3 K03(bIUIINEHTOB a, b oTanyeH oT Hyna (caydait a = 0,
b = 0 MBI paccMaTpHMBaTh B 3TOil ryiaBe He GyzeM), ABJfeTCA MpAMad
(cM. § 8). KoopauHaThl J11000i#f TOYKH 3TOM HIPAMOM YyAOBJIETBOPHAIOT
ypaBHeHHIO ax + by + ¢ = 0, T. e. ABNAIOTCA pellleHHEM yDaBHEHHS.
CronbKo e pellleHMil MMeeT ypaBHeHHe ax + by + ¢ = 0?7 Cronabko
’Ke, CKOJIBKO TOUYEK DAacCIoJIO’KEHO Ha IPAMOI, cayskalneil rpadukom
ypaBHeHus ax + by + ¢ = 0, T. e. 6eCKOHEYHO MHOTO.

MHuorue peaJibHbIe CUTYAIIMM IIPH IIEpeBO/ie HA MATEMATUUECKH A A3BIK
0odOpMIISIOTCA B BHJE€ MaTEeMaTH4YECKON MOJEH, COCTOSAIIEH U3 ABYX
JIMHEMHBIX YpaBHEHUU ¢ ABYyMA nepeMeHHbIMHM. C Takoil cuTyanuei Mbl
BCTpeTHJINCH B § 8 B 3aaue npo ABYXx cagoBozoB MBanosa u IleTposa.
MaremaTuyeckada MOZeJb COCTOAJA U3 ABYX ypaBHeHMii: 5x — 2y = 0
u 3x + 2y — 16 = 0, mpuueM Hac MHT2pecoBaJia TaKas mapa 3HAYeHWH
(x; y), KoTOPas 00HOBpEeMEHHO YAOBJIETBOPSAJIA M TOMY, M APYroMYy
ypaBHeHHI0. B Takux ciydasx o6bIYHO HE FOBOPAT, YTO MaTeMaTH4e-
CKafA MOJleJIb COCTOUT U3 ABYX YPaBHEHWIi, a TOBOPAT, UTO MAMeEMA-
muuxeckas modenv npedcmasnsem co6oil cucmemy yYypasHeHuil.

Boo6iie, ecoiu faHbI [Ba JINHEHHBIX YPAaBHEHUSA C JBYMS I€peMeH-
HBEIMH X M y: a,X + b,y + ¢; = 0 1 a,x + by + ¢, = 0, — u mocTaBIeHa
3aJlaya HaliTH TaKWe Napbl 3HaYeHHi (Xx; y), KOTOpPbIE OJHOBPEMEHHO
YAOBJIETBOPAIOT U TOMY, U APYrOMY YpPaBHEHHMIO, TO TOBODAT, UTO
3aJlaHHbIe YpaBHEHUs oOpas3yioT CHCTeMy ypaBHEHHMH. Y paBHEHUA
CHCTEMBI 3aIIMCHIBAIOT APYT HOA APYIOM U O0BEOUHAIOT CIIEIUAIbHBIM
CHMMBOJIOM — (UTrypHOII CKOOKOI:

ax+by+c =0, 1
a,x + by +c, =0. M

ITapy 3HaueHMii (x; y), KOTOpas OZHOBPEMEHHO ABJIAETCS pElIeHU-
€M M MepBOro, ¥ BTOPOTO YPaBHEHMII CHCTEMBbI, HA3bIBAIOT peHIeHueM
CHCTEMBI.
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e e——————————————————

PemuTh cucTeMy — 3TO 3HAUMT HAWTH BCE €€ pElIeHHs HUJIH yC-
TAHOBHUTH, YTO HUX HET.

Tenepb MBI MOYKEM CKa3aTh, YTO BCTPEYAJIUCH C CHCTEMOM JMHeIi-
HBIX YPaBHEHMH — MaTeMaTH4yecKas MojJeJb yXKe YIIOMAHYTOIi 3aiauu
IIpo caZoBOJOB U3 § 8 BHIMIANENA TaAK:

5x -2y = 0,
3x+2y—-16 =0 (roe x € N, y € N). 2)

Ee pemienuem 6vla mapa (2; 5), T.e. x =2, y = 5.
PaccMoTpuM HOBBIE IIpMMeEpPHI.

IIpumep 1. PemnnTh cucreMy ypaBHeHMIH

{x+2y—5=0,

3
2x +4y +3 = 0. @)

Pemenue. I'papuxom ypaBHeHusa x + 2y — 5 = 0 sBiaseTcd Opa-
mas. Haiinem nBe mapsl 3HaueHWil IepeMEHHBIX X, Y, YAOBJIETBOPSIO-
mux aroMmy ypaBHeHMIo. Ecim y = 0, To u3 ypaBHeHUA ¥ + 2y — 5 =0
HaxoguMm x = 5. Ecim x = 0, To u3 ypaBHeHus x + 2y — 5 = 0 Haxo-
oM y = 2,5. Utak, Hamiau ase Touku (5; 0) u (0; 2,5). IToctpoum Ha
KOOpPAWHATHOM IIocKocTH xOy NPAMYIO, IPOXOAANUIYIO Yepe3 3TH LBe
TOYKHM, — IpaMad [, Ha pucyHke 104.

I'padurom ypaBHeHHs 2x + 4y + 3 = 0 TakKe ABIAETCA MPAMAs.
Haiinem nBe maphbl 3HaY€HUI IIePEeMEHHBIX X, Y, YAOBJIETBOPAIOIIUX
aromy ypaBHeHuio. Eciu y = 0, To u3 ypaBHeHus 2x + 4y + 3 = 0
HaxoguMm x = —1,5. Ecim x = 2,5, To u3 ypaBHeHusa 2x + 4y + 3 =0

vE
2;5
\\\
N, o R
—:\‘\\L 213 4 5 X
o \ | ll
& ‘\;
N
Puc. 104
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HaxoxuM 5 + 4y + 3 = 0 u, caegoBaTenbHo, y = —2. UTak, HaULIN ABE
rouku (—1,5; 0) u (2,5; —2). IlocTpouM Ha KOODAMHATHOMN IJIOCKOCTH
xOy npsMyio, IPOXOASALIYIO Yepe3 3TH JBe TOYKU, — mpsamad l, Ha
pucynke 104.

Ilpamere I, u l, napannensHbl. YTo o3HayaeT 3TOT reoMeTpude-
cKuil GaKT Aaa JaHHOM cUcTeMHl ypaBHenuii? To, 4TO OHa He UMeeT
pellleHN# (IIOCKOJBKY HET TOYEK, YAOBJETBOPSIOLINX OJHOBPDEMEHHO
U TOMY, ¥ IPDYTrOMY YDaBHEHHUIO, T. €. IPUHAAJIEIKAIIUX OAZHOBPEMEHHO
U TOH, U APYTroi U3 IOCTPOEHHHIX NPAMEIX [, u l,).

OTBeT: cucTeMa He MMeeT pelIeHu.

IIpumep 2. Haiitu aBa umcJia, €CJU M3BECTHO, YTO UX CyMMa
paBHa 39, a pasHOCTh paBHa 11.

Pemenue. Eciu x, y — uckombele yucia, To x +y = 39
u x —y = 11, npuyeM 3TH paBEeHCTBA JOJI’KHBI BBINIOJHATHCSA OXHO-
BPEMEHHO:

x+y=39,
x—y=11. 4

ITonyuniu cucreMy ABYX JHHEHHBIX YDaBHEHHUH C JByMsdA Iepe-
MEHHBIMH.

MokHo yragaTs, yeMy paBHHI X 1 y: X = 25, y = 14. Ho, Bo-nepBHIX,
«MEeTOJ, yraabIlBaHUA» JaJIeKO He BCcerJa IpUMEHUM Ha NpaKTHKe.
A BO-BTOpDHIX, T'/ie TAPAHTHUA, YTO MHOr'O PEIleHUA HeT, MOXKeT OBhITh,
MBI IIPOCTO O HEro HEe AOAYMAaJINCh, HE «JAOoyragaim»?

MooxHO mocTpouTh rpaduku ypaBHeHuid x + y =39 ux —y =11,
3TO ImpsAMBIEe, IpHYEM HelapajejbHbie (B OTJIMYHE OT Te€X, UTO B
npumMepe 1), OHH IIepeceKaloTCs B OAHOM TOUKe. ITY TOUKY MBI yiKe
3HaeM: (25; 14); 3HaUUT, 3TO eAUHCTBEHHadA Mapa Yucesl, KOTopas Hac
yCTpauBaeT, eAUHCTBEHHOE pelIeHUe CUCTEMBI.

OTrBeT: 25 u 14.

B npumepax 1 u 2 MBI IpUMeHUIN rpadMIecKHil MeTO/ pelleHus
CHCTEMBI JINHEHHBIX YpaBHEHU. ITHM Ke METOJOM MBI II0JIb30BAJIHCH
B § 8 mpH pellleHUH 3a4a4d O YUcCJe AGJOHB Y ABYX CaZOBOLOB (CHUCTe-
Ma (2) pemreHa B § 8 rpaduuecKuM MeTOLOM).

K coxxanenuio, rpadyecKuil METON, KAK U «METOJ yraAbLIBAHUA»,
He CaMBbIi Hae)KHBIM: HAIIpUMED, IIPSAMbIe MOT'YT IlepecedybCs B TOUKeE,
KOOpPAUHATHI KOTOPOI IO 4epTexKy He OUeHb JIETKO OIPEeNe]UTh.
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—

IIpumep 3. Pemruth cucTeMy ypaBHEHHU

{3x—y—5=0,

5
2x+y-T7=0. (%)

Pemenue. Iloctpoum rpadbukm ypaBHeHH cucTeMbl. 3L€Ch €CTh
cMBIc) Tpeo6pa3oBaThk 00a ypaBHEHHs K BUAY JUHeHHON dyHknuu. U3
epBOro ypaBHEHUA Iojy4aeM y = 3x — 5, a U3 BToporo y = 7 — 2x.

ITocTpoum B ofHO# cucTeMe KoopAuHAT rpaduKy JINHEHHBIX GYHK-
mui y = 3x — 5 (mpamasa [, Ha puc. 105) u y = 7 — 2x (mpamasa [, Ha
puc. 105). OHu nmepecekaiorcsi B Touke A, KOODAMHATH KOTOPOi —
€IUHCTBEHHOE DellleHue 3aJaHHOH CHCTEMBI. A BOT 4eMy KOHKDETHO
paBHEI abcuucca U OpAMHATA TOYKHU A, MBI MO pUCYHKY 105 TouHO
OIPEJEIUTb He CMOXKeM (TouKa A Kak ObI «BUCUT» BHYTDPH OIIpeAeIeHHON
Kiaeroukn). IIpugercsas HaM mo3xHee BEPHYTHCA K 3TOMY IIDHMEDY.

Ho Bce-Taku rpaduyecKuil MeTOJ peEIlIeHUus CHUCTEMbl JUHEHHBIX
ypaBHeHUI MMeeT OoJibloe 3HauYeHne. C ero moMoIbo0 MOXKHO CAEIATh
CJIeAYIOIIE BayKHBIE 6bl600bL:

rpaduxaMu o6oux ypaBHEeHUI cUCTeMEIl (1) SABASAIOTCA IpsSMBbIE;

3TH NIPAMEIE MOTYT IIePeCEeKaThCHA, IPAYEM TOJBKO B OJHOM TOUKe, —
39TO 3HAYHUT, YTO cucTeMa (1) MMeeT eJMHCTBEHHOE pelleHUE (Tak
OBLLJIO B PACCMOTPEHHBIX B 3TOM maparpade cucremax (2), (4), (5);

3TH NpPAMEIE MOTYT OBITH NapaJIeIbHBI —
N 3TO 3HAUHUT, YTO CHCTEMAa He MMeeT pelIeHHui
(rOBOpAT TaK’Ke, YTO CHUCTEMa HECOBMECTHA —
j"’ TaKoil ObLIa cuctema (3));
og“l 9TH IPSAMEBIE MOTYT COBIACTh — 3TO 3HAYMT,
Q’) YTO CHCTeMa MMeeT GECKOHEYHO MHOTIO peIleHMid
(TOBOPAT TaKIKe, UTO CCTEMa HeOoIpeaeJeHHa).

HWrak, MBI MO3HAKOMUAMCH C HOBOM Mare-
MaTudeckoil mozennio (1) — cucreMoil AByx
| suHeHHEIX ypaBHEHHH C ABYyMA MePeMEeHHBIMH.
ol 1/ « x| Hama 3agaga — Hay4yuThCA ee pemaTsb. « MeTox
PR yraabIBaHus» HeHaleKeH, rpadudecKuii MeTox
TaK)Ke BLIDyYaeT He Bcerjga. 3HAYUT, HAM HYX-
/ h T HO PacIloJIaraTh HAJEKHBIMU ajire6panyecKuMH
g l;| MeTogaMM pellleHHus CUCTEMBI ABYX JIMHEHHBIX
W, ypaBHEHUi ¢ AByMsa nepeMeHHHIMH. O0 3TOM U

Puc. 105 noiiilerT peus B CIAEAVIOIIUX Iaparpadax.

-3

~
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§38. METOA NOACTAHOBKM
Bepuemcs emie pa3 k cucreme (2) us § 37:

5x -2y = 0,
3x +2y —-16 = 0.

MeI ee pemuin rpadudecKUM MeTOAOM B § 8 u 3HaeM, 4To x = 2,
Yy = 5 — eJUHCTBEHHOE pellIeHUe 3TOM CHUCTeMBbI. A Temeph PEelIuM Ty
JKe CHCTEeMY APYTHM CIIOCOGOM.

IlepBoe ypaBHeHme mpeobGpasyeM K Bupy 2y = 5x, T.e. y = 2,5x.
Bropoe ypaBHenue npeobpasyem k Buay 2y = 16 — 3x u ganee
y =8 — 1,5x (Bce koadbdumuenTE ypaBuenus 2y = 16 — 3x pasgeanaun
Ha 2). Teneps cUCTEMY MOKHO MEpPENHUCATh TAK:

y = 2,5x,
y=8-1,5x.

fcHo, uTO Hac MHTepecyeT TaKkoe 3HaYeHHe X, IPH KOTOPOM
2,5x = 8 — 1,5x. A3 3TOro ypaBHeHHsS HaXOAUM:
2,6x + 1,6x = 8;
4x = 8;
x =2,
Ecnu x = 2, To us ypaBHeHuda y = 2,5x moayuum y = 5. Hraxk,
(2; 5) — petreHne cucTeMsI (UTO, HAIIOMHHMM, HaM y’Ke GBLIO M3BECTHO).
YeM 3TH pacCyXJeHUS OTINYAIOTCA OT T€X, YTO MBI IPUMEHSIN B
§ 8? TeMm, uTo HUKaKUX rpadUKOB CTPOUTH He IPUIILIOCH, BCA paboTa
nIa Ha ajredpanmuyeckoM ssbike. Kak ke MBI paccyxganu?
Mg1 BeIpasusy y dyepe3 X U3 NMEPBOTO YPaBHEHUA U IOJYUHUJIH
y = 2,bx. 3aTeM NOACTaBUJIM BbIpakeHue 2,5x BMeCTO y BO BTOpOE
ypaBHeHHe; moayumau 2,5x = 8 — 1,5x. [lajiee peuinam 3To ypas-
HEeHHe OTHOCHTeJbHO X; moayuuaun x = 2. Hakoner, mo dopmyie
Yy = 2,5x HaULIN COOTBETCTBYIOIIee 3HaUeHHe y. W1 BOT 4YTO Ba)KHO:
BO BTOPOM yDaBHEHHH COBCEM He 00A3aTeJbHO GBLIO BHIpAYKAThH Y Ue-
pes3 X, MOXXHO OBIJIO MOACTaBUTh 2,5X BMECTO Y B 3aJaHHOE YypaBHEHUE
3x + 2y — 16 = 0. Cmorpure:

3x +2-2,5x — 16 = 0;

3x + 5bx = 16;
8x = 16;
x = 2.

173



8. || CUCTEMbI OBYX JMHEMHbIX YPABHEHWA C OBYMS MEPEMEHHBIMU

IToxo6HEbIiT MeTOA pacCyKAEHUH HAa3LIBAIOT OOBIYHO METONAOM IIOJ-
cragoBkM. OH mpezacrtaBisfeT co0oil ompejeseHHYIO IIOCJIeA0BaTeb-
HOCTBH IIIATOB, T.€. HEKOTOPBIH aJITOPHUTM.

4 . )
AJNropuT™M pemeHHA CHCTEMBI IBYX YPaBHeHHH
C AByM4 IlepeMeHHBIMH METOAOM NOACTAHOBKH

1. BeIpa3uTh y Yepes X M3 II€PBOr0 ypaBHEHUSA CHUCTEMBI.

2, ITopcTaBUTh NOJIYYEHHOE HA IIEPBOM IIIare BhIpaXKeHUe BMECTO Y
BO BTOpPOE YpaBHEHUE CHCTEMBI.

3. PemuTh mosiyueHHOe Ha BTODOM IIare ypaBHEHHE OTHOCHTEJIb-
HO X.

4. IloacTaBUTHL HaliieHHOEe HAa TPEThEM IIIare 3Ha4YeHHe X B BHIpA-
"KeHUe Yy dyepe3 X, NOJIy4yeHHOe Ha IIepBOM Iare.

5. 3anucaTh OTBeT B BHJE Iaphl 3HaUYeHUi (x; y), KOTOphle OBLIN
HalJeHbl COOTBETCTBEHHO HA TPEThEeM M YeTBEDPTOM IlIarax.

IIpumep 1. PemuTs cucTreMy ypaBHEHHH
3x-y-5=0,
{2x +y-7=0.
Pemenue. 1) VI3 mepBoro ypaBHeHUsI CUCTEMBI [10JIyYaeM
y=3x-—5.
2) ITogcTaBMM HalileHHOE BEIpa’K€HUeEe BMECTO Y BO BTOpOe ypasB-
HEeHUEe CHUCTEMBI:
2x+Bx—-5)-T7=0.
3) Pemum mosaydyeHHOE ypaBHEHUE:
2x +3x—-5—-T7=0;

bx — 12 =0;
bx = 12;
12
x ==
5

4) TIToncTaBuM HalifleHHOe 3HaYeHue x B dopmyay y = 3x — 5:

—g.12_,_36 ., _36-25_11
y 5 5 5 5°
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1 11
5) Ilapa x = 5 y= 5~ GAMHCTBEHHOE pelleHne 3alaHHOM’
CHCTEMBEI.
12 11
OTBeT: (5 iy )

Bu1 y3nanm ary cucremy? MbI ¢ Heil BCTpeTHJINCH B IpeABIAYIEM
naparpade (cucreMa (5)), mpoGoBaI pemiuTs ee rpadUUEeCKUM METO-
JIOM, U y Hac HUYEro He IOJYYMJIOCh. 3aTO METOJ IIOACTAHOBKM HAaC
BoIpyunJ. OH aKTUBHO NpHUMEHAETCA U B Gojiee CJIOMKHBIX CHCTEMax
ypaBHeHUil, He 00A3aTeJIbHO JUHEHHBIX; O TAKUX CHCTEMAax pedb
BIIEpeU — B CTapIIMX KJaccax. ITOT METOX, OBITh MOXKeT, He Bcerjga
atdderTuBeH (T. €. He Bcerjga OLICTPO IPUBOAUT K LI€JIN), HO JOCTATOY-
HO HaJeXKeH.

BepreMmcs k pacCMOTPEHHOMY QJITOPUTMY K3 IIATH IIATOB, B KOTO-
POM OIUCaH METOJ IIOJCTAaHOBKM. ¥ BaC He BOSHHK BOIIPOC, IIOYEMY Y
BBIpYKAIOT UMEHHO M3 [IePBOT0 YPABHEHMS U IIOACTABJISAIOT BO BTOPOE,
1o4YeMy He BBIDa3HUTh Y U3 BTOPOTO YPaBHEHUA U MIOACTAaBUThH B IIepBoe?
M BooO1Ie, moyeMy BhIpaXKaJIu Y Yepes X, a He X 4epes Yy, IoYyeMy Ta-
Koe HepaBHompaBue? OTBeT: HUKAKOM NMPUYMHLI HET, IIPOCTO HIIUTE
Haubosiee y06HBIN BapHaHT.

IIpumep 2. PemuTs cucTeMy ypaBHEHHH
{5x -3y+8=0,

x + 12y = 11.
Pemenue. 1) Boipasum x yepes y U3 BTOPOro YpaBHEHUS:
x=11-12y.

2) TlogcTaBuM HalifleHHOE BBIpa)XK€HHE BMECTO X B II€pPBOE ypaB-
HeHUe CHCTEeMBI:

5111 -12y) -3y + 8=0.
3) PemuM mosiyyeHHOE ypaBHEHHE:
55 - 60y — 3y + 8 = 0;

63 — 63y = 0;
63y = 63;
y=1.

4) IloacraBuM HalineHHOe 3HaueHHe Yy B hopmysny x = 11 — 12y:
x=11-12-1= -1,
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5) Ilapa x = —1, y = 1 — egUHCTBEeHHOE peIlleHUE 3aAaHHOM CHcC-
TEMEHI.
OTrBerT: (—-1; 1).

3aBepmasa naparpad, pacCMOTPMM HECKOJIBKO 6oJiee CIIOKHBIX
IIPUMEPOB, B KOTOPBHIX HJEI0 PElIeHHUs OCBETHUM IOAPOOHO, & TeXHU-
YeCKYIO 4acThb (MeToJ MOACTAHOBKM) — KPaTKO (06CTOsATEIbHOE pellle-
HUe, HaJleeMcH, YK€ MOXKHO JOBEPUTh BaM).

IIpumep 3. Pemuts cucremy ypaBHeHUIt
{(x — 5y)(x® — 36) = 0,
4x -3y +12 = 0.
Pemenue. Ilpeo6pasyem nepsoe ypaBHeHHE CHUCTEMEI:
(x — By)(x — 6)(x + 6) = 0.
IIpousBeieHrEe paBHO HYJIO TOrAa M TOJBKO TOrja, KOorja OXUH
U3 MHOXKUTEJNei paBeH HYJI0. ITO 3HAYMUT, YTO inbo x — Sy = 0, 1ubo

x — 6 =0, 1u60 x + 6 = 0. CooTBeTCTBEHHO, 3aJJaHHAA CHCTEMa «pac-
majaeTcsi» Ha TPH cJydas:

x -5y =0, x-6=0, x+6=0,
4x -3y +12 = 0; 4x — 3y + 12 = 0; 4x - 3y +12 = 0.

B nmepBoii cucTemMe U3 IepBOro ypaBHEHUS HAXOAUM X = Sy; IOA-
CTaBUB BhIpaXXeHHe S5y BMeCTO X BO BTOpOe ypaBHEHHE, MOJYYUM
1 o

20y -3y +12=0; y = —%; COOTBETCTBEHHO X = —f—g. W3 BTopoit

cucTeMbl HaxoauM x = 6, y = 12; us Tperbeil cucTeMsl HaxoguM x = —6,
y=-4.

9 12
(0] | -8—; - — |, (6;12), (—6; — 4).
TBeT ( T 17] ( ) ( )

IIpumep 4. Pemuts cucreMy ypaBHeHHH

(x - 2y)° = 11(x - 2y),
2x + y = 50.

Pemenue. IIpeo6padyeM mmepBoe ypaBHeHUE CHUCTEMEI:

(x - 2y)° - 11(x — 2y) = 0;
(x — 2y)(x - 2y - 11) = 0.
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3nauuT, anbo x — 2y = 0, 6o x — 2y — 11 = 0, a moTomy perte-
HYe 3aJaHHOI CHCTEMBI CBOAUTCS K PEIIeHHI0 JBYX CHCTEM:
x -2y =0, x-2y-11 =0,
2x +y = 50; 2x +y = 50.
OrserT: (20; 10), (22,2; 5,6).
IIpumep 5. Pemuts cucTeMy ypaBHEHUH
x* + 4y® - 3x + 6y = 4xy,
3x +y = 21.

Pemenne. IIpeobpasyem mmepBoe ypaBHEHNE CHCTEMEI:
(x? — 4xy + 4y®) — (8x — 6y) = 0;
(x — 2y)* - 3(x — 2y) = 0;
(x — 2y)(x — 2y —3)=0.
3nayur, aubo x — 2y = 0, jgubo x — 2y — 3 = 0, a HOoTOMY pelIeHne
3alaHHO¥ CHUCTEMBI CBOZUTCS K PEIIEHHUIO JBYX CHCTEM:
x -2y =0, x-2y-3=0,
{3x+y=21; {3x+y=21.

3 .5
OrserT: (6;3), (67, 1?).

IIpumep 6. HaiiTu Ty napy 3HaueHUil IepeMeHHBIX X, Y, IIPH
KOTOpEIX MHorouseH p(x; y) = (2x + 3y — 22)* + 9x% + 5 + y? — 6xy
PUHUMaeT HauMeHbIIlee 3HAYeHUe.

Pemenue. Umeem p(x; y) = (2x + 3y — 22)* + (8x — y)? + 5.
Bripaxcenus (3x — y)? u (2x + 3y — 22)* npuruManT HeoTpHUIA-
TeJIbHBIE 3HAYEHUS NPU JIOObIX 3HAYEHUAX IEPEMEHHBIX, & IIOTOMY
HAUMEHbIIUM 3HaYEeHHEM 3aJaHHOTO MHOTOYJIEHA SABJIAETCS YUCIO D,
IpUYyeM 3TO HauMMeHbIllee 3HAUYEHUE JOCTUraeTcd IPHU OXHOBPEMEH-
HOM BBINIOJIHEHUH ABYX ycjoBuii: 2x + 3y — 22 =0, 3x —y = 0.
Taxkum ob6pasoM, 3aauya CBOAZUTCA K PEIIEeHHUIO CUCTeMbI YpPaBHEHU M

2x + 3y —22 =0,
3x -y =0.
OTBeT: HaUMeHblllee 3HaYueHUe MHoroudjeHa p(x; y), paBHoe 5,

gocturaercd npu x = 2, y = 6.
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§39. METOR ANFEBPAMYECKOTO CJIIOMEHMS

MB=I JOBOJIBHO YaCcTO BO3BpaIiaeMcsi K TOMY, 9TO yKe 06Cy-
JUIN paHee, HaIIDUMep JJId TOro, YTOGBI PACCMOTDPETHh CHTYAIlHIO IIOJ
JAPYTHM yTJIOM 3peHHs. BoT u Temeps naBaiiTe BepHeMcs K npumepy 1
u3 § 38, rge peus IJIa O pelIEHNH CHUCTEMbI ypPaBHEHUH

3x-y-5=0,
2x+y-7=0.

Kak MbI pemranu aty cucremy? MbI BBIpasuJiv Yy U3 IEPBOTO ypaB-
HEeHHUA U IOJCTaBUJIMN Pe3yJIbTaT BO BTOpOe, YTO NPUBEJIO K YPaBHEHUIO
C OJHOI NIepeMeHHO X, T. €. GaKTHYECKH K BPEMEHHOMY HCKJIIOUEHHIO
M3 PacCMOTpeHUs nepemMeHHo# y. Ho MCKJIIOYHUTL y M3 pacCMOTpPEHUS
MOXKHO OBIJIO 3HAYUTEIHbHO IIPOIe — JOCTATOYHO CJIOKHUTH 00a ypaB-
HEHUA CHUCTEMHI (CJI0XKHUTH YPaBHEHUS — 3TO 3HAYUT IO OTAEIbHOCTH
COCTaBUTH CYMMY JIEBBIX YacTeil, CyMMYy IIpaBBIX 4YacTeil ypaBHEHUH
M TOJy4YeHHbIe CYMMBbI IIDUDAaBHATD):

3x-y-5=0
2x+y-7=0
Bx-y-5)+Q@2x+y-7=0+0;
5x — 12 = 0;
12
x=—.
5

3aTeM MOKHO OBLIO HaliflcHHOe 3HAYEHHEe X IIOJCTABUTHL B JioOoe
ypaBHEHHE CHCTEMbI, HAIIDMMED B IIepBOe, ¥ HANTH J:

12
3-—-y-5=0;
5 Yy
36
— —_Hh= ;
5 Y
=1_1
Yy 5"

ITonpoGyeM mpHMeHUTh aHAJIOTMYHBIE PACCYKAEHUA ellle AJIA He-
CKOJIBKMX CHCTEM JINHEHHBIX YPaBHEHHUM C JByMS IepeMeHHBIMU.
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IIpumep 1. Pemiuthb cucTeMy ypaBHEHHUH

2x+ 3y =1,
5x+ 3y = T.
Pemenue. 1) BeiuTeM BTOpoe ypaBHeHUE U3 IIEPBOro:
2x+3y =1
5x+3y =17

2x+3y)-bx+3y) =1-17;
2x + 3y — bx — 3y = —6;
-3x = —6;
x = 2.
2) IlogcTaBuM HalifieHHOe 3HaYeHUWe X = 2 B IIePBOe YpaBHEHHE
3aJaHHOMN CHCTEMEI, T. e. B ypaBHeHUe 2x + 3y = 1:
2:2+3y=1;

3y=1-4;
3y = —-3;
y=-1.

3) INapa x = 2, y = —1 — pemleHue 3aJaHHON CHUCTEMBI.
OrBerT: (2; —1).

IIpumep 2. Pemuth cucTeMy ypaBHeHUit

3x — 4y = 5,
2x + 3y = 7.

PemeHue. 3nech cpady UCKIIOUUTh IIEPEMEHHYIO X MJIM Ilepe-
MEHHYIO Y U3 000MX YpPaBHEHMI C IIOMOIIbBIO CJOYKEHUSA WJIN BBIYUTA-
HUSA ypaBHeHU He yjaacrcsi. HyskeH nmoaroroBuresbHbIA aTan. CHayana
YMHOXKHMM BC€ YJIeHBI IIePBOI'0 YPaBHEHUSA CUCTEMBI Ha 3, a BCe UJIEHBI
BTOpOrOo ypaBHeHUs: — Ha 4. Ilomyuum

9x — 12y = 15,
8x + 12y = 28.

Tenepb MOXXHO CJIOKUTH YPaBHEHHS, UTO IIpUBEJET K MCKJIIOUe-

HUIO nepemeHHO# y. AMeeM 17x = 43, T.e. x = 43

17°
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IlogcraBUM HalileHHOe 3HaYe€HHE X BO BTOPOE ypaBHEHHE HCXOX-
HOH cuCTeMEI, T. €. B ypaBHeHue 2x + 3y = 7:

43 86 119 - 86 33 11
2-—+3y="13y=7T-—3y=—--— 3y="5 y=—.
Y y Tt 17 y=w¥
43 11
OTrBerT: (ﬁ’ '1—,;)

KpaTkas 3anuch NpUBEJEHHOrO pelleHus:

4 3x -4y =5 |-3

2x+3y =17 |-4

38x —4y) +42x +3y) =5-3+ 7 - 4.

43
Hanee Haxogum 17x = 43, x = T3 M T.A.

31ech cIipaBa OT BEePTUKAJIbHON YEpPTHI 3aIIMCAHEBI JOIMOJHUTEIb-
Hble MHOKHMTEJIHN, C IOMOII[bI0 KOTOPBIX YAAJIOCHh YPaBHATH abCOJIIOT-
HbI€ BEJIMUYNHBI K03hGIUIIUEHTOB DU IIePEMEHHOM § B 060MX ypaBHe-
HHUSAX CHCTEMBI.

MeToa, KOTOpBIHi MBI O0CYAHJIN B 3TOM Ilaparpade, Ha3hHIBAIOT
METO/IOM aJre6pam4ecKoro CIOKeHHuA.

3aBepiias maparpad, OnsTb-TAKM PaCCMOTPHM HECKOJBbKO GoJiee
CJIOKHBIX IIPMMEPOB, B KOTOPHIX HJEI0 PEIIeHUA OCBETHM NOAPOOHO,
a TeXHUYEeCKYIO 4acThb (MeTox ajreGpandyecKoro CJI0XKeHU) — KPaTKo
(o6cTosiTENIBPHOE pellleHle CHOBAa JJOBEPAEM BaM).

IIpumep 3. Ha KOOPAMHATHOI IIJIOCKOCTH IOCTPOMUTH IIPAMYIO,
IpoXoAsAlNyio uepes Touku A(2; 3) u B(—2; —9), u cocTaBUThH €e ypaB-
HeHue.

Pemenue. AckomMada npamas npoBeneHa Ha pucynke 106. Ee
ypaBHeHue GyeM UCKaTh B Buje y = kx + m. Ilockonbky Touka A(2; 3)
[IPUHAAJIEXKHUT [IPAMOI, TI0JIyyaeM cooTHomreHue 3 = 2k + m. ITockonb-
Ky Touka B(—2; —9) npuHaAJeKUT IIPAMOI, [I0JIyYaeM COOTHOIIIEHUEe
-9 = -2k + m. Takum o0pa3oMm, 3ajjlaua CBeJIACh K PEIIeHHI0 CUCTEMBI

. |26+ m =3,
ypaBHeHUit Cy10KUB ypaBHEHHUSA CHUCTEMBI, IIOJYYUM
-2k+m = -9.
2m = -6, m = —3. EcJu U3 nepBOro ypaBHEHUSA CHCTEMBI BHIYECTH

BTOpOE, mmoayuuMm 4k = 12, k = 3.



8. CUCTEMbI IBYX JMHEMHBIX YPABHEHWMA C ABYMS MEPEMEHHBIMM

—— —

WUrak, £k = 3, m = —3, T. e. ypaBHeHHe /7
npaMoii TakoBo: y = 3x — 3. /

IIpumep 4. Pemmnts ypaBHenue (2x + 3
+ 3y + 1)* + (8x — 4y — 24)2 = 0. 7
Pemenne. CyMMa ABYX HEOTpUIIATE I b-
HBIX YHCeJ pPaBHa HYJIIO TOTAA U TOJLKO TOT-
la, KorJa Kak[joe U3 Yrces paBHO HYJIIO. ITO
3HAYHUT, YTO 3aZjaya CBOJHUTCHA K DEIIeHHUIO /
2x+3y+1=0, »
i
3x — 4y — 24 = 0. />
YMHOXKHB 00e YacTH IIePBOr0 YPaBHEHUA
Ha 4, a o0e yacTH BTOpPOro ypaBHEHUs — Ha 3, I
¥ CJIOXKUB IIOJIyYeHHbIE YPaBHEHHUSA, IPHIEM
K ypaBHeHHI0 17x — 68 = 0, oTkysa HaxXoAuM
x = 4. IIpu aToM 3HaYeHNH X II€PBOE YpaBHe-
HUe chCcTeMbI npuHUMaet BUg 8 + 3y + 1 =0, Puc. 106
OTKyJa HaxoguMm y = —3.
OrBeT: x =4,y = -3. a

|
)
Q
o
RY

CHCTEeMBbI YPaBHEHHH {

IIpumep 5. HaiiTu nesouncieHHbIe DEIIEHUS YDaBHEHUA:

a) 4x2 - y? =1,

6) 100(3x — 5y + 1)? + (3y — 3x)* = 36;

B) 3(2x + 3y)? + 5(4x + 5y)? = 8.

Pemenue. a) IIpeo6pasdyem 3agaHHOe ypaBHEHHEe K BHUAY
Cx-y)2x+y)=1.

ITockoabky peus uaeT 006 OTHICKAHHUH IIEJIOUHCJIEHHBIX peIleHWiH
YPaBHeHHU#, HAC MHTEPECYIOT TOJBKO I[€JIOYHMCIeHHbIE 3HAUeHUA MHO-
skurteneit 2x — y u 2x + y. IIpousBeneHne AByX ILieJbIX YHCeJ PABHO 7,
eCJIM MHOXXWTEJH COCTaBJAIOT TakKue mapel: 1 u 7, Tu 1, -1 u -7,
-Tu-1.

Taxkum oO6pasoM, 3azaya CBOAUTCH K DEHIEHHIO YETHIPEX CHCTEM
ypaBHEHUH: '

2x-y=1 |(2x-y=17 [([2x-y=-1, |2x-y=-T,
2¢x+y=17 |2x+y=1 |2x+y=-7, |2x+y=-1.

B uTore mosyuaeM deThipe Iaphl PellleHNi 3aJaHHOI0 YPaBHEHH AL
(25 3), (2; -3), (-2; —3), (-2; 3).
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6) Ecan 3x — 5y + 1 npuHUMaeT nes04YuCIeHHOe 3HaUeHHue, OT-
JUYHOe OT HyJf, To BeIpakenue 100(3x — 5y + 1) yx Bo BcakoMm
cayuae He MeHbite 100. Ecau ¥ HeMy nmpu6GaBUTh HEOTPHIIATEIBLHOE
umcao (3y — 3x)?, To 86 HUKaK He monyuuTca. YTo 310 3HAUMT? DTO
3HAYUT, YTO 00A3aTEJIHHO JOJIKHO BHINOJHATHCA COOTHOIIIeHHe 3x — Sy +
+ 1 = 0. Ho Torga 3aganHOe ypaBHeHHe NpuHUMaeT Buj (3y — 3x)% =
= 36 u nanee 9(y — x)? = 36; (y — x)’> = 4. 3Hauwmr, yubo y — x = 2,
aubo y — x = —2.

TakuMm o6pa3oM, 3aaya CBOAUTCA K DEIIEHHIO JBYX CHCTEM ypaB-
HeHMI:

{3x—5y+1=0, {3x—5y+1=0,
xX-y=2 x—-y=-2.

W3 nepBoii cucremsl HaxoquM x = 3, y = 2; U3 BTopoit — x = —4,5,
y = —2,5. Bropoe pemieHune Hac He ycTpanBaer, Beb B 3agade TpeGy-
eTcs HalTH LeJIOYHUCIIeHHEIe PellleHusa ypaBHeHus. VITak, ypaBHeHHe
HMeeT JIAIb ONHY Napy IeJIOYHCJeHHBIX pemmeHuii: x = 3, y = 2.

B) Ecau a ¥ b — HeoTpHMIaTeJbHBIE IIeJIble YHCJa, TO PABEHCTBO
3a + 5b = 8 MoXKeT BBIMOJHATLCA TOTAA H TOJBKO TOorga, Korpaa = 1,
b = 1. [Ina 3agaHHOr0 ypaBHEHHA 3TO O3HAYAET, UTO JOJIXKHBI OJHO-
BPEMEHHO BBIIOJHATHCA JBAa COOTHOILICHMSA:

(2x + 3y)’> = 1 u (4x + 5y)* = 1.

Takum ob6pa3oMm, 3asada CBOAUTCH K DEIIEHHIO YeThIPEX CHUCTEM
yPaBHEHHUI1:

2x +3y =1, [2x+3y =1, 2x+3y = -1, [2x+3y = -1,
4x +5y =1; |(4x+5y=-1; |4x+by =1; 4x + 5y = —-1.

ITonyuaem coorBercTBeHHO: (—1; 1), (—4; 3), (4; —-3), (1; -1). (W

IIpumep 6. HaiiTu Takue napel HaTypPaJbHBIX YUCEJ X U Y, KO-
TOphIE ABJAIOTCA PELIEHUAMH JBYX M TOJIBKO ABYX M3 HAaHHBIX ypaB-
HeHmit: 1) 3x + 4y =65, 2) 4x+ 3y =60, 3) 5x— 2y =13.

PemeHne. PaccMOTpUM cHCTEMY, COCTOAIIYIO M3 IIEPBHIX ABYX

.. 3x+4y=65,P 45 80
yPaBHeHHUii: dx + 3y = 60, eluB ee, MOIYIAM X = <~ Y T
9To Hac He ycTpauBaer.

PaccmoTpuM cucTeMy, COCTOAIYI0 U3 BTOPOTO ¥ TPEThEro ypaBHe-

. {4x + 3y = 60, .
HUM: OHa TakKe He UMeeT HaTyPaJbHbIX DeIleHui.
5x — 2y = 13.
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OcTajoch paccMOTpETh CHCTEMY, COCTOAIIYIO U3 IIEPBOI'0 U TPETHE-

3x + 4y = 65,
* 4 Pemus ee, monyuuMm x = 7, y = 11.
5x — 2y = 13.

9TOo HaC YCTPOUT, €CJIH HalifleHHAA Mapa HaTypPaJIbHBIX YUCEN He YAO0B-
JleTBOpAeT BTOpoMy ypaBHeHMIO. IloacTaBuB HalijeHHBIe 3HAYEHUSA BO
BTOpOe ypaBHeHHe, moayuyum 28 + 33 = 60 — HeBepHOe PaBEHCTBO.

3Hauur, napa (7; 11) ygoBieTBopsieT BceM TpPeGOBAHHAM 3aJayuu.
OrBerT: (7; 11).

ro ypaBHEHHUIt: {

§ 4 0. CUCTEMbI ABYX NMHEMHBIX
YPABHEHMM C [IBYMS NEPEMEHHbIMM
KAK MATEMATUYECKME MOAENM
PEAJIbHbIX CUTYALIMH

Co6CTBEeHHO TrOBOPsS, HUYEro 0COOEHHO HOBOT'O BHI B 9TOM
naparpacde He y3Haere. Beabr BaM ysKe H3BEeCTHO, UTO peajlbHas CH-
Tyanmuss MoXKeT OBITh ONIKMCAHA HA MaTeMaTH4YeCKOM S3LIKe B BHJE
MaTeMaTHU4YeCKOH MOJeJH, IpeAcTaBJAIONIel coboif cHCcTeMy ABYX
JUHENHBIX ypaBHEeHU# c AByMsa nmepemeHHbIMHU. Tak 610 B § 8
B cuTyanum ¢ cagoBogamMu MBanoBbIM u IlerpoBhiM. Tak ObLIO M B
npumepe 2 u3 § 37. IloaToMy TeopeTHYeCKHil pa3aroBop, COOTBETCTBY-
IOIIMI Ha3BaHUIO Imaparpada, MOXKHO CUHTATh 3aKOHYEHHBIM. A BOT
C MPaKTHUYEeCKOM TOUKU 3PeHUs 00CYKAeHHE HOBHIX CUTyallui II0JIe3HO.
I9TUM U 3aiiMeMcs.

IIpumep 1. B cexpbMoM Kiacce B MOHeAEJbHUK He NPUIILIHA B
IIKOJIy OfHA AEeBOYKA M NATh MAJbUYUKOB. IIpH 3TOM UYHCJIO AEBOYEK
B KJlacce OKasajioch B 2 pasa 0oJibllle YKcJia MaJbYHMKOB. Bo BTOD-
HUK He NPHUILIN OAUH MaJbUYUK U JEeBATh AeBoyeK. IIpu aToM umcio
MaJIbYUKOB OKasajyoch B 1,5 pasa Gosblire uncia neBouek. B cpeay Ha
YPOKH NPHIILIHA Bce yueHNKH. CKOJIBbKO IIIKOJbHUKOB IIPHCYTCTBOBAJIO
Ha ypOKax B cpefly B CeAbMOM KJacce?

Pemenue.

Ilepsoiit aTan. Cocmasnenue mamemamuieckoii modenu.

IIycTs X — 4YHCIO AEeBOYEK, Y — YHCJIO0 MaJIbYUKOB B CeJbMOM
KJiacce.

B nonepenpHUK Ob170 (x — 1) meBouek, (y — 5) MmanbuukoB. Ilpu
3TOM OKa3aJioCh, YTO AeBOYEeK BABOe Goiblie, T. €.

x—1=2(y - 5).
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Bo BTopHUK 6bL70 (X — 9) AEeBouek, (y — 1) manbuukoB. IIpu aTom
OKas3ajioch, YTO MajJIb4YMKOB B 1,5 pasa Goasbire, T. e.

y-1=15(x-9).
MaTemaTuyecKas MoO[eJb CATyalliM COCTaBJIeHa:

{x_1=2(y_5)7
y-1-=1,5Cc-9).

Bropoii atan. Pa6oma ¢ cocmasaenHoil Modenvio.
CHauyajia yIPOCTHM Ka)XJ0oe ypaBHeHHEe CHCTEMEI.
Jyia mepBoro ypaBHeHHA UMeeM:

x-1=2(@y-5);
x—1=2y - 10;
x—-2y+9=0.
Jnsi BTOPOro ypaBHEHUS MMeeM:
y—-1=1,5(x—-9);
2y-1)=3(x-9)
(o0e yacT ypaBHEHHA YMHOXKHJIM Ha 2); najee
2y —2=3x - 2T,
3x—-2y—-25=0.
Hrak, monyuyuan ciaeayolIyio CHCTEMY ABYX JHHEHHBIX ypaBHe-
HHU# C JByMA IepeMeHHBIMHU:

x-2y+9=0,
3x -2y-25=20
(CKOpPeKTHPOBaHHAA MaTeMaTHYeCKas MOJeJb paccMaTpHUBaeMOH
CUTyaIuH).
B yueGHBIX IeJAX PEelINM 3Ty CHCTEMY ABYMSA crocobaMmu.

IlepBuiit cmoco6. IIppuMeHMM MeToJ moACTaHOBKH. M3 mepBoro
ypaBHEHHUA CHCTeMBI HaxofuM x = 2y — 9. IlogcTaBUM 3TOT pesyJbTaT
BMECTO X BO BTOpoe ypaBHeHHe cucTeMbl. Ilosmyumm:

3(2y —9) -2y — 25 =0;
4y = 52;
y = 13.
Tak kak x =2y — 9, Tox=2-13 - 9 = 17.
Hrak, x = 17, y = 13 — pelreHue cUCTEMBEI.
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Bropoii cnoco6. IIppMeHHM MeToz aire0pandyecKoro CJIOMKEHHUA:
x-2y+9=0
_{3x—2y—25= 0
(x-2y+9)-Bx-2y—-25)=0-0;
x—2y+9-3x+2y+25=0;
-2x + 34 = 0;
x = 17.

IToncraBuM HalifeHHOe 3HaYeHUe X B IepBOe yPaBHEHHE CUCTEMEI,
T.e. B ypaBHeHHe x — 2y + 9 = O:

17-2y + 9 =0;
y = 13.

HArak, x = 17, y = 13 — perreHne CUCTEMBI.

Bropoit aTan MBI 3aBepUIXIN (PEIININ MIOJYUYEeHHYIO CHCTEMY, IIDH-
yeM fa)ke AByMdA crocoGamu).

Tpetuit aran. Omeem na gonpoc 3adauu.

CrnpammuBaercs, CKOJBLKO IIKOJbHUKOB OBLIO B CEJBMOM KJacce
Ha ypoKax B cpefly, KOrZa IPHUIIIN Bce yueHHKHU. IlockoabKy x = 17,
y = 13, 1. e. B kiacce 661510 17 geBouek U 13 MaJIbYHUKOB, J€JIa€M BHI-

BOA: Bcero B KJyacce 17 + 13 = 30 yueHHUKOB.
OT1BerT: 30 yUeHHKOB.

3amevwanue. Bol, KOHEUHO, IOHHUMaeTe, YTO IJIA PEIIeHUSA
KOHKPETHOM CHCTeMBI YpaBHEHMI Haf0o BBIOMpPATH TOT CIOCO0, KOTO-
Pblit IpeACTaBJIsAETCA OJA JAHHOTO Ciaydasds HaubGojiee YMECTHBIM, MJIH
TOT, KOTOPHIi BaM GoJibIlle HpaBUTCA (T. €. BBl MOXKeTe HCIIOJb30BATh
rpa@uYecKHuil MeToZ, MeTOoJ MOACTAHOBKH HMJH MeTOoJ ajarebpawnue-
CKOr'0 CJIOXKeHHA — 3To Baire Aeio). CocTaBjIeHHYI0 B pACCMOTPEHHOM
3ajaye CHCTEMY MBI PEIIMJH ABYMSA cloco6aMu, 4YTOGHI IMOBTOPHUTH
MeTOAbI IMOACTAHOBKH M aJIre6pandecKoro CJIOYKEHHSA M COINOCTaBHUTh
3TH METOALI APYT C APYrOM.

Hpumep 2. Ecin aBy3sHayHOE YNCIO A Pa3feuTh HA CyMMY €ro
uudp, TO B 4aCTHOM nosyuyutcsa 3 U B ocratke 7. Ecnu uucio B, 3a-
NUCcaHHOE TeMH Ke UM(paMu, YTO YUCJIO A, HO B 00paTHOM IOpAIKe,
pas3zeauTh HAa Pa3HOCTh ero uudp, TO B YaCTHOM MOJy4dyHTCA 18 u B
ocraTke 1. HaiiTu uncsio A, ecau U3BecTHO, 4To A < B u uTo paccmar-
puBaeMasi pa3HOCTb PP ABIAETCA HATYPAIbHBIM YHCJIOM.
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Pemenue. [lepBolii aTan. Cocmasaenue mamemamuieckoil
Mmodenu.

B ycioBuH 3amauyd JBaXKAbI TOBOPHTCS O AEJ€HHH C OCTATKOM.
Hanpumep, ecan 35 pasmesuTh Ha 4, TO B YaCTHOM IOJYYHUTCH 8 U B
ocraTke 3. IMeeT MecTO cienymiiee paBeHCTBO: 35 = 8 - 4 + 3. Irort
npuMep IO3BOJHUT BaM BCIIOMHHUTH (OPMYJY AEeJ€HUA C OCTAaTKOM:
ecau a — AejauMoe, b — ngemuTenb, ¢ — 4YacTHOE, I — OCTaTOK, TO
a=bg+r.

IIyers x — nudpa mecaTkoB, a y — nudpa equHUI yuciaa A.
Torga camo yucio umeer Bux 10x + y. Ecau 3To 4ucio pasneauTtsb
Ha CyMMY ero nudp, To B Y4aCTHOM IOJYYHUTCHA 3 U B ocTaTKe 7. ITO
3Ha4uT, 9yro 10x +y = 3(x +y) + 7.

Yucao B, 3anucaHHOe TeMH Ke nudpaM, HO B 00paTHOM NOPSAA-
Ke, uMeet Bug 10y + x.

Ero nmpeanaraercs pasmesuTh Ha pasHocTh nudp. Ho xakyio pas-
HOCTb B3ATh: X — Y WIH Y — x?

9Tta pa3HOCTh JOJIKHA OBITH HATYPAJBHBIM YHCJIOM, 3HAYUT, BCE 3a-
BHCHT OT TOT0, KaxKas U3 nuudp Oouabiie. [Iaa 3TOr0 B YCIOBUH 3a7auu
ecThb MoAcKaska: A < B; aTo 3HaYMUT, YTO y YKcjaa A mudpa AeCATKOB
MeHbIlle TUQPH €IUHHUI, a IOTOMY B KayeCTBe pasHoCTH Iudp mpH-
nmercs B3ATH y — x. Ilo ycioBuio ecau uuciao B pa3fenuTh Ha pa3HOCTh
nudp, To B yacTHOM mnosyuurca 18 u B ocraTtke 1. 9To 3HAYUT, UTO
10y + x = 18(y — x) + 1.

TakuM o6pa3oM, IIOJIyYaeM CHCTEMY YPaBHEHHIl — MaTeMaThye-
CKYIO MOJieJIb 3aJa4u:

10x+y=3(x+y)+7,
{10y +x =18(y — x) + 1.

Bropoii aTan. Paboma ¢ cocmasaernnoil Modenvio.
HecCKoOJBKO YyIPOCTHM IOJYYEHHYIO CUCTEMY YPaBHEHHMK

Tx-2y =17,
19x - 8y = 1.

ATy cucTeMy yAOOHO PEIINTbh METOAOM ajire6pamdyecKoro cJoke-

HHUA:
{28x -8y =28

19x — 8y = 1
9x = 27.
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3Hauut, x = 3. s ypaBHeHns Tx — 2y = 7 HaxXoguM, YTO TOrAa
y = 7. Cucrema pelleHa.

Tpernit atan. Omeem Ha donpoc 3adaxu.

OH dakTHYECKH yXKe MOJyYeH: MOCKOJBbKY X = 3, a y = 7, HCKOMoe
YHCJIO ecTh 37.

OTrBerT: 37.

3ameuwanue. Buopumepax 3 u 4, pagu KPaTKOCTH, MBI He OyaeM
ABHO BBIAEJNATH TPH 3Tala MAaTEeMaTHYECKOI0 MOJAEJHPOBAHHMSA IPH
pellleHNM TEKCTOBOM 3ajauM, 3aMeHHB MX myHKTamu 1, 2, 3. Kpo-
Me TOro, MeHbIllee BHUMaHHe OyJeM yIeJATbh TeXHUYEeCKOH CTOpoHe
Iejla — peIlleHWI0 CHCTeMbl JUHEHHBIX YpaBHEHHUil; HajgeeMCH, BHI
CIIpaBUTECH C 3THM 6Ge3 Halleil moMoIIu.

IIpumep 3. Ilo okpyxkHocTH, JiuHA KOoTOpOoii paBHa 100 cmMm,
PaBHOMEPHO ABHXKYTCHA ABe TOUKHU. JIBHUrasich B IPOTHUBOIIOJIOMHBIX
HalpaBJleHUsX, OHU BCTPeYaloTcs Kaxkable 4 ¢, a JBUradACh B OJHOM
HanpaBiaeHun — kKakable 20 c. HaliTu ckopocTH ABHXKeHHA obeux
TOYEK.

Pemenwue. 1. Ilycts x cM/C — CKOPOCTD JBUKEHUA ITEPBOM TOYKH,
Y cM/C — CKODOCTbH ABHIKEHUA BTODOI TOYKH; IOJIOKHUM JIJIS Ompese-
JIEHHOCTH, YTO X > y. JIBUrasich B IPOTUBONOJIOXKHBIX HAlIPDaBJI€HUAX,
T. €. HABCTPeYy APYT APYry, OHH BCTPeYalOTCA KaxJble 4 C; 3TO 3Ha-
YUT, YTO 32 4 C OHM B CyMMe IPOHAYT NyTh, PABHBLIN JJINHE OKPYIK-
HOCTH:

4x + 4y = 100, 1. e. x + y = 25.

IIpencraBuM cebe Tenepb, YTO, CTAPTYA U3 OJHOM M TOM YKe TOYKH
OKPY>XHOCTH, OHH JBHHYJINCH B OHOM HampasieHuu. Korga nmponsoii-
IeT ux HoBasa BcTpeua? Korma mepsas Touka, KOTOpas IO YCJIOBHIO
IBHKeTCHa ObIcTpee, JOTOHHT BTOPYIO, T. €. MPOMAET NyTh GOJMbIINIA,
yeM BTOpas TOYKA, POBHO HAa JIMHY OKPYXXHOCTH, T. e. Ha 100 cm.
IlepBas TOYKa AOTOHSET BTOPYIO CO CKOPOCTHIO (X — y) cM/c. 3HAYHT,
20(x —y)=100, T. e. x —y = 5.

B uTore MBI NIPUIIIN K CUCTEME JIHMHEHHBLIX yYpaBHEHUH

x+y =25,
x—-y=>5.

2. Pemns aTy cucreMy, nmoayumm x = 15, y = 10.
OrBeT: 15 cm/c, 10 cMm/c.
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IIpumep 4. Umerorca aBa pactBopa conud — 40%-it u 60% -ii.
HNUx cmemnranu, go6aBuau 5a Boasl u nmoayuuau 20%-i pacresop. Ecau
651 BMecTO BoAbl no6aBuin 5 1 80%-ro pacTBOpa COJIM, TO MOJXYUHUIICH
661 70%-it pacTBop. CKoabKO Ob1710 40% -ro 1 60%-ro pacTBOpPoOB?

Pemenue. 1. Ilpeanonoxkum, uro 66110 x 71 40%-ro pacTBopa u
y 1 60%ro pacrBopa. KosnuyecTBO 4YUCTOM COJHM B IIEPBOM pacTBOpe

. 40 2 “
BhIpa)kaeTcss GopMyJIoi ﬁx, T. €. —X JI; KOJNYECTBO YUCTOM COJIH

. 60 3
BO BTODOM pacTBOpe BhIpakaercsa dopmyJion Too¥ T YL nx
cMewmanu, no6aBunu 5 a1 BoAbl ¥ moayuuau (x + y + 5) a1 20%-ro
pacrBopa. KosuuecTBO YHCTOM COMM B 3TOM TPeTheM pacTBOpe

20 1
BEIpa)kaeTca HopmyJioit m(x +y+5), 1. e. E(x +y+5) a. Ho,
C ZIPYToil CTOPOHEI, 3TO KOJHYECTBO CKJIAALIBAETCA M3 CONM B IEPBOM

1 —_—
pacTBope M M3 COJM BO BTODOM pacTBOpe. 3HAUMT, —5—(x +y+5)=

=§x+§y;x+y+5=2x+3y;x+2y=5.
A uyTto moayuuyaocsk 6b1, ecau gob6aBuau 5 a1 80%-ro pacrsopa?

KoangecTBo uncTo# cosu B runoreruyeckoM 70% -M pacTBOpe BhIpa-
JKaerca dopMyJoit %(x +y +5), 1. €. %(x + y + 5) xn. Ho, c gpyroi

CTOPOHBI, 9T0 KOJIMYECTBO CKJIAJBIBA€TCA U3 COJIA B IIEPBOM DacTBODE,
H3 COJIX BO BTOPOM pacTBODe M M3 COJIH, cofepsxaieiica B 5 1 80%-ro

pacTBOopa. 3HAYHUT, %(x +y+5)= %x + gy + % - 5. Tanee umeem

T(x +y +5)=4x + 6y + 40; 3x +y = 5.
B uTore Ml NpHILIA K CHCTEME JINHEHHBIX YPaBHEHUM
x + 2y =5,
3x +y = 5.

2. PemnB aTy cucreMy, moayuum x = 1, y = 2.
OrBeT: 1 1 40%-ro pacrsopa u 2 i1 60%-ro pacTBopa.



NMPUNOXEHMUE

NMPUMEPHOE MNNAHHMPOBAHME YHEBHOTO MATEPHUAITIA
(u3 pacueta 5 u B Hegento, Bcero 170 u)

H3yyaemslit MaTepuajx Koax-no
qacos
I'nasa 1. MATEMATHYECKHH fA3BIK.
MATEMATHYECKAS MOJEJD (29 u)
§ 1. YucnoBsle u anre6pandyecKkne BHIDAKEHUSA 6
§ 2. Uro Takoe MaTeMaTHYECKHIl A3BIK 2
§ 3. Uto Takoe MaTeMaTHUeCKas MOAEJb 6
Konmpoavuasn paboma Ne 1 1
§4. JInneitHOe ypaBHEHHE C OJHON IepeMeHHO 3
§5. 3amaum Ha cocraBiieHHMe JIMHEHHKIX ypaBHEHMI
C OZHOI mepeMeHHOMH . 6
§ 6. KoopanaaTHaA npaMas 4
Konmpoavhas paboma Ne 2 1
Tnasa 2. JUHEHHAA ®YHKIIUA (20 u)
§ 7. KoopauHaTHasA IJIOCKOCTH 4
§8. JInmeitHOe ypaBHeHME ¢ AByMdA NE€PEMEHHEIMH M €ro rpa-
bux 5
§9. JInnelinaa ¢pyEKONA U ee rpaduk 7
§10. BsaumHOe pacmosioskenne rpa¢puKoB JHHEHHBIX QYyHKOMH 3
Konmpoavhas paboma Ne 3 1
IT'nrasa 3. CTEIIEHb C HATYPAJIbBHBIM IIOKA3ATEJIEM
1 EE CBOMCTBA (14 u)
§11. Yrto Takoe cTemeHb ¢ HATYPAJILHBEIM IOKa3aTeJIeM 3
§12. Ta6auna OCHOBHEIX CTemeHeMH 2
§13. CpoiicTBa cTeneHM C HATYPAJIbHBIM IOKAa3aTeJIeM 4
§14. YMHOXeEHUe U JesleHNe cTeleHel ¢ OAMHAKOBLEIM IIOKa3a-
TejaeM 4
§15. CremeHb ¢ HyJIEBHIM IOKAa3aTeJIeM 1
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|I MPUNOMEHUE
. e —

IIpodonrscenue mag,,

Hayuyaemslii MaTepuaJ Koa-zo
9acop

I'nmapa 4. OJHOYJIEHBI. APUOMETHYECKHE OIIEPALIUHN
HAJX OTHOYJEHAMH (11 u)

§16. IloraTtue ogEOouneBa. CTaEAAPTHLHIN BUJ OJHOUYJIEHA 2

§17. CnoxxeHNe M BRIYNTAHNE OXHOYJIEHOB 3

§18. YMHOKEHME OfHOUIEHOB. Bo3BesieENEe OfHOUIEHA B HATY-
PajbHYIO CTENEeHb 3

§19. [lenenne ongHOUJIEHA HA OXHOYJIEH 2
Konmpoavras pa6oma Ne 4 1

Tnasa 5. MHOTOYJEHBL. APHOMETHYECKHE ONEPAIIAHA
HAJI MHOTOYJIEHAMH (26 1)

§20. OcBOBHEIE IOHATNA

§21. Cnoxxenre M BEIYNTaAHNE MHOTOUYJIEHOB

§22. YMHOXKEHME MHOTOYJIEHA HA OJHOUYJIEH

§23. YMHOXEeHHEe MHOrOYJIEHa HA MHOTOYJIEH
Koumpoavhasa paboma Ne 5

§24. ®opMyaEl COKPAIIEHHOIO0 YMHOXKEHUA

§25. MeToa BBIAEIEHNA IOJHOrO KBajgpaTa

§26. [lereEe MHOrO4JIEeHA HA OJHOYJIEH
Konmpoavhasa pa6oma Ne 6

I'nasa 6. PA3JIOJKEHUE MHOTOYJIEHOB
HA MHOXHTEJIH (30 u)

§27. Yro Taxkoe pas3noKeHNe MHOIOYJIEHOB HA MHOYKHUTEIH
M 3a4eM OHO HYXKHO 2

- DN WO = AN W

w

§ 28. Brirecerne o6mero MHOXKHTENA 38 CKOOKHM
§29. Cmoco6 rpynnupoBKH 4

§30. PasnoxeEre MEOrO4JIEHOB HA MHOXKHTEJIN C IOMOIILIO
¢$opMyJI COKpAMIEeHHOr0 YMHOXKEHN A

-

Koumpoavhasa pa6oma Ne 7

§31. PasnoxeHrne MHOrO4WI€HOB HA MHOXKUTEIN C IOMOIMILIO
KoOMOHMHANVN Pa3JINYHEIX IPUEMOB

§32. Coxpamenne anredpanyeckux apobei
§ 33. ToxpecTBa

=W e

Konmpoavhasa pa6oma Ne 8
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OxoHuaHue maba.

H3ayuaeMslift MaTepuaa Ii:z-::
Taapa 7. DYHKIHA y = x (18 u)
§34. @yEKOMNA Y = x? u ee rpadux 4
§35. I'pahnueckoe pemenune ypaBHeHUIt 3
§36. Uto o3HauaeT B MaTeMaTHKe 3amuCh Y = f(x) 5
Koumpoavnas paboma N 9 1

TF'nasa 8. CACTEMBI IBYX JUHEWHBIX YPABHEHHH
C IBYMA IIEPEMEHHBIMH (17 u)

§37. OcHOBHBIE NOHATHA 3
§38. MeTox moACTaHOBKH 4
§39. MeTox anre6pandecKoro ClIOXKeHUs 4
§40. CucreMnl TUHEHHBIX YPaBHEHUH ¢ ABYyMSA IePeMEeHHBIMU
KaK MaTeMaTH4YeCKHe MOJeNIH PealbHBIX CUTyanuu 5
Koumpoavhasa pa6oma Ne 10 1

O6o6warouee noemopenue ’ 10
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